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2 F—E HEELIRISAEEBT

—. ONiEH
REEHHFSHERANIRE 26 iR
1. jmik(Addition)
PnE“+" &4 plus. B0, 1+ 2 i 4E one plus two, | ¥4 :addend,
a+ 3iE4E « plus three, A4 Ao ¥ . augend
i 4B WIE B, WA plus 5% positive, fn+5 | # :sum
BEE positive five F plus five,
2. #5% (Subtraction)
WE“—" ¥1E minus, B M.3—2 PEE three minus | # & 4 . minuend

two, 5—b {#E4E five minus b,

MY —" B MM S 6F. 7T E minus 5% negative , 1M
—5 PE4E negative five B minus five,

3. ik (Multiplication)

FBX " R EMYEANE times TX multiplied by .
fitm, 3 X 2 & 4E three times two # three multiplied by
two, a*b 5§ ab FPiEAE @ times b B, a multiplied by &,

4. [& % (Division)

B 5“ <" 4k divided by, H1“/" 5 “—" KRB EE
BEAE over B divided by. 40,10+ 4 {#E4E ten divided by
four; a / & ﬁz—ﬁ‘f’ﬁa over b 8{ a divided by &,

AXSBHEELSLTEERLRS.
5. b1t & (Ratio and Proportion)

HEFF S "R ME beto, BiN.a:biEfEa is to b, H B
i%4E the ratio of a to b,
6. 37 (Power,Involution)

x B n WH x" i4E x to the nth power ,{HR, Y n=2,
36, B F S BEE 2 squared (x B9 77 ) x cubed (x
AEF). Fin, 3% i 4E three squared, 4° #fE four cubed,
ab” {E{E a times b to the nth power; & ' #fE & to the n
minus one power; 6™ "i#E b to the m plus n power,
7. F 7 {Root-extracting, Evolution)

x M n KA YT iEAE the principle nth root of =, 1B
Y n=2 Bt , 5 Bz, 1%4E the principle square root of x,
FRFHT A, L e R I d 2 % A & principle. VT
H i x%ﬁ.&iﬁiﬁ,ﬂﬁﬁﬂ? x to the quantity one over n

power, B0, v/a &k the fifth root of a squared, (/a2 )"

% 4E the principle square root of a to the nth power,

#% # . subtrahend

£ :dif ference

i 49 :negative

3 & .mudtiplicator, multiplier
# % 3 . multiplicand

# ; product

* 4 :dl‘ﬁsﬂ?

3 B & . dividend

M : quotient

4 % :remainder

o s ratio

.45 ; proportion

A, (JiE) o4 &) ; proportional

B_} .inverse proportion

Wt R_.scale
J& 4L base

1% M :exponent, index
5 : power

A F K radicand
42 : index of a radical
#: root

¥ F ¥ ; square root

A # . cube root

# X : radical

AR surd

% . radical sign
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. X/\% % (Comparison of Quantities)

EABAFSHEXMBEE

MR IAE

BF.a=bifEfEaisequal tob Haequals b, x+2=7
iE{E x plus 2 is equal to 7 8 x plus 2 equals 7.

AREF.a7%b iZAE a is not equal to b o a does not
equal b,

EETF.a= b ifE1E a is identical to b T a is identical
with b,

ELEE F a==b iE£fE a is approximately equal to b,
n==3. 14 {£4E = is approximately equal to three point one
four,

MWFia<<b iEfEa is less than b, 3+a<<m —3 &
3 plus a is less than m minus 3,

X F.a>b i#EAE a is greater than b,

INFEZF :a<<b 4K a is less than or equal to b,

* FHRETF a=b £ a is greater than or equal to b,

¥ equality (n.),
equal (v. /adj.)

% X, : equality

A% F: unequal

¥ X : inequality

18 ¥ X . identity

i il {k . approximate value

A EF. mJ.t greater than
I~ F : not less than

=. &2 (Signs of Grouping, Brackets)

BRZAFSHEAMBEE

PSS

EES( ) AEEL 1. XE\ES{ )2HEE pa-
rentheses (Y round brackets) ,square brackets ,braces,

FEMTHILE LB, M at+b), BREEXRE
£ (open parenthesis), HiZ a +bo,. BHIGEHEE S (close
parenthesis) , ¥ 4~ & F & #E: open parenthesis a plus &
close parenthesis, 24 7T f&j {8, £ =7 i & : the quantity a
plus b, RIESBBFTHES KESHAEELER.

Hiff — SRR E % the quantity, i1 (a +6) (a—
b)i#E4E a plus b into @ minus & (into fEF“FE"),

#5 () 5 B): signs of

grouping B brackets

# 3% . eliminate bracket

#1&% . add bracket
FEAFBESHTE

8. F , parenthesis i 7] 3 &%

bracket,

« 5% K (& (Special Evaluation)

HEREHHSSRAMER

LEES O

#5 %1 {& ( absolute value):| x |{E{E the absolute value of x,

B X {8 (maximum value): max f(x)iE4E the maxi-
mum value of f(xr), max {x;,*,r,} M the maximum
value of the series x sub one to sub n. (3 :series 7Eix B
BEBHY TS R A" max {x), 2. )P {2y 5000,
R —HBCARYEFNTD

#9 B_4& : the opposite number
# X 1K . maximum value
# Kk ;maximum point




4 B8 WEEAHSRNEHMT

gk

BEXZHNSSRAMNEE

MK &

B /MAE (minimom value) :min f (x)#E{E the minimum
value of f (x), min {x;,**,x.} i£4E the minimum value

of the series x sub one to sub »n,
R B N # (the sum of the terms indicated) ; Ea, iE{E
k=1
capital sigma a; from & equals one to £ equals n 5% the sum

of all a; from £ equals one to n, Ea& iE4E capital sigma a,
k=1

from £ equals one to & equals infinity % the sum of all a,
from % equals one to infinity,
3 % 5% #A (the product of the terms indicated) ;

H b, TEJE the produet of all & from k equals one to n;

k=]
Hb,, P 4E the product of all &; from & equals one to
k=1

infinity,

nl Bl n BY3®, ¥E4E factorial n 5% n factorial,

# v & . minimum value
#.) 5 :minimum point

+ 34 {4 :average value

¥ . series

4 7] : sequence

# n A Fo ithe first n terms

X % AR .infinite product

A, MFLARHFSEREAMNIRE

EAERHFS5RAMER A K18 E
Z B iEfE angle. I /A {E4E angle A, ZABC i | T.% :vertex
{E angle ABC, i . side

AN =W, iEAE triangle, M AABC i {E triangle
ABC,

/. B4TF ,iE4E be parallel to, T AB//CD 4
AB is parallel to CD & i & AB and CD are parallel,

1 #EHEF.,i%E4E be perpendicular to, i1 AB| CD
#E4E AB is perpendicular to CD K ¥, AB and CD are
perpendicular.

© 2% TF,iEfE be congruent with, 1 NABC 2
AXYZ EAE triangle ABC is congruent with triangle XYZ,

o> HBLF.iEE be similar to, WWAABCAAXYZ
BEE4E triangle ABC is similar to triangle XYZ,

F 474 : parallel

+ 47 £ . parallel line

7K F & . horizontal

% & 69 . vertical

¥ # & vertical line

2% =A% congruent triangles
#MME R, similer triangles
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7N« 2 8/ 8 ( Decimal Point) 8% (MR § 2.4 IE X 4-C)

EXZRFESESRAMEL

I RE

1. 4 (Fraction) 143 ( Fraction Expression)
53 BRI 4y I ik LB A O OO Sl

HEAVE a over b, Bl o%ﬂ%ﬁﬂﬁﬂ; one over eighty-

nine # fifty two over two hundreds and five; Miﬁﬂi
axtb

the quantity two times a minus one over the quantity a
times r plus b,

EESFE£AEWE. SUNEETHAR. RBLGERE,
.

(1) 4rF& 1 B, 5518 one, 3 3 4940 6} & B BF 5 5

Fmﬁﬁ.ﬁu%ﬁﬂs one third,%ii:ﬂé one fourth,
BiSh - B AE half, s i#4E a (one)quarter.
(2) S FRR B BWK 34— BAE three quar-
ters 5 three fourths % ;-Z B ¥ 5 -1 HE five sixth,

5+ =%ﬁﬁ3 five over twenty-one( 438 & 21,22,31,32

SRR 12 ML AR RN E BTN AFED .
2. /78 (Decimals, Decimal Fraction)

) BEBSAR 0B, B, REIE poimt UMK
RHBREZENBREDNBAEHELET, 012,65
twelve-point-six-five,

(2) BBRAH 0B, KBk point VNP EHES
EH DM REEHENET, N 0.56, FEBE/E .56, iE
fE point-five-six, WiXtF IR 0. 0007 X EEM /NS, 7T # I iR
# 2 #EE point-nought-nought-nought-seven, {B T % i

point-three 0’s-seven,

4 -F :numerator
4% .denominator

4 $( ; reciprocal

+ 3t &) ) K decimal
®4 ) # .mixed decimal
B ) % : pure decimal
A4 unit

+ %1% . one tenth

H 4+ 1% :one hundredth
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§1.1.2 ®WRLMEREEIAIR

—. £ (Lines)
4357 HXRAECAEI BT
(1) Straight Line (2) Ray (1) FEECP, YFE™
= ¥ X 4> B, 0 20 F straight
line,ray #1 line segment 43 5
(HZ) (HT£R)
- ﬁé‘?’ i1 @ i? - RAHZE HAEMEER S
5 Lo S o o T 390 90 B 6 LA line 4R
-1ne Segmen urve ﬁﬁﬂhfffﬁ]—-ﬁio
(2) segment A HEE,
- - AEEH I segment E RN
(4B C(HiZk) KE.
Figure 1.1. 3 Figure 1,1, 4 (3) ik curve H A
(5) Broken Line (6) Arc EAE curved line,
(4) broken # curved #
RAS L4 YEEW, &
K’/ & curve 2 #L W 54 18, break
BRAMWGHhE, — &4
(#r£R) G0 FEHEAARE.
Figure 1, 1.5 Figure 1. 1.6
—. 3 (Angles)
A HXEILMES B8R

(1) Right Angle (2) Acute Angle

L

(HfD) ()
Figure 1,1.7 Figure 1,1.8

(3) Obtuse Angle

\1_ |

(EEfD
Figure 1. 1.9

(1) JE %A acute &
BRRBLA, obtuse BEIRY,
acute angle 5 obtuse angle )\
FEHLEEATRRLEL,

(2) FMFEETHEY right
angle R R HA AN KHR.
HEL.right ZERXHYBERE
“AEH.“5HEANATHAR
AFey”., HE#E, EAH%
RIEEHH right Z#R“EIBH",
XEHEZTHHE"E LA
M., PI%EANIE“ER"R
¥ B “ straight angle”, B X
straight angle ) B R “F
7,80 180°M9 /.
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=. % 1 F & B # (Common Plane Figures)

A E

2R 1AL B9 % 51 R

1. =7 (Triangles)

(1) Isosceles Triangle (2) Equilateral Triangle

(ZE=A1
Figure 1. 1. 10

(Fh =k
Figure 1. 1. 11

(3) Scalene Triangle (4) Right-angled Triangle

(RERQ=RE)
Figure 1,1.12

(5) Acute-angled Triangle (6) Obtuse-angled Triangle

(EA=fAKX)
Figure 1,1.13

(1) B tri-}e s 3. 5
id T angle (1) ¥ K triangle
(=) .

(2) B iso-BEHE A4
Al ,isosceles 3 7 4 I 4 6l
equi-EB B ELE—H", lat-
eral B B“W" 8 “H" , equi-
lateral B B X “&K h #H A

(3) Mright angle, acute
angle 1 obtuse angle ) & X
AgHEAX=TRIENY
X, HEENEEEAS RN
MR B : angle 2 B % I % &
" ZEEMEHE ed, T
B 2 .

(M=K s =/
Figure 1. 1. 14 Figure 1. 1. 15
2. Mih ¥ (Quadrilaterals) (1) lateral & 8 %4 “f” z{
(1) Quadrilateral (2) Square “I’quad- RN EE,
A 1 quadrilateral yHE.
(Wi i) (EEFE)
Figure 1. 1. 16 Figure 1.1.17




8 £—8 HEBAGISAEBEN

L E

Ak

FE R IR 89 % T 48R

(4) Parallelogram

[/

CRAT AT
Figure 1. 1. 19

(3) Rectangle

GERE)
Figure 1.1, 18

(5) Rhombus

<>

(ER) (BETE)
Figure 1. 1. 20 Figure 1. 1. 21

(6) Trapezium

(2) parallelogram & 8
3} 3y parallel (F 7)), J7 8-
gram iR “ee e Zyr, X B
A8 gram BB B,

(3) BEA WM IFL.
trapezium F trapezoid, E 1]
R A A0 WA, R
#ETFIORE. X w8
BIRTEH R trap (BEBE), 7]
REXR#HIZZ,

3. A¥ KT 4 B9% ih T (Polygons with More than 4 Sides)

(1) Pentagon (2) Hexagon
(hiig) (¥
Figure 1, 1. 22 Figure 1. 1. 23

(3) QOctagon

(A\LHE)
Figure 1. 1. 24

(1) Hi % poly-Rm“£”,
T gon AREE”, & WA
polygen R“ZNIE".

(2) Hi%% penta-Fm“E",
hexa-F 78 “A ", octa-F R
“N7, 4 51 & WA pentagon
(H#F), hexagon (A TE)
il octagon( AT .
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&l IR A9 2 SRR
4. [ X H & 4 (Circle and Its Parts) circle & Y B“H”,. &
(1) Circle (2) Semicircle ETHER. LEEMNAR
(ERDEAMER . TE
PR B, B A E A cire-
umference, B ZEH disc 4}
AEN .
CED CEED
Figure 1. 1,25 Figure 1. 1. 26
(3) Sector
(HE)
Figure 1, 1. 27
. Ir{k @ (Solid Figures)
5 R B M2 S R
(1) Cube (2) Cuboid (1) cube 5 cuboid £
} i Bl KA RESEFKXER
! | =Y.
j— J S (2) FICHBA G —
a £ . R PR 97, 45 5L &
' LA .(ﬁﬁﬂ() A B prism M Ex B E
Figure 1,1, 28 Figure 1.1, 29 8 cylinder AR K, i
(3) Prism (4) Cylinder FEET E T RO,
- 3
T
A4
(B H) 4:2: )
Figure 1, 1,30 Figure 1. 1, 31




10 F—F JWEEEIESREEHN

gk
i HXWILEIRR
(5) Pyramid {6) Circular Cone (3) pyramid &3 £ F
W EANEFEREHEN
B BEAXRERRR
Bk,
(4) cone Z I “H
&7, MEHE N cone LT LLFE
AE— R SCRE, BT L
- L circular LEBA# k. AR
i (Ef’n y ?’l N EFRAOME T, T8
sl e H cone #R“BEH#”.
(7) Frustum of Prism (8) Frustum of Cone - (5) sphere ¥ E 5“8
< E"RMERE”, o] F#RUEK
‘.' w”, BEERTHMNEE,
EREEE A ball 1.
(6) frustum EHE R “F
BL&k "R FRLE”,
2s
bkt N prism J& cone 4 5% A&, %
Figure 1.1, 34 Figure 1. 1.35 f\‘“&ﬁ"ﬂl“@é‘”o
(9) Sphere
(€3]
Figure 1. 1. 36
% 3 1.1

L TR AREFRIL
FE=A EAZAE HAZAE FITRIE 2R A B B K
TR SLT R EAR R B A A R R B /M IR LBR L B
2. MIECEHUTHEAZE
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(1) 3x—4y+52,(2a+3b6)(4c—3d).
(2) (z+y)?=2"+2xy+y",2a=3b+c.4x< 2;3x.

(3) 2%, 22°y? W5, 4/32%,

1 3 34 2a+3b

2°'471233h—5¢"°

(5) 0.234,0.0002,12. 34,103. 01.

3. DK

) —NMEHA=ARE-TEANHANEfA.

(2) ZAEEHER(volume) FFHBHNREENEBZE,
(3) HEAB W HFRFFHRA M .

(4) 47 A TE B AR 2 B2 8V EE.

4, FE .

(1) Addition, subtraction, multiplication and division are basic operations.

4)

(2) If both sides of the equation are multiplied by 3, then we have z=1,

(3) The inequality x>y is read as that r is greater than or equal to y,

(4) A rectangle is a special parallelogram and a square is a special rectangle,

§1.2 BREEXEZH

§1.2.1

EXMAEEY (Integers and Rational Numbers)

(1) By ratural number we mean 1,2,3
and so on. Natural number is also called posi-
tive integer, —1, —2, —3 and so on are nega-
tive integers. Integers include positive inte-
gers, negative integers and zero,

() AMRMEMR1,2,3%%,. B
REBHKIEEN.M—1, —2, —3%
KA EN. BNOFREER. AN
iﬂgﬂ

(2) Fractions include proper fractions

1 3 15 A i
(such as —, —Tand ﬁ) y improper fractions

3
(suchasle; —%andl—;)xmd mixed fractions

(such as 2% s -—1% and llzuo% ) Every fraction

can be expressed in the form of _;l » where p and g

are integers with ¢=>0.

@ suarnss(nr. -2

fiies ) maw(wd, -2 all)n
wom(wer, —1L mZ). srs

ﬁﬁwu%@:fﬂmmﬂ* p g
BREBWH > 0,
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(3) Numbers 2. 31, — 5, 03, 0. 041,
3.14159265+* and —0. 787 878-:-are all deci-
mals, among them, 2. 31, —5.03, 0. 041 are
finite decimals ( terminating decimals ) and
3,14159265++ and —O0, 787 878+ are infinite
decimals ; —0. 787878+~ is a recurring decimal
(or repeating decimal ), but the number
3.14159265-- which is used to expressed the
circum ference ratio = is not a recurring deci-
mal.

(3) ¥ 2. 31, —5.03, 0. 041,
3.14159265+ Fl —0.787 878 H B/
,3t% 2.31, —5.03,0.041 RHR/N
B 3.14159265--- F1l —0.787878---FF
RIEB/IS;: —0, 787 878 B f&{ I /)
. HATFTEAEBRBR « HAK
3.14159265- HARRIEHR/NE.

EEHB /DB iR finite decimals
% terminating decimals, f§ ¥ /M 8 7T i 1%,
recurring decimal 3 repeating decimal,

ERDGHA S —FHFELTE.

(4) The sum, difference and product of
two integers are integers. But when an integer
(called the dividend)is divided by another inte-
ger (called the divisor, which is not zero), the
result (called the quotient)may not be an inte-
ger. For example, the quotient of 5 divided by

; : i 5
3 is not an integer, but a fraction G rorare

curring decimal 1. 666 6+--,

) HIBEHM. EZARREE
B HR Y BGRB8 B0 B
LA —1TEB(HEIRB.ERATOH
SHROFEIBEAIEAZER. #,5 Bk

L3 MR R TR S
BIEER /Y 1. 6666+,

(5) Rational numbers include integers and

fractions. A fraction can be rewritten as a finite

decimal or a recurring decimal, For example.% ==

0. 6 is a finite decimal and _?:’— =1. 666 6++is a re-

curring decimal.

G) FERAEES MR, 4%
A UMERER/DMRRBER . Hlin,
3 0. S%ﬁﬁdxﬁ.ﬁ‘ﬁ%=l.666 B g

TN

§1.2.2 L E5EY (Real Numbers and Complex Numbers)

(1) The circumference ratio n and the

number Jz‘ are not rational numbers, they are
irrational numbers. Unlike rational numbers, any
irrational number can not be expressed in the form

of -:f—. where p and g are integers with ¢g=>0.

() HEAE - E2ARHEEN.E
fIEEBYM. MEFBEARBOE. E

xﬁaaxmﬁﬁﬁgﬂmﬁ.ﬂ* »
Mg WEEEB ¢>0,

(2) Real numbers include rational numbers
and irrational numbers. Every Real number can
be expressed as a decimal. The decimal for an
irrational number is mom-terminating, non-re-
peating. For example, x = 3. 141 592 65 -,

2=1.414 2,

Q) XYL FHEENLHEE. &
TEBHTLUERE—4TNE., BFRX
BHEMNMNEEXTBEOARSERN. A
M, n=3.14159265 ,/2=1,414 2=+,
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(3) If n is a natural number, then the ex-
pression ¥/t is a radical if it is a real number.
For example, «Vﬁ , 3/—_27 . +/2 are all radicals.
If Yz is an irrational number, then it is called a
surd. For example, /2 is a surd, but +/81 and
«3/'——272”& not, since :/Eﬁ=3, \3/-_2—= -3

are rational.

Q) WMEE—THRYE, W 2HEEX
A REHeT, KWWK, fn,
VB, V=27,V2, BRBR., FEVzR—
TEEHE MEBRAKRIRTRAN. #
mZRARBR.B VI, V=27 AR
FREBR.BHV/B1=3,y—21=—3 £
PEE: L

(4) For two given real numbers a and 4,
the new number a + 6i is called a complex
number , where i is the imaginary unit. For a
complex number z=a-+bi, we say that a is the
real part of the complex number 2z and b 1s its
imaginary part. If a=0,550, then z=bi is
called a pure imaginary number ;if 5= 0,then

z=a is a real number,

4 AT RENLEH « f 6. FH
BaotbiFANM KT i BB AL,
SHF—AEW z=atbi, Ha HHLLW.b
KHERE., MR a=0,b50 M z=b HKH
S IR b=0,0 z=a RELHK.

(5) For example, 2+3i, —3—4i, 5 and —61
are all complex numbers, among them —6i is a
pure imaginary number and 5 is a real number,

(5) Bilm,2+3i, —3—4i, 5 fl —6i
HEEBCHP -6 RAERW. M 5 £
L.

§1.2.3 EBAXIEZW: XEFE5IEN1E (Basic Operations: Order and

Laws of Operations)

(1) The basic operations — addition, sub-

traction, multiplication, division, involution
and evolution (root-extracting) are usually di-
vided into three classes: addition and subtrac-
tion are in the first class, multiplication and di-
vision in the second class, and the others, i.e,

involution and evolution in the third class.

(1) .ok 3R Bk T RIF O X &
A E W WS R = 5 R —
BRABEAE _R. RTAMFAFTHE
E&l

(2) For an expression without brackets,
we should handle the operations following the
order “from that in higher class to that in lower
class successively”, i.e. we handle involution
and evolution first, then multiplication and di-
vision before addition and subtraction. Opera-

tions in the same class in an expression should

be handled from left to right. For example, to
evaluate 3+4 X 2 we should divide 3 by 4 first,
then multiply the quotient by 2.

(2) HFRERHFEESHRAX, HRER
GEEEHKFHITER, WEERY
Fh . REERE.BEENE. £
ARBNR—%EWNHENED A MK
F#fT. Mim, % 3-+-4X2 8, B 5640
3R 4, REHFTEMRHRE 2,
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(3) For an expression with brackets, we
should handle the operations in brackets first.
For an expression with many layers of brackets
(parentheses, square brackets and braces), we
should handle the operations within the inner
brackets first. Then evaluate the expression
layer by layer, from inner brackets to the outer

ones following the order of basic operations.

Q) MF—-ITEEFESHAX, N %
EEHEESARNZEE. M T -ITRALER
B(EBNNMES . FPHEESMKRES)NH
R HEFEBRARESHANEZR, BhA
ENEEAZRORFNEAKX AT
HH.

(4) Addition and multiplication satisfy the
following laws:

(i ) Commutative law: a+b=b+1a, ab=
ba;

(i ) Associative law:(a+b)+c=(a+b )+
i

Clii ) Distributive law: (a+b)c=ac+be,

Addition and subtraction are mutually in-
verse operations; multiplication and division
are also mutually inverse operations. But, sub-
traction and division do not satisfy the above
laws.

4) mEmBEEHETHEAE.

(i) . atb=bta, ab=ba;

Cil ) HE’R: (at+b)+c=(atb)tc;

(i) #Ee: (at+bc=actbc.

WESESmMEENHEHE, RESK
BREASER B MEMRERAHEE
FEXEERE.

(5) Involution and evolution are mutually
inverse operations. Involution satisfies the fol-
lowing indices laws .

(i) a" Xa"=a""",a" +a"=a""";

(ii) (@a™)"=a™;

(i) (aXB)"=a"b".

G)RESHFFEISEE. T
WEIM TR

(i) a" Xa"=a""", a" +a"=a""";

(i) (@™)"=a™;

(iii) (aXb)"=a"b".

(6) Since the indices laws are available in
the case that indices are general real numbers
when ¢ >0, 5>>0, many problems concerned
with evolution can convert into the operation on
indices.

(6) I FY a>0, b>00}, 5@
HEATHEEE-RIENEE, T
HEBEFTARE TR I EEN
EH.

§1.2.4 {Z¥F0FE% (Multiple and Factor)

(1) Suppose k is an integer. When A is
equal to BX k (or B+k), then A is a multiple
of B.

(D BER-TEWR. ZAET
BXk (2% B+k), Wl A B fI{&%.

(2) Suppose A and B are positive inte-
gers. If A is a multiple of B, then B is said to
be a factor of A. In this case, we also say A is

@ BRAMBRER®E. #AREB
BB NFR B REA MBEM, ZXFHE
BT AT GBRBR. A, WY
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divisible by B. For example, 6 is a multiple of
3,6 is divisible by 3,and 3 is a factor of 6,
since 6=2X3.

6=2X3,fFLl 6 B3 MK, B3 B
ﬁ‘ﬁﬁ 3%6 E‘Jﬁﬂ.

(3) When a natural number (except 1)can
only be divisible by 1 and itself, it is called a
prime number. A natural number having factor(s)
other than 1 and itself is called a composite
number. 1 is neither prime number, nor com-
posite number. Hence the set of natural num-
bers consists of three different parts: 1, prime
numbers and composite numbers.

(3) MmE—TARBKA BRI N
BEE 1 MEXSBER, MWHEZ N KN,
—TMHAVBERT | IEARZNE
B UMHEZHEH, 1EEXR BES
. Hi, ARBRE=ZAARABAHE
1 RBHAaN.

(4) When a factor of a natural number is a
prime number, that factor is called a prime
factor. For example, the factors of 18 are 1,
2y 3, 6, 9 and 18 among which 2 and 3 are
prime factors, Any composite number can be
expressed as a product of its prime factors. For
example, 18§=2X3X3.

@) - THARNEHRERHUE,
XTEERBHIRES. A, 18 HH
®E1,2,3,6, 918,23
REH. EA—TE8BTUEIRE
HRERGFRM. H0,18=2X3X3,

(5) To find the highest common factor
(H. C. F) or the least common multiple (L. C.
M) of some natural numbers, we can express
each of them as a product of its prime factors
first. For example, to find H.C.,Fand L.C. M
of 18 and 24, we express them as 18=2X3X
3=2X3% and 24=2X2X2X3=2* X3 first.
Then by considering the common prime factors
of 18 and 24, we know the H. C. F of 18 and
24 is 6, since 6 is the product of common prime
factors 2 and 3. On the other hand, by choo-
sing factors with the larger index, we obtain

the L. C. M of 18 and 24 is 72=2° X 3,

(G) ATRELEARBMNBALA
BB TUEREPE I
ZMEEBEHERR. Flin, 0K 18 5 24
MBRKABEBRAEPATH ERR
18=2X3X3=2X3*f1 24=2X2%X2X
3=2X3ARE.FH 185 24 HEMEK
A ®E8 185 24 WEXAEKE
6, N6 RIARMRAR2 53 phFH.
F—rE.ESdERREFERBEENE
M, ARB I8 524 WEBEIMAERN
72=2X3%,

§1.2.5 BLEHMZ (Concept of Percentage)

(1) Percentages are fractions with 100 as
the denominator. We usually write 1/100 as
1%. The symbol % is called percent, which
means “per hundred”. For example, 6/100 =
6%, 100/100=100%.

(1) BSMEEL 100 fEX SR
S, EHEIE 1/100 B4 1%, HEY
KRAESHE(EES®E).ERA“E—0F
frep g e-e s "RBHZ”. i, 6/100=
6%, 100/100=100%,
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(2) 1f 51% of the students in a school are () MBREEWEEPFSIURE
girls, it means that 51 out of every 100 | &, X EWRFH 100 f ¥4 FHF 514
students are girls. Similarly, if 15% of the | B &8, X, MBEXHENSED
flowers in a shop are rose, it means 15 out of | & 15% B H B, R Aok & 4§ 100 ge e 1
every 100 flowers are rose, PH IS BREREHA.

(3) The marked price of a mobile phone is ) —BFHNNENEART 2000

2000 RMB yuan. If it is sold at 30% off, then | &, MBEZE FEHIA-EHFEH, WX W #H
its selling price is 2000 X (1—30%)= 1400 | £2000X (1—30%) =1 400 5¢, 30 B
yuan and the discount is 2 000 — 1 400 = 600 | 2000—1400=600 7T,

yuan.

% 3 1.2

1. BT 5 &l AREFRIEX

ARY B AN ER. AEH CHEE SR . ER . S80 8. K08,
B8 8 5 F s /N TE IR /N R /N RN BR B BB B A LA
B EBRABADE BN AEEXHBR . S48.SER, 8208 82X 45
o E4 .

2. DUEHK:

(D BPEFE LR ABEENT,. BRABREEER . EALER.

Q) T PEEABBNARELZHRETURREF BB OLPEBRE
ARE). _

(3) TEBFRRB/NEE, RARA RN BARTRIGEH /DK

) MEEBEERSTHARNT ERHNHBR/NAEBEBRRK AN,

G) HF—-ITEFHELEESUMES PESHAXES AR, NEERN
EESHNEERE.

(6) EHHEAFEPLH BB RE S ENME; Y &OEMKTFHRNE, A
1% FRE S 8Ok E T .

3. TR

(1) Find the L. C. F and H, C. M of 56 and 42 and then denote them by a
and & respectively. Is there any relationship among a, & and the product of 56
and 427

(2) By considering the common prime factors of 45 and 75, we know the

L.C.F of 45 and 75 is 15, since 15 is the product of the common prime factors
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3 and 5.

(3) Subtraction is the inverse operation of addition and division is also the
inverse operation of multiplication, But, subtraction and division do not satisfy
Commutative law, Associative law and Distributive law.

(4) The sum, difference, product and quotient of two rational numbers
are also rational numbers (the divisor is not zero when a quotient is consid-

ered). But the square root of a natural number may be an irrational number.

§1.3 REX.FEEFRER

§1.3.1 5HRA.BHK .5 (Monomial, Polynomial, Fraction)

(1) An expression containing only one
product of numbers and letters (variables) is
called 2 monomial. For a monomial, the con-
stant factor is called its coef ficient and the
sum of all the exponents of letters (variables)
is called its degree. For example, —0. 3xy°2°
is a monomial and its coefficient is —0. 3, and
its degree is 6.

) —MALXE LT FHGE
B)H— 1 RB, MHEIERR . M F—
MR, HEMBATFHRIRY. T4
FHERB)WER MK LN, #
m,—0.3zy’2 B—A I, EMNER
B—0.3,.K¥N 6,

i : letters (variables), X B #F &
Rkt — B RB\FENWERHHRE
)

(2) A polynomial is a monomial or a sum
of monomials, and each monomial is a term of
the polynomial. For example, —3, —3+4x
and — 3 +4x+ 52° are all polynomials, they
have 1, 2 and 3 terms respectively. The degree
of a polynomial is the highest degree of all
terms. As a term, — 3 is called constant term
and its degree is 0, Hence —3, —3+4x and
—3+4x+5x° has degree 0, 1 and 2 respec-
tively.

2) EHAEMR—ITRHARE
TR ZH, AP ATAK
hEZEWMA M -4 5. Alm, —3,
—3H4r M —3+t4x+ S5 MR EFWMA,
EMSREE L,2M34MW. SHAH
REBRERETMETRE. X -1
T, —3RAEME. HKER 0. Hik,
—3, —3+4x M —3+4x+52 MR ¥
SEikoa Mz,

¥ : JH respectively & ¥ B 5 0T #4919
HERE-MEEAN—.

(3) When adding or subtracting polynomi-
als, we combine the like terms, We use the dis-
tributive law to expand the product of two or
more polynomials. It is often necessary to fac-
torize a polynomial, i.e. to express the polyno-
mial as a product of some polynomials,

) ¥ EHAFEMRBMEH, RE
HEXREH. THHSEEER R
EEZI ATMANRRRTF. 2FFBER
— I TEARIR, B ERR
B—EEHMANRE.
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H.expand v. B . MHMHEFEN
expansion, &l 4 1A & expanding; factorize
v. B 458, 47K factorization,

(4) For example, the procession to con-
vert (z+1)(x—3) into x* —2xr—3 is called
expanding, and the reverse procession, i.e,
that to express x* —2x—3 as (x+1)(x—3)is
called factorization, and both z+1 and z—3
are called the factors of x* —2x—3.

4) Fm, e (c+D—DNEER
F—2x—3 MBI RF, mHF T
B0 L —2x2—3 TFRR(z+ 1 (z—
MM BHENERNIM . Kb =+1 0
3@ A L —2:—3 WER.

i : convert & & ¥ 3 ], convert A
into B #RIE A LM B.

(5) The methods of factorization include
abstracting common factors, grouping terms,
using product formulas and so on. Especially,
cross multiplication is an effective method to
factorize a trinomial.

G) HX My a2 ARE
R NEMM EARELRNEE. ¥
H,t+FHEAREEN —_R=ZmAH#THE
KO,

¥ ;. monomial, binomial, trinomial
A polynomial 43§ R BAMA . WM, =
MAMETAA . KB trinomial £ X
=ZmR.

(6) A polynomial is an integral expres-
sion. It means that when it is considered as a
quotient of two polynomials, the denominator
(divisor)is a constant. Conversely, a quotient
of two polynomials with denominator contai-
ning letter(s) (variable(s))is called a fraction-

al expression. Hence a fractional expression

ggii + where P(x)and Q(x)

are polynomials and the degree of Q(x)is grea-
ter than or equal to 1.

flx) is of form

(6) ZHMARLENX HEECFERAT
2O AR (BRED B—1 0
. RZ MRRASZHHE S E
FEFHERD . MWEHHIFK. B

B BRSO BA G WK R

PO QDEERAH Q)R
HAFHEET L

§1.3.2

WEHFESAERX (Simple Equations and Inequalities)

(1) The equality with unknown(s)is called
an equation. For example, let x be an un-
known. Then 2x+3=>5 is an equation. It is an
equation of first order in an umknown (varia-

ble).

(D EAEXRMBAOEARIFTE.
. 8 2 A—P R 22+3=5 &
— IR, T TRE—T—WT#E.

A TRTITHGIA TREEK
MYEEBERER. FURIFFHMER
3 CEAT LR AT
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(2) It is clear that x =1 can make the
equality 2xr +3 =25 hold, i.e. 2X1+3=05.
Thus =1 is called the solution of the equa-
tion. We can use the principle of balance to
find the solutions of equations, or to solve
equations.

(2) BR, x=1 SR 224+3=5
B, B 2X14+3=5, FR,x=1%K%
ZARNM. BOTUMAHAFEREX
RITBHE . RBEAIRFE.

(3) The general procedure for solving a
first-degree equation with an unknown can be
stated as follows: (a) Eliminating denomina-
tors; (b) Eliminating signs of grouping; (c)
Removing terms; (d) Combining like terms;
(e) Dividing both sides of the equation by the
coef ficient of the unknown ; (f) Checking your
answer.

Q) E—m— KR — R
UERMT:(a) Z48;(b) XS,
(c) B :(d) §IHEHM;(e) HERA
EERULEAMHRE (D) RBER.

(4) An expression like 5>1, 2zx>1,
3(x—1)<<2+45x and 3—4xr=2 is called an in-
equality. The procedure for solving the inequality
3(z—1)<{2+5x with an unknown x is similar to
that for solving the equation 3(x— 1) =2+ 5x.
But it is noticeable that if we divide (or multi-
ply) both sides of the inequality a<Zb by a con-
stant number ¢ with ¢=>0, then we have a/c<
&/c (or ac<<bc), ie. the inequality sign re-
mains unchanged; if ¢<{0, then we have a/c>
b/c (or acz>bc), i.e. the inequality sign must
be reversed.

(4) B 5>1, 22>1, 3(z—1D<
245 M3I—4xZ2 MNEREAKIFTE
R, BEEXRAR : IR ENE RS
BHE3(c— 1= 2+5r %, (BESB
HEEMNE . HEAFR «<b B9 5 R B L
(EF)HEB MY c>0H a/c<<b/c
(F ac<bo), MEARESRFERE; M
W <OBE a/c>b/c(FK ac>bc), BPE
RESNTER.

(5) There are many daily life problems
that involve the concepts of equality and ine-
quality, Sometimes we can set up equations or
inequalities to find the relevant solutions, but
we must check whether the answers make
sense.

G) AZAHAEBTHREREH
FRMREANKES., Ao, Ll
FREAFZRRHEHEXKOR AL, R
MNLFRRFREGHERETHERL.

§1.3.3 {¥HFBAS5"XRFE (Systems of Linear Equations

and Quadric Equations)

(1) When we want to solve a problem as-
sociated with 2 changeable factors, we may
try to set up equations in 2 unknowns and then
find its solution. An equation in form of

) YRNEERRFEFITE
EEEEN, AT XERE Y IR
KUK TRIFRHENR. B
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Ax+By+C= 0
is an equation in unknowns r and y, where A
and B are constants with A? -+ B* = 0. Since
the equation has order 1 (or degree one), itis a
first-degree equation. But we often call it a
linear equation because it represents a straight
line on the coordinate plane zOy.

Ax+By+C=0
KMABRE—1TSFXxAOM -y A
B.HEPhA5BR¥EB A*+B'# 0,
HTEFEAREER 1LFTLLE—RHA
B ARMNERZIEEIR.BHE
S4FFEHR 0y LERR—KELR,

(2) If a pair of ordered numbers (a, b)
satisfy the equation
Ax+By+C=0,
then (a, b)is a solution of the equation. It is
easy to see that there are in finitely many solu-
tions of the equation, According to the need of
practice problems, we often consider the solu-
tion (a, &) satisfying both equations
Aiz+B,y+C =0
and
AzI+Bzy+Cz ={
and say (a,b)is the solution of the systen of
equations (or Simultaneous equations) ;
{A.x+B. y+C, =0,
Ay x+ B, y+C,=0.

@) MR—-AIEHFEM G, HDFER
HE
Ax+By+C=0,
Bala, DAZETBRE—TR. BHE
HEFEEXEREANR. RIETIRMEE
HEE.RMNEEERFEANEEFR
A|I+B|y+C|:0
y4
Ayx+Byy+C;= 0
FI(a, &), Hill(a, )BT HEA
(BRI AR AR
{A,I+B,y+cl=0'
A x+B,yt+C, =0,

(3) A first-degree equation in 3 or more
unknowns is also called a linear equation. The
systems of equations in 3 or more unknowns
are also of great use. The following is a system
of 3 linear equations in 4 unknowns:

2xr+3y+ 4z+5w= 1,
{ 4xr+2¥+ 3z+7w=-—-2,

0.5x+ Y+3. 1z+ w= 3.

B BEEEAREZ T RDBH—
RITBOHRAIREIE., §H=/HE
ErFENPH I RABLBEH. TER
—tH=EINLIREFTRARG Y
ﬁm:

2z+3yt+ 4z+5w= 1,

{ 4ix+2y+ 3z+7w=-2,

0.5z+ y+3.1z+ w= 3,

(4) The methods of elimination and sub-
stitution are usually used to solve simpler sys-
tem of linear equations. To deal with more
general system of linear equations, mathemati-
cians have introduced many new methods, in-
cluding applying matrixes, determinants and
other important tools. For example, to solve
the above system of equations, one can consid-
er its coef ficient matrix and the matrix of coef-
ficients and constants.
computers, we can also solve the system of m lin-

By means of electronic

ear equations in n unknowns with m, n=100,

G HTEMRAZERHTES RN
HMEMFTFRA. hTHAEFE-BHEHE
TERA HEXNNFTIFEHFNTE,
AENAHEE . TAXRXMEETH.
Pl ER LRI BEH.ATUEETHER
WAEREHMERE, fHB T8 TFHH,
AIEFLURH m A n TERE T RAR
g Bd, K m, n=2100,
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(5) An equation in the form ax* +bxr+c=0
is called a quadratic equation (or second-degree
equation) in one unknown x, where a, b and ¢ are
real constants with 70, There are several meth-
ods to solve the equations, among which are fac-
toring methods , extracting the square roots, com-
pleting the square and using quadratic formulas.

(5) i ax’ +bx+c=0 B H BN
—nIkAE. Kb, b M c BREBWAE
AV HIFEFEFVHTRXMFIE. &
FRAXIMEFAERAZLEAR
Xk,

(6) A quadratic equation in one unknown
may have 2 unequal real roots, 2 equal real roots
or no real root. The situations are determined by
the sign of the discriminant b* —4ac. An equation
of this kind may have 2 unequal (or equal) real
roots when and only when the discriminant & —
4ac>0 (or=0). When # —4ac<C0, the quadrat-
ic equation has no real root, but has 2 conjugate
complex roots.

(6) —P—TH WK ETEBHEH
AEHEHR BT HEATRFEAET
. BT BRR fHRR & —dac W
EXRBWE. —L_KHTBEFHTAEMN
FTARGGHEM LR L B {04 E M 5
K —4ac>0(FH=0), H & —dac<<0
XM _RTBRAEHR . BAEFREAH*
ERER,

% 3 1.3

L ETFAE W AREFRIE:

AR ZHA B S0 EEEF KB REGRF B AR5 HE,
RMANK . T FHERE AARE AN TR R T ROR . R0,
EIES BHFERTAEKX TN B R TRH KT E Tk AA
R RBUERE )ERE - m W R VAG R R RS AR AR

[RERER U
2. DU

(1) #5H BHAK 2132 y' WRBAKE.

(2) ZHFARIAMFFN IR, i LI ATF R ST

() RPN ZIMAM MK LR, RITE IR,

(4) ff—JT—WHT R TR & 4R , BG4S 5 B RS MR A B (8 .

(5) WL RARRR _t— KT BAHME AL P AEERNTURE

LT RA.

6) F—TN—RKAFANTEEL TR TR B, BREEEE AEXH
PN R ) Bt Fe SR A — 80 MR A S S BB [,

(1) P E L, WEAEXKNRREN KN T — R BANR.

(&) =LK BARELREE ST d A BN 5 ke .
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3. HiFIL:

(1) Equations are of two kinds—identities and equations of condition. An arith-
metic or an algebraic identity is an equation, An identity involving letters is true for
any set of numerical values of the letters in it,

(2) An equation which is true only for certain values of a letter in it, or for cer-
tain sets of related values of two or more of its letters, is an equation of condition, or
simply an equation. For example, 3z—5=7 is true for r=4 only, and 2r—y=10is
true for z=6 and y=2 and for many other pairs of values for x and y.

(3) To solve an equation means to find the value of the unknown term. To do
this, we must, of course, change the terms about until the unknown term stands
alone on one side of the equation, thus making it equal to something on the other
side. We then obtain the value of the unknown and the answer to the question.

(4) Compound linear inequalities are two or more linear inequalities related to-
gether by the words “and” or “or”, When we are asked to solve two inequalities re-
lated together by the word “and”, we have to find those values of z which can satisfy
both inequalities. In other words, a value of x which satisfies one inequality but not
the other cannot be included in the solution, On the other hand, when we are asked
to solve two inequalities related together by the word “or”, any value satisfying any

one of the two inequalities can be included in the solution,

$1.4 SHBMEESNERY

§1.4.1 #£4(%)0#E2 (The Concept of Set)

(1) In modern set-theory, “set” and “be- (1) ERRELSEDH,“B"5“RF”
longing to” (denoted by the symbol “€ " are the | (i B“c”H#R ) ERAEL. £ AE
fundamental concepts. If A is a set and €A, | —ABH €Al = £ A MTEK. B
then x is an element of A. Suppose A and B are | A f1 BR#& , FE A WE—/)TEHELB
sets, If every element of A is an element of B, | g%, M# A & B 8 F #%,i84E ACB.
then A is said to be a subset of B, and denoted by | £ A 2 B FHH BR AMWTFE, N
ACB, If Ais a subset of B and B is also a subset | $& A % F B 3104 A=B;kk,A5 B
of A, then it is said that A is equal to B and deno- | BAMFEMWTE, WE A £ BRTFHEMA

ted by A=1B; in this case, A and B have thesame | BRE A F&E. WHE A EBHWETE,
elements. If A is a subset of B and B#A, then it

is said that A is a proper subset of B.
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(2) Integers (ie. the set of all integers, de-
noted by Z), natural numbers (i.e. the set of all
natural numbers, denoted by N), rational num-
bers (i.e. the set of all rational numbers, denoted
by Q)and real numbers (i.e. the set of real num-
bers, denoted by R)are common and useful sets.

(2) YRR A REEBME, D
D BRYEGEFRAEARBARDN
£,0EN . FEREEREFERY
WBAE, CHEQEIEEGEFFA LS
R o RERERAE HEH .

(3) Intervals are often used to denote the
special subset of R. [a, 6] is a closed interval,
and (a, b)is an open interval , a, b] and [a, &)
are hal f-open-closed intervals, each of them has
the endpoints a, b with a<Zh. Besides, we have
in finite intervals such as (—co, b], [a, +o0),
(—oo,+eoe) and so on,

Q) BEEAHEATRS RMWEHKRTE.
[a, (JRAKE, (a, &) RFFXN,(a, b]
Flla, HREFELHKE ., XEXEEL
a, bRV a<<b, HANEEHIEDW
(—oa, b], [a, +oo)Fi(—co, too) 23
HZXHXE.

(4) A group of axioms are given to ensure
the operations on sets can be handled well. The
union and infersection of two sets are the most
comron basic operations, The union of A and B,
denoted by Al B, is a set which consists of all
the elements of A or B. The intersection of A and
B, denoted by A[]B, is a set consisting of the el-
ements which belong to both A and B.

WD HF—HABHUFIEENESR
BURIFHBE. AIMENHNTRF
AEERLAEEENR., ASBHMIEE—
A8 A B FFA JC R B4 iR B 4. 32
fEAUB;A S BRMEZER—-THERET A
METF B#LRFARME,THE ANB.

§1.4.2 R (Function)

(1) In modern mathematics, as an important
concept, function is defined as a mapping from
set X to setY, Le. if every element & in X has a
defined image f(x), an element in Y, then it is
said that f(x)or y= f(x) is a function of z, In
history, x and y are considered as variables, since
the concept came from the formulas describing

; S
motions such as s= > gtt.

) ERREEP X —-ITEHEH
BMEZ—WEBEXRINE XBIEY
B— L BE X PN E I TR 2 EY
FHA - TRENTR f (OEREHR
U f (D8 y=f(O R x W—TE
B, itk M yWEEREER,

B SR BT 5= g 2%
BB AR .

(2) Functions y=ax+6b and y=ax’ +bz+c
with a7-0 are called a linear function and quad-
ratic function respectively, The graph of a linear
function in the coordinate plane is a straight line,
and that of a quadratic function is a parabela. We
can solve the quadratic equation

ax’ +bxtc=0

(2) R¥ y=ax+b fl y=az* +bz+
€y a7 0, SHANFR R ERMERE S KR,
EERER L AHEREVEEBR—4&H
& M KRB ERER - SZMMWE. &
m_WhE

ax? +bx+c=0
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E: &
and the inequality A%,
ax’ +br+c>0 axt +bxr+c>0
by means of the graph of the corresponding quad- | B}, A LIEBY T EMM R KR y=
ratic function y=ax® +bx+c. ar’ +bx+c FETERRF.

(3) Functions f(x)= a" and g(x)= log, x
with a>>0 and a1 are called exponential func-
tions and logarithmic functions respectively.
Functions f(x)and g(x)are converse mutually.
Since y=a* if and only if x=log, y, the domain
R of exponential functions is the range of logarith-
mic functions and the range (0, +o)of exponen-
tial functions is the domain of logarithmic fune-
tions,

(3) B¥ f ()= a" M glx)= log. =
BN EMES OB, K o>
08B aex#l, FO)H g(x)BRATEHE
B, BAYHEHNRY z=log y Bf,y=a",
T LA 4 3 oR 3 B0 8 B R R X R B Y
{4, 17+ 2 R B (B8R (0, +o0) B2
R R N .

EEZAYYBHMEEE converse 7
fER 5 ;T inverse W {E & . FEZIE.

(4) Trigonometric functions such as sinr,
cos x and tan x are all periodic functions, among
which both sinx and cosx have the period 2%, but
tan x has the period n. Since the domain of both
sinx and cosz is R, which contains infinitely many
intervals with length 2z, these functions take each
value in [—1, 1] infinitely many times. The do-

w:keN} and the

function takes each value in R infinitely many

main of tan x is R\{

times,

(4) 0 sin x, cos x M tan x XK
ZARAEUHERMER, Hd sin 2 B
cos x BB R 2=, tanx IR B R =,
HMsinrfil cosx MEXHRER, EH
BTEFEIEKEN 2 KM, XF
REE[—1, 1]J9ME—TEHETHSX.

tan B LR R\ (AT e n),
HERBB R PHE - ITEEFER.

(5) H we confine the domain of a periodic
function f(x) into an interval I such that f(x)
is monotonic in I, then we can obtain the in-
verse function f~'(x) of f (x). According to
the idea, the inverse functions of sinr in

[—%,%], cos x in [0, x] and tanr in
X

(— 7 .%)can be well defined, they are arc-

sin x, arccos x and arctan r respectively.

5) ERMNB—TRAPEYE f (D
MEXBRRF XK@ L@ Ff (0%
TERAEN. BARTLBE F (OB
EE&EM M (o, HEX—BH8,sin 1 7

[_ x %] cos z #E[0, ] Fl tan = 7E

?o
(=55 )t [ o 08K T LA 48 5F 0 5
X, Ef4 % & arcsin x, arccos x

arctan r,
#: &% 3117 confine ¥ H into #
BB A B v,




$1.4 SORZSNSHAM 25

% 3 1.4

1. BFEE B AREFREX:

E#H4EB BT . XE . TEATFEF X8 BHE . ARABE FEE
5 SCEAE XA FF X (] | B X 6], 2 FF o B X ] 5 R L B SOOI LB BR BT LR
WipR S SRR, KR MR FRER L T R R R = ARG
WER XA AN BEN . EFEH.

2. DU,

() EAREBWTE.ICHEACB. YHN S ANE I TEREB B
&K,

(2) FX[E(a, HRAXE e, bJWEFE,BAIXEMRL a b 8T La,
bJMAR Flay &),

(3) RBATLIE RS, R BB B P s, @ X EXE ENEHSHA

R A

(4) RERE . —WRE R R B R =M R E 4% (elemen-
tary) PR .

(5) =M R sin x F cos x MEXRE R EHEL —1,1], ENNHBEAM
PRE, IR 2n.

(6) TEAFRVH L, AUERBWEAERE -FEL, M _KABWEAER— K
Yk .

(D FEFHE L RBRER y MER - ZEMXMNXR, XFXRATLHA—
MAXERR .

(8) PR¥C tan = PR LR sin 2 BBLL cos x BIET, BT LA B9 & B0 40 3 B3
fif cos x=0 B,

3. RN

(1) The words “set” and “collection” are synonyms, and “set” is used in
mathematics as a terminology and “collection” is seen in everyday usage.

(2) Any function that can be written in the form f(x)=ax+6, where a
and b are real numbers, is called a linear function. Any function that can be
written in the form f(z) =ax® +bx+c, where a, & and ¢ are real numbers
with @540, is called a quadratic function.

(3) A function f is called periodic if there exists a positive real number p
such that f(x+p)= f(x) for all x in the domain of f. The smallest value for
p(p=>0) is called the period of the function.
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(4) The graph of f(x)=sin (x+=x) is the basic sine curve shifted = units
to the left. In general, the graph of f(x)=sin (x—a) is the basic sine curve
shifted || units to the right if =0 or to the left if a<C0. Here || is called
the phase shift (F{i#) of the graph,

(5) If we write the equation
I__'bﬂ ’

we express then the essential relation between a number, x, and its logarithm,
a, for a given base, . In the notation of logarithms this is written as
loga Ir=a,

and it is read “the logarithm of x to the base b equals a”.

(6) We can define verbally in one statement both logarithm and base as

follows:
The logarithm of a given number is the power to which another number,

called the base, must be raised in order to equal the given number,

$1.5 FEHEMNELN=HK

§1.5.1 FHE LAIEL S f(Straight Lines and Angles in the Plane)

(1) Two rays starting at the same point (D ANF—RHENHEAMEEXK
form an angle at that point. The 2 rays are | SR T —18. XFHEFLHERZMA
called the arms of the angle and the starting | 3k, T HE R AT HTHA.

point is called the vertex.

(2) We can classify angles into 6 types ac- (2) BT AR M B9 K /MEE 5 L 6
yp HEAD.DSH. EA.HH.FR.EM

cording to their size, namely, acute angle, AER
right angle , obtuse angle, straight angle , re- y
flex angle and round angle.

i

(greater than 0° (equals 90°)
but less than 90°)
acute angle right angle
€% D) (HEf)

Figure 1.5.1 Figure 1.5.2
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s

(greater than 90°
but less than 180%)

Y\

(equals 180°)

right angle straight angle
(/) )
Figure 1.5.3 Figure 1.5.4

(greater than 180° (equals 360°)

but less than 360°)

reflex angle round angle
(L) 0:5::D)
Figure 1.5. 5 Figore 1.5.6

(3) If the sum of 2 angles a and g is equal
to 180°, then they are called supplementary
angles. When two adjacent angles are supple-
mentary, they are on a straight line. If the sum
of 2 angles o and 8 is equal to 90°, then they
are complementary angles. The two acute an-
gles in a right triangle are complementary.

(3) T« 58 ZHET 180°,
RIFARATN (DA, M4 E A
W LENER—#ERE, EHAR a
S5RZMETF 90, KT H(E) &
. HASARNRAISARIAN.

(4) If 2 straight lines AB and CD intersect
at the point O, then the opposite angles /AOC
and /BOD are called a pair of vertical oppo-
site angles. Thus /AOD and /BOC are the
other pair of vertical opposite angles. It is ob-
vious that vertical opposite angles formed by
two straight lines are equal.

(4) MREWEHEHRK ABHCD XF
RO MaxfLAOC 5§ LBOD %A
—XxWMm. TR, LAOD 5 /BOC &
H—XMMTM. BR.-ABERERER
KM TRAHESE.

(5) If 2 straight lines AB and CD on the
same plane do not intersect no matter how far
they extend, then the 2 lines are called parallel
lines. In this situation, we say AB and CD are
parallel to each other, which is denoted by AB
// CD, where the symbol *//” means “be par-
allel to”.

G) MER—FEHEMFHHEL AB
5CDREMMERERAHEIEL, WXH
HEAHRNIEFTR. EXMWEET. RN
% AB 5 CD H#¥47.ic¥E AB/CD,
e/ "HE LR “FITTF.
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#gx

(6) If a straight line XY intersects 2
straight lines AB and CD, then XY is called
the transversal of AB and CD. If a transversal
XY intersects 2 parallel lines AB and CD, then
the corresponding angles formed are equal, the
alternate angles formed are also equal and the
interior angles on the same side are supplemen-
tary.

(6) HE—HRHAZK XY 5WHERK AB
5 CD #i% .0 XY H KB AB 5 CD H#
®. WMRBX XY 5RVP{THLAB 5
CDOMHZ MAFERKBNMEY A
A%, MEFRMEL.

§1.5.2 = (Triangles)

(1) Triangles can be classified into 3 types
according to the size of their interior angles:
acute-angled triangle whose all angles are
acute; right-angled triangle with one angle
being right angle and obtuse-angled triangle
with one angle being obtuse angle.

(1) =fHEa UAREHE A8 KD
SHREX.HBE=RE.H=TAHELH
A TRREANER=RATRNE
— M AREANER=ERAE.

EEEXTAREMERE R,

right-angled triangle HE=f¥.

(2) Triangles can be classified into 3 types
according to their side lengths; scalene triangle
whose all sides are unequal; isosceles triangle
with 2 equal sides and equilateral triangle with

3 equal sides.

(2) ZABTURBEAK (LR
AE=R.ZHEAHENAEDL=5H
EB.AEAHENSEE=MAEM=H
HENEH=fME.

iR isos-Fl equi- B EHENE
XA 4 3 B isosceles (25 BE #9) M1
equilateral (23 #)

(3) The sum of the 3 interior angles of a
triangle must be equal to 180°. That is, in
AABC, /A+ B+ /C=180°. The sum of
the lengths of any two sides of a triangle must
be larger than the length of the third side.
That is, in AABC, we have AB+ BC>CA,
AB+CA>BC and BC+CA>AB. These ine-
qualities are called the triangle inequalities.

Q) —T=AERN=THAZML
%F 180°, i gk B ¥, & AABC #,
LA+ /B+/C=180°, — P =MEMN
EEFINKEZMOKRTE= DMK
. XEi, % AABC #H AB+BC
>CA, AB+CA>BC #l BC+CA>AB,
XEREAHFI=ZRAFTER.

(4) Four kinds of line segments in a trian-
gle are often considered, they are angle bisec-
tors , medians, altitudes (heights)and perpen-
dicular bisectors. The points of intersection of
the angle bisectors, the medians, the altitudes
and the perpendicular bisectors of a triangle are
called incenter, centroid, orthocenter and cir-
cumcenter respectively,

D) ZAEPENALBRERES
B.HNAESE PR . MNEAFSL.
SAEN=RAYSE . PR ENEHY
PR ZaaRHAamd Kl  E
by,

iE : bisector (FF 4 48) H R & bi-, 17
2 sect FG H-or WAL, bi-F = .H .0,
THME L sect HRE VAL, -or i
REARERRITHEN BRI,
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(5) Suppose AABC is an isosceles trian-
gle with AB=AC. Then the third side BC is
called the base, / BAC is called the vertex an-
gle, while S/ ABC and /ACB are called the
base angles. It can be proved that two base an-
gles are equal, i.e. SABC = /ACB. Con-
versely, a triangle with 2 equal angles is an
isosceles triangle,

(5) BEAABC REE=fAF.H
h AB=AC, MAaBE =11 BCRRHENE
sh, /BAC % H T fa, i LABC 5
ZACB#HESM. W LLEMR, X M4 K
S M ABC=ACB, RZ. AW
TSN =AER-1TSE=fAF.

(6) An isosceles triangle is a figure with
reflection symmetry. In an isosceles triangle,
the following lines overlap: @ the axis of sym-
metry, @ the angle bisector of the vertex angle,
@ the median joining the mid-point of the base,
@ the altitude standing on the base, & the per-
pendicular bisector of the base.

6) ¥E=AERE -1 RHNRE
BiE. E—1SE=AFEP.UTLERE
HEG.OXNRM.Q NANFIR.0 K
BEHPR,@ KA LH®H,© KL
EHFITK.

(7) An equilateral triangle can be regarded
as a special isosceles triangle, all angles of
which are equal, thus each angle is 60°. The
incenter, centroid, orthocenter and circumcen-
ter of an equilateral triangle are all overlap.

M Eh=faTH N ERNEE
ZHAE . EN=1TANHS . e M A%
F60°. FEH=AEHAL . EL.EL
Mo LHES.

§1.5.3 £% =% 5+ =% (Congruent Triangles and Similar

Triangles)

(1) Figures with the same shape and size
are called congruent figures. For two congru-
ent triangles, the sizes of their corresponding
sides and the lengths of their corresponding
angles are equal. The expression

NABC AXYZ
is used to denote that AABC and AXYZ are con-
gruent or AABC is congruent with AXYZ,

() BARE KD —H BB KA
28K, HALE=fEHFAXKD
EXMEREEE. XA FAABCZ2AXYZ
Mk FRAABC 5 AXYZ &%, &
AABC £%F NXYZ,

(2) Two triangles are congruent if one of
the following conditions is satisfied.

(a) The corresponding sides of the trian-
gles are all equal (Reference: SSS);

(b) Two pairs of corresponding angles and
one pair of corresponding sides of the triangles
are equal (Reference: AAS);

(¢) Two pairs of corresponding sides and
one pair of included angles of the triangles are
equal (Reference: SAS).

(2) HETEEREZ— B, MEHD
=%,

(a) WA =AM A X i & 48
(5 HAME @) ;

(b) A=/ F 4T 0 M A S
HB—#HMRhHE G HNE  AfD);

() A=A mAX NiHE
HEMMAHSGIANS . HfMd).
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(3) If the hypotenuses and one pair of the
legs of two right-angled triangles are equal cor-
respondingly, then they are congruent triangles
(Reference; RHS).

Q) ERITHEHA=AEHNLRS
—E@MEAAEE WXAT=AFL
FEIARE . HA=ABARNE.

&SI A4 LIS RHS.

(4) Similar figures have the same shape
but can be different in size. They will overlap
each other after suitable enlargement or reduc-
tion. For 2 similar triangles, the sizes of their
corresponding angles are equal and the corre-
sponding sides are proportional. Symbolically,
we write AABC v» AXYZ to denote that
MNABC and AXYZ are similar or that AABC
is similar to AXYZ.

(4) Bl BEEA HEAERE
KRR . A S K ] 4
BEMMLES. ATHB=MER
BAX R AEESE B AEM AR S,
R A28 AABC »» AXYZ % &R
AABC 5AXYZ H = # AABC H |
FAXYZ,

% : proportional adj. A H 86, K
Hw.

(5) Two triangles are similar if one of the
following conditions is satisfied:

(a) The corresponding angles of the 2 tri-
angles are all equal (Reference: AAA);

(b) The corresponding sides of the 2 tri-
angles are all proportional (Reference: 3 sides
proportional) ;

(¢) 2 pairs of corresponding sides are pro-
portional and one pair of included angles of the
2 triangles is equal ( Reference: ratio of 2
sides, inc., /).

(5) & T i 42—l Wm 4
=M.

(a) WA= o BT A Xf L f 2R A8
FGIRANS AMM);

(b) Wi =fJE o9 Br A X3 6L 3 At
HGEIANE . = AR

(o) P =#MTE 69 P 40 B 34 /Lt
FHEMNMXMESFGIANE AR
HEL M.

(6) The mid-point theorem ;
The line segment joining the mid-points of
2 sides of a triangle is parallel to the third side

6) PR R .EE-IT=AFFMA
HhENEBE YR TE =A% TE=
HKREd—E,

and half the length of the third side. i join v. EHE.
(7Y The intercept theorem : () BERHE. X BT =4#R
If a transversal cuts 3 or more parallel | EE RN FEfTErRHBREHAS, B2 HM
lines with equal intercepts, then any other | BRER B IX B T4 Frf ot iRE L HI%E,

transversal also cuts the parallel lines with
equal intercepts.

##:(1) intercept n. #EE,#Z%;v. B
BU;(2) transversal n. #%£E;adi. HEEN.

% 3] 1.5

L BT R B FRIEX

AR08 VHA VAP RA VAR A RA VTN ER
8 AR TR AT AT T VDA A VRN A LR FER A T TR = A
B EBE=fk SU=-"AK . HA=AR . BA=AX . A=A AFIX.
PR EEFOL WO EO ED IO SRR R R 25K AR
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M EE=ME MU=AK SRR SRR R .

2. DUFEH.
(D) HEEEH—AROHENFEEHRERLT — 1A, OBAX AT
AL TXFRI R R

2) MEAHEL TR, HEENSHE=FEHEBHEX, WAEHAHEE, FLM
.

Q) AROHSEN=AEKRISE=-AE; = ABHEN=AERIEL
=M.

4) MEFRAN=ZAFXHNHANNARFEELENHRAME, MXHS=/A
Ba%.

5 MEFRANM=AEHFRAMEAREFALENHXARE WXFS=
AL .

(6) FE=AELR—TRHEMNKHYEE, EKA EORREX R,

() ZBH=AFHE—ITHNABE O ;ALFNILES. ENMNANESK
R AP L,

8) —N=ARHAPTENEL LT TE=A,. BFTE=AR ¥,

3. TEN:

(1) Congruent figures have the same shape and size. They will remain
congruent after translation(E-#), reflection(JX&F) and rotation(JE%%).

(2) If three parallel lines are cut by a transversal with equal intercepts, then
the parallel lines cut by any other transversal are also with equal intercepts,

(3) If two triangles are similar then

(a) The corresponding angles of the 2 triangles are all equal;

(b) The corresponding sides of the 2 triangles are all proportional.

(4) If two similar figures have different size, we can enlarge the smaller
one or reduce the larger one by suitable times to make their size equal.

(5) Since the sum of the 3 interior angles of a triangle is equal to 180°, we have
another equivalent proposition that each exterior angle of a triangle is equal to the
sum of the two interior angles which are not adjacent to the exterior angle,

(6) If a straight line XY intersects two straight lines AB and CD, we call XY
the transversal of AB and CD. The two lines and the transversal may form 2 points
of intersection and 8 angles, These angles can be classified into 3 groups: corre-

sponding angles, alternate angles and interior angles on the same side.
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§1.6 ZAKSHE
§1.6.1 % iifs(Polygon)

(1) A polygon is a closed plane figure
bounded by 3 or more line segments. The line
segments are called the sides, and the points
where they intersect are called the vertexes.
Any line segment joining 2 non-adjacent verte-
xes of a polygon is called a diagonal.

(1) BHFREM 3 FH3FLULR
BERMFEEE.  ATPHEBEKEIE
WA, ASHNXAHRATAR. EEE
AT B PR A A A 4B TR B R B R O 2
MLk,

(2) Triangles, quadrilateral, pentagon,
hexagon, and octagon are common polygons.
A polygon with n sides is called nsided poly-
gon, where n is an integer greater than 2.
Therefore, an octagon can be also called 8-si-
ded polygon.

ANy

(2) AKX . WK . Ribk. RibkE
HMABDERERNEAHE. REn&A
WENEHR I n A . XEHnRATF2
RN, AEEXETE AARAHKH
8-sided polygon,

Triangles Quadrilateral
(ZAB) (M)
Figure 1, 6.1 Figure 1. 6, 2
Pentagon Hexagon
(H#A¥k (i)
Figure 1, 6.3 Figure 1. 6. 4
Octagon
(ALFE)

Figure 1,6. 5
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(3) It is known that the sum of all interior
angles of a triangle is 180°. Since an n-sided
polygon with n=>3 can be divided into (n—2)
triangles whose interiors do not intersect, the
sum of all interior angles of an n-sided polygon
is (n—2)+180° and the sum of its all exterior

angles is always 360°,

Q) BiME.—1T=AFNARZ
M 180°, BN —TnHiB(H n>3
EDAARBn— 2D HABPERHEE
W=fE.FMUnhEBEHAAZAA
(n—2)+180°, MM HE R 360°,

(4) A polygon is a convex polygon if each
of its interior angles is less than 180°. Con-
versely, if there is at least one interior angle of
a polygon is greater than 180°, the polygon is
called a concave polygon. All triangles are con-
vex, and the figure for“five pointed star”is a

concave polygon.

Five pointed star
(AR
Figure 1. 6.6

) - Z2HEERE—-THAR
AF 180, MM ONSEE., RZ.—1T %
HEEELEHE - AMHAKT 180°, MK
ZHMEBDHE. FE=HAEBENH,
MERALARMERMERE.,

(5) If all sides as well as all interior angles
of a polygon are equal, then it is called a regu-
lar polygon. For example, equilateral triangles
and squares are all regular polygons, which are
also called regular triangles and regular 4-si-
ded polygons respectively

(5) IR —A %A K TH B
HE.FARALHES, MK NES D
. fim SU=RABNEFTEBRE
k. ENBLHNKEIE=ZRERNE
mia .

§1.6.2 MiA# (Quadrilateral)

(1) A quadrilateral having one pair of par-
allel opposite sides is called a trapezium. If a
quadrilateral has 2 pairs of parallel opposite
sides, then it is called a parallelogram. In the
figures, ABCD is a parallelogram where AB//
CD, and AD// BC; EFGH is a trapezoid but it
is not a parallelogram, since EH // FG but EF
is not parallel to GH.

W) A—AMAFTHNBERN
B & — 4 Wih A A h 47, 1
WZHAETALAE. ETHEEE D,
ABCD RY¥fTM#1 . H AB/CDH
AD//BC; i EFGH E#®E. BT AR E
YW, BN EH/FG{R EF R¥
fiF GH,
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i

B C FDG

Parallelogram Trapezium
CEA7 ML) (BB
Figure 1.6, 7 Figure 1, 6.8

(2) A quadrilateral is a parallelogram if
and only if one of following conditions holds.

(a) The opposite sides are parallel;

(b) The opposite sides are equal;

(c) The opposite angles are equal;

(d) The diagonals bisect each other.

(2) —THAERETNAEYE
YT o2z — o,

(a) HHAMHFIT:

(b) A HME;

() BT MHE;

() A ALEEHFZ.

E-EERXBEPEXERLILENK
9, HTHRML,TEGR) (D), ()P
FEFEMECEBH”, (DM E“B”,

(3) A rhombus is a quadrilateral with 4
sides equal in length, It is easy to prove that a
rhombus is a special parallelogram. Hence,
rhombuses have not only all properties of par-
allelograms, but also other properties including
(a)4 sides equal in lengths, (b)diagonals are
perpendicular to each other, and (c) diagonals
bisect each interior angle.

(3) ¥ B K EHAZMN A
. BRIEMH,. EERBEHRNETNL
¥, Bt ZERNAFLTNAESN
AR MEXAAHMGER, 0
() P4 B &R A8 %55 (b) B X M 2k 1 A4
FH;(OXMARTEIE—THA.

(4) A rectangle is a special parallelogram
with 4 interior angle equal in size. Therefore a
rectangle has not only all properties of parallel-
ograms, but also other properties including
(a)each interior angle is 90°, (b)diagonals are
equal, and (c)diagonals bisect each other into 4
equal line segments,

1) EEXRFHROFITNAE, KN
THABHEYS. B, B EAAEEF
THHEMFAER. MALREH Kt
HR.AF (@81 HAER 90°: (bt
AEEF(OMAKXRETHEIN 4 £H
ENRR.

(5) A square is a quadrilateral with 4 right
angles and 4 equal sides. A square can be regarded
as a rthombus with 4 right angles or a rectangle
with 4 equal sides. Therefore squares have all the
properties of rhombuses and rectangles.

G) EAREAFEAEAMNY
HEMNAE. EFETLURERRAE N
THAMERE R WAHSHNER. B
E,2EFERABENELHFTAKRE.
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§1.6.3 [HE(Circle)

(1) If the center O and radius r of a circle
are given, we can determine the circle. The
circumference of the circle is equal to 2nr and
its area is nr’, where n is the circumference

ratio,i.e. the ratio of the circumference of a

circle to its diameter, and its value is 2—?201-
3. 14 approximately,

(D R BB O 548 r
2L BRAT LB E X 1 H. REMRKET
2nr AR R o M o I PR R, B B

KSR, REENSTZR 3,14,

i#* . circumference BE R M K (FEX
B, XHRRAA:EEIEE . IENE
EEEWE,E—TH.

(2) The curve between two points A and B
on a circun'tf’t_a\rence is called an arc and deng&ed by
arc AB or AB. The region enclosed by AB and
two radii OA and OB is called a sector, which is
denoted as sector OAB. It is should be noticed
that the circumference is divided by A and B into 2
arcs, In order to avoid confuse, we may add one
more letter (e. g. m) near the median of the arc
which we wiI’I_El\eal with and name the arc with 3
letters, .e. AmB (c.{. Figure 1.6, 9).

Figure 1.6.9

() BALFAASBZEANHE
B# N, /W AB RAB . gABYS
F%0A 5 OB BRNERKNBRE,
EAERT OAB. Ri %k B a0 2, B A 8
ASBARTHEN. ¥TREEM,
T A5 i Ak 58 60 R — B 9K 9 o A B S T
E—AFEEm m), A=A T
AmBR & % fr & CLE 1.6.9).

i radii ()R HA radius I E
BER.

(3) Figure 1. 6. 10 below is a circle with
center O and radius r, where points A and B
are on the circumference, The angle ( ~/AOB)
at the center O corresponding to ;’-\-\B is called

the angle at the center. If the angle at the cen-

~
ter is §, then the arc length of AB is equal to

3—6%-.><21rr and the area of sector OAB is equal

HKrrt.

)
10 350°

(3) THEMAEILGIORM OANHE
Or HERHE,ASBEAERA L,
BUE b O % T & X R FAB f %
(ZAOBYB A B, MEZECHM

0 o.m@mm%ﬁgo—uxzm.

T8 T OAB MBS F 5o X
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Figure 1. 6, 10

¥ : the angle at the center BE 375 [
ORER), XERBOCHAMBER. #
Brxr . EELETEaER. X1
] ] central angle #ARELAH .

(4) The line segment joining two points A
and Bon a circumferenc;i is called a chord and
denoted by chord AB. AB is said to be the arc
subtended by chord AB, If four points A, B, C
and D on the same circumference, then @za)
if and only if AB=CD. Since a diameter is a
chord passing through the center of the circle,
it divides the circumference into two equal
arcs, each of which is called a semi circle.

) EREAEFALAS B WAR
N MK AB, ABEIK N R AB
*EEM. A, B, C# D WEER—H
&t ,MAB=CD% H{{ %% AB=CD,
ENERRSEEONE, EnEES
BRAEMSHN, LFE—KBHEY
.

(5) Figure 1. 6. 11 below gives a circle
with center O and radius r where A, B and C
are on the circumference. Then the angle
(/£ ACB) at point C with sides CA and CB is
called an angle of circumference. It is easy to

prove that £ ACB= -;—4,403 or 6=28, ic.

an angle at the circumference is half the angle
at center corresponding to the same arc. If arc
ACB is a semi circle, i.e. AB is a diameter,
then ~/ACB = 90° since SAOB =180 (See
Figure. 1.6.12).

o

Figure 1. 6. 12

(5) TEMELGE11AHTRON
Bl E2R r (9B,A, BFIC ZEBRA
L. BALLCHTR, MCARCB X
HEAANA(LACBHKIAAR. 55

{9, £ ACB= -/ AOB, 5 §—2$, V3t

MFR—&AYWERASTFEOHAN—
¥, MANACB B¥H, . BABREHR,
M LAOB=180"A1 LACB=90" (LA
1.6.12),

X H A A circumferential
angle Z.REE & .
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(6) 1f all the vertex points of a polygon 6) MBP— I EBAHAEKFAETAE
are on the circumference of a circle, then the | #F—AEA L, WX EKE N ZEHE
circle is called the circumcircle of the polygon. | gysh &R, B4 =RAEEEIER. B
Any triangle always has its circumcircle, | F.ORIGERZE=AEH M. —4 WA
whose center is just the circumcenter of the tri- | BN BEEYANYEH —-HAHAER

angle. A quadrilateral has its circumcircle if | a9,
and only if a pair of its opposite interior angles
are supplementary.

% 3] 1.6

1. BFEZYAREFRIEX:

ZH WA A AR AR A% NS EAE .M
ZNE EZ2HE . E=ZAE. . EMNAE; FANAE BF 8 88 /. B,
X2 HRBR . K KRR BRI B0 f B SN EE LS G.

2. PiFE.

D ZAF WAK AR ANHE \AERRERNZHTE.

() EniBH n—2 ZFXMAR, ENEZXEZAELIE n—2 M HABA
MK =M.

3) —HMAEHET HAFWAARNTITHIALRSE. X8, P70
NEREAERIE.

(4) MBEFFTEARN—TMEREA MNERER MR FTNAEHF R
HHHEEF NEREE.

(5) B EMELRME.CHREE, EAXLBXER, B REE R R,

(6) WRE O E#—A B0 F— A8 F FH BT 6 30 [ . 0573 8 K/
RIGEWN 2 5.

(D —ATHEENERAEEOBELAHRHE, B
2% 8

&) BIM=AEREIZER BERRAEWE—-EXHFOIUAEAEIER.

3. HFEWLEMEE TR .

(1) Is a polygon regular one if all its sides are equal? If the answer is pos-

AL FR B K, I B TR A T AR Bk

itive, please prove it; if the answer is negative, please give a counterexample
(RH.

(2) A quadrilateral is a parallelogram if its diagonals bisect each other or
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the opposite angles are equal.

(3) Two angles at the circumference are equal if their corresponding arcs
are equal,

(4) Three round gold coins have the same thickness and their radii are
2cm, 3cm and 4cm respectively. The three gold coins are melted and recast in-
to one new gold coin. If the new coin is just as thick as each of the original
three gold coins, find the radius of the new gold coin.

(5) Given a circle of radius 2 cm, center O. A point P moves inside the
circle so that its shortest distance from the circumference of the circle is always
equal to its distance from the center of the circle, Sketch and describe the locus
(%35 ) of the point P, _

(6) Euclid (Bx JL8 48 ) did a comprehensive study on geometry in his 13-
volume work, Elements(JUf[JA<). Firstly, he established a set of axioms(/}
#)which were facts. These were well-accepted facts so that proofs were not
needed. Secondly, he stated the meanings of some terms and figures precisely.
The statements were called definitions. From axioms and definitions, reliable
conclusions called theorems were deduced. Then the theorems obtained were

used to deduce more theorems. Thus a deductive reasoning system was estab-
lished.

§1.7 FELMALFELMA

§1.7.1 FHEALHRFE (Coordinate Systems on the Plane)

(1) In a rectangular coordinate plane,
there are 2 axes — the horizontal axis (named
as x-axis)and the vertical axis (named as y-ax-
is), Each of them is a number line (axis). The
2 axes are perpendicular to each other and in-
tersect at the origin which is labeled O. They
form up a rectangular coordinate system Oy
on the plane.

(1) EEMLHETEE AR AN. B
— &K TR (BRI WO —FEBEHMN
(FHyH). ENTENALKEWH.
XHEAMBEHEEAAXT—4H0. &
MNMEEFHEERT —THBLER
x0y,

Atz .

it ; coordinate axis

(2) By using the rectangular coordinate
system xQOy, each point P on the plane corre-
sponds one and only one pair of ordered num-

bers (a, &), where a is the x-coordinate and &

(2) FMIAEALIRR 20y, FH LK
B—mWuE—~N(AERE - BAEN
(a, ), HPa RPHIx BF.0 Ry &
ﬁt(a! b)ﬁiﬂslPl?‘Jﬂéﬁ. %—?fﬁ,ﬁﬂ
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the y-coordinate of P and (a, #)is called the
coordinates of P, On the other hand, if a pair
of ordered numbers (a, &) is given, we can lo-
cate one and only one point P on the plane such
that (a, b)is its coordinates.

RBE—XMNEFE(a, ), BT LATE X
T bR —-NMEHREF—-MHE P #iE
(a, b)REHILIR.
i* :abscissa n. B 485 ;
ordinate n. YA FR;
the origin A 4RIF A5 .

(3) In the rectangular coordinate system
20y, the coordinate axes, i.e. x-axis and y-ax-
is, divide the coordinate plane into four equal
parts, each part is called a quadrant. Points
(x, y)with 220 and y>>0 are laid on the first
quadrant, those with x<Z0 and y=>0 are on the
second quadrant, those with x<C0 and y<Z0 are
on the third quadrant, those with x>0 and y<<
0 are on the fourth quadrant. Points (x, y)
with x=0 are laid on y-axis and those with y=
0 are on x-axis.

(3) EEMBLTR 20y, LIRH,
B = fh y S4B AR FE 4 4 %
HES GF—1TBoRI—-—T8RB. &
(z, Y >0 H y>0 WU FHE -2
PR, Y x<<0 H y>O0 R F5B _RM, 24
r<0H y<OBFHE=2MK, Y4 x>0
Hy<OoBMfTFEHNRR. Sz, Y
=0 F y 8, % y=0 B F = .

(4) A polar coordinate system on a plane
consists of a fixed point called the pole O and a
fixed horizontal ray OX, which is starting from
the pole and is called the polar axis. Then each
point Q (Q0)on the plane corresponds to one
pair of ordered numbers (r, ), which is called
the polar coordinates of Q, where r is the dis-
tance of Q from the pole O, and 4 is the angle
measured from OX to OQ in an anticlockwise
direction , called the argument. In the polar co-
ordinate plane, the pole O is a special point, its
polar coordinates is supposed to be (0, 0).

(4O FEERBBIREAR— 1B E
BRSO Fl— 2% B 52 /K F 8¢
L OX R, ZHENR AR, FAIR
W, TE.FELHS N QQFO)H
SR E—X A FH G, 0. ENHEH QM
WAAR R r 2 Q BRSO MR, 0
2 OX i Rt §t 77 |\ e ¥ 21 OQ 9 B,
BmrhERA. ERLHFFELE.OR -1
FroRE A AR BRE RN (0, 0),

(5) Similar to the rectangular coordinate
system, the polar coordinate system establishes
the one to one correspondences between the
points on the plane and the ordered pairs of re-
al numbers. By the rectangular coordinate sys-
tems, R.Descartes successfully created the new
Geometry, and the polar coordinate system is
frequently used in aviation and sailing, to lo-
cate the directions and distances of different
objects.

G) BPTHALER  BLHRRE
VTWEEMNRSEHKEFNZEE
——XMRXR. AIAEMELHRR,RHE
LT 3 € 57 T & B9 JL 7 5 5 i A A
RAEHTHZE S, LR E R E
W7 SR .
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§1.7.2 xOy FH_L#EZ (Straight Lines on xOy-Plane)

(1) Suppose ! is a straight line on x0y-
plane which is not a vertical line. For any two
points A(x,, y,)and B{(x;, y;)on [, it is easy
to locate the third point C(x3, y ). Then the

ratio f—((, is defined as the slope of [ and deno-

ted by m,, i.e.
Y:e ™ )N

my = =—

xy—a
where 1, —x; 7 0 since [ is not vertical., The
slope of any vertical line is undefined.

In the practical problems, BC and AC are
called the vertical rise and horizontal run re-
spectively when AB is considered as a road on a
hill side. The concept slope or gradient is used

to describe the steepness of the road.

(D BE IR0y FEHEH—FB
EEEMEL (EBRS5 s #IFEH).
I EEBEHA Ao, »)5 Bla,
yz)»ZHEEHZH’.%_:Z.ﬁ Clxz »nle iXH‘T»

AR CRE S L ORI E e m, B

m{___yz_.)’l ,
Koo #0 EEN I AREHEM.
BHANMEREL.
EXFREES, Y AB BB R LK
i — &gt , BC MAC r R A EHFA
WMAAPERN, FEIBEORSBA
RMARXABOTE.

(2) If the slopes of two straight lines
and /; on zOy-plane are given, then it is easy
to determine whether they are parallel, perpen-
dicular or neither, In fact, if the slopes of [,
and I; are m, and m; respectively, then {, // [,
if and only if my =m:, and {, | {; if and only if
my Xmpy= —1, Of course, if one of /, and /; is
a vertical line, then the problem can be solved
directly without considering their slopes.

(2) MBHE Oy FHEREHLE
LA L MR BABRERRECTES
T EHEABALE. BXLE. MR LS
LFBRTHNA m Moy A LS L K
BY m=mg il b L YEAY m X
m=—1, BR.WMFL 5L PHF—-FKE
BEHL RKAXA HEEEEHEREIAOH
BRI U HERR.

(3) The equation Ar+ By+C=0 is a lin-
ear equation with two variables (unknowns),
where A, B and C are constants with A’ +
B?3£0, In a coordinate plane, we often identify a
point P with its coordinates (x, y). Then each
straight lines / corresponds to a linear equation in
the following sense: every point (x, y)on line [ is
a solution of the equation and conversely, every
solution (x, y) of the equation is on the line.

(3) B Ar+By+C=0 R—4—
TEEFR.EP A, BAC BE¥HKA
A*+B 0., ERREE S, BMNEE—
AEPSERAE (LSRR, F
2E—HFELZ I WMNE - IRENE,
HEXER I LB -8 (z, YREFB
H—1H B2, Zi2NEeiTBEXE
gLEM—1 .

(4) The expression Ax+By+C=0 is the
general form of a linear equation. This means
that the same equation may have other forms
and they all express the same straight line I,
For example, if B5#0, the general form can be
convert into the slope-intercept form .

(4) FiARA Az+By+C=0 B4 ¥
FRE—EX. XEKFR—-HELE
MREAREEX, ENBRrFA—%E
&ln ﬁ'ﬂlﬂoﬁ B#O‘—-ﬂ:‘&ﬁfuﬁﬁsﬁl
.
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y=mx+tk

with m= il and k= "E. where m and &

B B
are the slope and y-intercept of line [ respec-
tively. The special cases of the equation with
slope-intercept form are y=£% as A= 0 and
y=mx as C=0, For the exceptional case B=

0, we have the form r=h with h=— :‘f .

y=mxt+k,
Hpm—— R i k=— o, XEm Ak

AMEEL I OHES y RE. HEK
FERUEERHEER. Y A=0 HER y=
k, M2 C=0BZH y=mx, XF B=0
HIBISMETR  FRNER R z=h, HKF b

%
TR

(53) The following are some other forms
for linear equations;

The point slope form:. y=y, + m(x—
xo)s where (x;, y,)is a given point on the line
[ and m is the slope of [;

— 3

ym» _ i
Xz T I

r—x

The two-point form .

where (x1, i), (12, y2)are two given points

on line {;

The intercept form . % + _'kl =1, where
S .
h= A and & B

k are the r-intercept and y-intercept of the line

with A0, B##0, A and

{ respectively.

(5) TEREAHEIBHHMBER.

,ﬁﬁit:y=yo +m(xr—x,), ELP
(oy yO)RHEL I LM —R, mBIH
#HE,

aﬁ;ﬁm;‘::—ﬁ:%. He(x,

Tz
_}'1). (ISQ .}’x)%ﬁﬁ I_tmﬁ}niiu
aﬂﬁit=h£+kl=1. Hea b=

— L g C S
Ak B yAF0, B¥#0, XH »

kESFIREL 6 - HEMy BB,

(6) The solution of a system of equations

such as
{a1x+b| y+e =0,
azxtbyy+e; =0

has a clear geometric interpretation on the co-
ordinate plane xOy. Suppose a;x+b y+¢, =0
and a;x + by + ¢ = 0 are the equations of
straight lines /; and [; respectively. Then (r,
y)is a solution of the system of equations if and
only if (x, y)is a common point of I, and {;. If
day b
a” b

since {; and [, are not parallel and have a unique

» then the system has one solution

; ; : il b c
point of intersection; if —=-=-5 -, then the
sy bz Cz

system has no solution since I, /I, and [, .,
which means {, and {; have no point of intersec-

; L a b c s
tion; if == =-L=-L then the system has infi-
az by Cz

nitely many solution since [, =/,.

(6) Etm
{a:x+b;y+fl=0'
a;xtbyte=0
B BEMNRELEER Oy FHAH
BHNLAENL, BE aizt+byta=0
Fl ﬂz-r+bzy+f2:0 ﬁ.%f]%ﬁﬁ L L
MER.Ba(z, RIFBHAMKYE
{13{’; (x, .}’)E L5 Bg‘ﬁ;t,ﬁ- ﬁu%
Do P B — MR L
5LAF  BHERE - s
RE DO B,
az : 2
%J II:.l/‘/ *!ZE. fﬁﬁfz’ﬁp z;ﬁ iz?ﬁffﬁ;ﬁﬂ
o3 IR RN
ﬁaz B MEBAFEBEXFF4
m.XEEN L=,
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§1.7.3 xOy FH LEIE (Circles on xOy-Plane)

(1) Consider two points A(x; » 3 Jand B(x; .
3z Jon the rectangular coordinate plane as shown in
the figure 1. 7. 1. Draw a vertical line /, passing
through B and a horizontal line /, passing through
A. Suppose that /, and [, intersect at the point C,
which has coordinates (ax:,» w ). Thus, a right
angled triangle ABC with AB as the hypotenuse is
formed. Since AC= z, —x, and BC=y, — v, we
have by Pythagoras theorem

AB=/(x;— ) T (3 —y)".

This is called the distance formula between the
two points.

yl

[] x

Figure 1.7.1

() ZEREALEEEPHAAR A
(x5 )8 B(zzy ), WA 1.7. 1 iR,
i BE—%BHELL .o AB—FKF
K, BELESLETTFCHERRE
(x2» y). TREE—1LL AB B FH
MHEA=AKE ABC, Bl AC= x»—x
B BC=y,—y» AR EHER

AB= /(x,—2,) F+ (3 — )%,
WA A B GERLAR.,

(2) A locus is a figure traced by the points
which satisfy some special condition(s). A cir-
cle can be regarded as the locus of a point mov-
ing in a plane at a constant distance from a
fixed point. Let P(x, y)be the moving point in
the coordinate plane at a constant distance r
from the origin 0(0,0). Then by the distance
formula,

OP= /(z—0)"+(y—0)%,
i.e. r=+/2°+3%. Thus we obtain the equation
of the circle with center at O and radius r as

follows:
2P+ =7,

(2) B Bl R —E &R R Eh
EEMEE. ATUERAYE LSS
SARFEEERMI SR ™A YE.
B P, YREAGTIEALBEINSE . ES
FEROOORFEECEN r. TR, B
B A A8

OP= /(z—0)*+(y—0)?,
Br=2+y ., X REBETURK
Jl o BEBHER TR,

o4y =r,

(3) The equation of a circle with center at
a general point P(x, s y,)and radius r is:
(x— 2P FH(y—y) =71, (i)
This equation can be rewritten as

' +y*+Dx+Ey+F=0, (i)

(3) MEE R Plaxos y) P Lrr
2k 45 B R Y o AR
(z—xo )+ (y—y )2 =1 ()
XN TRULUKE &

22+ 3y +Dx+Ey+F=0, (ii)




§1.7 YELSOAK/LA 43

gR

where D=—2x,, E=—2y, and F=x% +3 —#.
The expression (ii) is known as the gen-
eral form of the equation of a circle. Indeed,
for a given equation with form (ii) where
(=2) +(=£) —F>o0. it is not difficult
2 2 + 1L 18 TN 1n1cu
D
2 L]

yn=—%and r=J(—-g)z+ (—%Y—F.

to convert it into form (1)if we set, 1, = —

y—r.
KK EAWFEY—MX, FL
FL.EFaEmXLd TR, P

(—2Y+(-E) - F>o.mrms

ERAHRGD, RES zo=— 2,5 =

- [T rm

(4) A circle is a special ellipse. Ellipses,
parabolas and hyperbolas are called conic sec-
tions. In the coordinate plane, these curves can
be expressed as quadric equations in the form:

Ax*+Bxy+Cy'+Dx+Ey+F=0,
where A* + B! +C*#0, By using the algebraic
method, Cartesian geometry has given a suc-
cessful classification for conic sections and
made a complete study on their properties.

(4) B 2AFFRamE . #6500 . 0w
MM kMR E MR, ALY
by EBEATURFIRNTERN

Ax*+Bxry+Cy*+Dz+Ey+F=0,
Htr A +B +C#0. AR HF %,
+ ECJL AT 6 Ttk 4% 1 T DOl R 4 4 26
M EMNGERET TERPIE.

(5) A straight line / and a circle C on the
same plane may intersect at two points, one
point or no point, When we set up a rectangu-
lar coordinate system xOy on the plane, we are
given the equation of line [ and the equation of
circle C, Suppose they are y=max+4% and £* +
v+ Dx+ Ey+ F=0 respectively. Then we can
find (1) the number of point(s) of intersection,
and (2)the coordinates of the point(s)of intersec-
tion by solving the simultaneous equations .

{ y=mzx+k,
2+ 3y +Dx+Ey+F=0.

G) FEEW—KREL ! A—1TH
CRIBBZFRA.—AHFAMHE. 4R
fEZYE LRI AIRR 20y 67, B
ATHR I AECHIE. BRENS
R y=mztkMz*+y'+Dx+Ey+F
=0, XA, @RI T R AR, RA
BRABER M (DESHBEMCIZEH
AR,

{y=m3:+kv
22+ y*+Dz+Ey+F=0,

% 3 1.7

1. BFF% b REFRIEIL:

AR R KPR BB E R B BER B EHER AR H
ABRR FFR AR x Sh5.y 25 RERLHRR BB BEA
KPR E R R B - AR SRR AR BER o &
BE .y BEE PR AR B A R AR R B RRIL
o] BRSL TR
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2. DUREE.

(D) MBE—AFHERIT —AMEER MEALFREBLER, ZF
T B R 9 A b7 - T .

(2) T ELAR A 5 2ROl B | — RK P BB (i = BRI — R S5 EEEH
Bk (4 y RO AL

() EFHAALRRT, ~REXTUH _T&ME R Az+By+C=0
R)ERHP A, BHC B¥EHE A®+B*7#0,

) FHHEZEAREREN . HAMEERE ., —FELMRCAHE
MZELR EH— NSRRI UEHENFR,

(5) BEMEEEHE BYRAMNME, BARSHROME. EMHTLA
“RITBRERERR.

(6) MRAHEK— TR, BINHTLREROCHOREFERER; RZ, I
FREmBECHREMER, RTLCR B RN G,

(D ¥l LM AARERHEZL T B, Bl BEAMIZ, XX T e
PR R 7 PR AL ME — R BN O .

(8) MAGARAEMZT SMEHEFNER. EEFHENE P SERHRL
PR Bl —AE X (OB X R, K r B P BRSO MEEE,0 2 MR 3l
48 OP 83 fy (e AT EHHRD .

3. HiFW.

(1) Suppose a;x+ b, y+ec; =0 and a,x+ b, y+c; =0 are the equations of
straight lines /, and [, respectively, Then (x, y) is a common point of , and /,
if and only if (z, ¥) is a solution of the system of these equations.

(2) A straight line / and a parabola U on the same plane may intersect at
two points, one point or no point. Suppose they are y=mx+#k and 2* +Dz+
Ey+F=0 respectively. Then we can find (i) the number of point(s) of inter-
section, and (ii) the coordinates of the point(s) of intersection by solving the
simultaneous equations.

(3) A locus is a figure traced by the points which satisfy some special con-
dition(s). An ellipse can be considered as the locus of a moving point P in a
plane such that the sum of PA and PB is constant where PA and PB are the
distances from two fixed points A and B respectively,

(4) Given two points A(x,, y,) and B(x;, y,) on the rectangular coordi-
nate plane with x;#x;, y,7y;. Let C be the point with coordinates (x,, ¥.).
After linking AB, AC and BC, we obtain a right angled triangle ABC with AB
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as the hypotenuse,

(5) We are now ready to graph quadratic equations of the form y=ax’+

bx-+c, where a, b and ¢ are real numbers and a70. The general approach is one of

changing equations of the form y=ax’ +bz+c to the form y=a(xz—h)*+k. The

process of completing the square serves as the basis for making the change in

the form of the equations.

(6) It is known that any equation of the form Az*+By*=C, where A=B

and A, B and C are nonzero constants having the same sigh, is a circle with the

center at the origin, The general equation Azx?> +By®=C can be used to de-

scribe other geometric figures if the restrictions on A and B are changed. For

example, if A, B and C are of the same sigh but A#%B, then the graph of the

equation Ax?+By®=C is an ellipse.

§1.8 EAu&KERY

ESELRILE

§1.8.1 % Wiz k@EF(Some Common Solid Figures)

(1) Solids can be classified into 2 types;
polyhedron and non-polyhedron. A polyhedron
is a solid figure that is enclosed by polygonal
planes. Cubes and cuboids are common exam-
ples of polyhedra and spheres and cylinders are

examples of non-polyhedra,

(1) SRTFT S RPiE. 2 EE S 3E
Wk, TEERBILMVEESAECLE
B ERE. SARMKAEER LY
EEE, RS RS EEN AT .

i : polyhedron B 5 ¥ A& W # X,
i ¥'5 Apolyhedra, F B .l polyhedrons,

(2) The surfaces of a polyhedron are
formed by polygons, which are called the faces
of the polyhedron. When 2 faces meet, the line
segment where they meet is called the edge.
When 2 edges meet, the point where they meet
is called the vertex. (See figure 1.8.1.)

(2) ZEAEHFREBFNBLAR, E
MBI EEZEEHE. YEAIEHE
LR ENEBER®. SHL
B 3T BT, 32T AL TE AL B RURK O TR A (O
1.8 1),
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(3) A solid is said to be convex if the line
segment joining any two points in the solid is
always contained in the solid, The famous Eul-
er theorem indicates that the number E of ed-
ges, the number V of vertexes and the number
F of faces of a convex polyhedron satisfy the
following Euler formula.

F+V=E+2.

Remark It is proven that the Euler formula
is also valid for more general polyhedra called
the simple polyhedra , which contain some con-
cave polyhedra such as concave prisms and con-
cave pyramids besides all convex polyhedra.

3) =IO, MREZR
FTEERANGERBATERIEZ
., FEWKAEREH.§—1T0%
ERKEB E ARV NEHRF HE
mMTERAARK:

F+V=E+2,

WE CL2ER.KRELARXEEH
FHRAMASEENE MY LK,
HPRTEASMALMSEK. EQET
HWHMEHERNMREZRGREME
k.

(4) If all the faces of a polyhedron are
regular polygons with the same shape and size,
and each vertex is the intersection of the same
number of edges, then the polyhedron is called
a regular polyhedron. There are exactly 5 reg-
ular convex polyhedra, They are: regular tet-
rahedron , regular hexahedron, regular octa-
hedron , regular dodecahedron, regular icosa-
hedron.

J &

Regular tetrahedron Regular hexahedron
CIEE M E &) (IEEAHE &)
Figure 1,8, 2 Figure 1.8.3

Regular dodecahedron
GE+—mi)
Figure 1.8.5

Regular octahedron
GEAmE#E)
Figure 1.8. 4

(4) IR —A~ % W 4 1 B 4 i T 4
RERSKNA—-HHEZAE . MAE
AR A oy [ 4 R MR B I L, W
BREmMAEHKAESTH]R. RA S5 FHOHH
EXHE, Eff2EMEE, EATE,
ENE®.E+Zmé&E_+Ek.
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70
¢/

Regular icosahedron

GEZ+mE#)
Figure 1, 8.6

(5) If a solid is given, we can get different
cross-sections by cutting the solid in many dif-
ferential directions, If we cut a prism into man-
y slices in the direction that is parallel to the
base faces, we can obtain many cross-sections
of the same shape and size. These cross-sec-
tions are called uni form cross-sections.

(5) HRE—NTEEE AT LEH
AR 805 m & T LU R E] 8
k. WRE-TRENEFT TR
EA T ERY, ATLBRFEL AR
ERFMA/DHBEBE. E1HDEH S8
®m.

(6) The uniform cross-sections of a prism
are polygons, each of them is identical to the
bases of the prism. A cylinder is also a solid
with uniform cross-sections, each of them is a disc
and identical to the base of the cylinder.

6) BEMNFAHNIRBERES
T HR A — A AR A 30 A R T A
M. B QR AA S EE®EHN T
w.EmFTARREAEAEE S %E
HE i i A

§1.8.2
Some Solid Figures)

— 6 57 Ok B T 9 R E FR #0445 #R (Surface Area and Volume of

(1) A regular hexahedron is also called
cube, A cube has 6 faces, 12 edges and 8 ver-
texes. The total surface area of a cube is 6 X
(length of edge)?, and the volume of a cube is
equal to (length of edge)®, The volume of a
cube with unit length of edge is a standard unit
to measure the volume of other solids, for ex-
ample, lem®, Im*, 1km® and so on.

(D EAEEKOHENENRE, —4
EHEH 6 M. 12 KM 8 A THA.
EHNEEERSFT X (BK) . hH%
FER, BEAERMBRKNETEN
R W B 50 A 57 Gk e 45 o B, A
lem?, 1m?®, 1km® &%,

(2) A cuboid is a prism whose 6 faces are
all rectangles. Its numbers of faces, edges and
vertexes are the same as a cube. The lengths of
edges of a cuboid may not be equal, but they
can be divided into 3 groups such that the
lengths of edges in the same group are equal. If
the sides in group 1, group 2 and group 3 are
called lengths, breadths and heights respectively,
then the volume of a cube is equal to length X
breadth X height. The total surface area of a
cuboid is the sum of the areas of its six faces.

(2) RAEKE 6 MEBRHER KR
BE. B RO BR B0 T 0RO R B0 A GE
-, RTBRSERKTLUR—#,
ERLEEfSR 3 H, EHER -4
MEKHER. MRES A5 -4
EEH BB B K A, W%
KHEHERETFREXEX K. KFHE
WERAREFHATENEHRZM.
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(3) The surface of a prism is consisted of
two parallel polygons called bases and a curved
surface. The perpendicular distance between
the two bases is called the height of the prism.
The volume of a prism=58Xh, where S is the
area of one base and & is the height. The total
area of surface of a prism is the sum of the are-
as of the curved surface and the two bases.

(3) B R b AR TR T
FHEAEH—TAEHAR. BEE
ZEMEEERKRIZESNE. B
B =8SXh, Hp SRERH.L B
. EENSEXEREMEEHNEE
FmEBZ . .

. F At B M KT E A curved
surface B (WA L FTX T A A BT

i surface,

(4) A cylinder is ‘enclosed by two parallel
and equal discs called bases and a curved sur-
face. Usually, a cylinder means a right cylin-
der, i.e.
two bases is just the height (the perpendicular
Then the
curved surface can be considered as a rolled up
rectangle ABCD with a pair of opposite sides
AB and CD stickled (c.f. Figure. 1.8.7). The
method to find the volume of a cylinder is simi-

the distance between the centers of

distance between the two bases).

lar to that for a prism, And the total surface

area A of a cylinder can be formulated as
A=2xr* +2nrh,

where r is the radius of the base and h is the

height.

A D ‘

(a) ®)
Figure 1. 8.7

() BHE2AEANKRYERNET
BHEME&R - THEERMN. B
ERENRERNS, BFED.LHER
RFETFEMR(REEZAMNEEE
B, TR HEMERITLUERE —E
J& ABCD 1, BMEEFE I —H ¥ i1 AB
MCOREERER(SALE1.8.7), REK
EBFRAMUTFEE. DENERET
BATWUAARETRY:

A=2n? 4+ 2xrh,
Kb rKEEAMEL.ER.

(5) A pyramid has a polygonal base and
some triangular faces that meet at a common
vertex. Each triangular face is called a lateral
Jace. The common edge of 2 adjacent lateral faces
is called a slant edge. The perpendicular distance
between the vertex and the base is the height of a
pyramid. If the lengths of all slant edges are
equal, then the pyramid is a right pyramid. 1f the
base of a right pyramid is a regular polygon, then
the pyramid is called a regular pyramid,

(5) Mt — 1 FNTE 0K E AL
CTF—ATARTARNETA=AENE
BEi. #/M=AEHOEHFINE. A
HEMMERALBRKR ML, TAD
KEMESFEREZRENE. NRE
AFBRES NEBRERAEE. ME
R R IE AT W o Oy B SE .
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(6) Suppose D is a disc on a plane with its
boundary C (the circumference). Fix a point V
outside the plane. For a point A on C, it is
clear, the line segment VA joining V and A is
outside the plane. When A moves along the
circumference over, we obtain a curved surface
S. Then the solid enclosed by D and S is called
a circular cone, D and V are called its base and
vertex respectively, each OA is a slant height.
The perpendicular distance between the vertex
and the base is the height. If all slant heights
of a circular cone are equal, then it is a right
circle cone.

() B DERFEEMN—TEA, K
HAERCERA . EFEIR—1E R
V. dCERE—-SABR.EEV S
AMKBVAEZFEZIN. HAEH
B E#shet, 88 —4-thm S. T,
M DS BRM-C ks EE,D fV
AHHEAEHERBMTASR, % OA K
AEE. AR EmMEEEREZER
mOE. WREAENG A BBHEE,
g R—A-EHEE.

¥ :each OA is a slant height,iX4~8]F
B 3hiAl 2 is, (BARE £ F SO/, X R R
BORE S, BT LARLRE AL B 5k OA #R IR,

(7) The volume of a pyramid can be calcu-
lated by the formula:

Voiume=%Ah,

where A and h are the base area and the height
respectively. This formula is also available to a
circle cone and can be refined as

Volume= %m’zh ’

where r is the radius of the base (disc).

(7)) BHAMEHETHRNTARTR:
ﬂtﬁ!=%Ah.

K AMhrFHRETERAME. X4
ARWEHATFHELTEAESLE R .

ﬂiﬁ=%m2h-
Hh r BEE(EE)BEE.

(8) When a pyramid (or circular cone) is
cut by a plane parallel to its base, 2 solids are
obtained. One of them is a small pyramid (or
circular cone) and the other is called a frustum
of pyramid (or frustum of circle cone, or
frustum of cone) (See the figure 1. 8. 9). The
problems on a frustum can be converted into
the problems on pyramids or circular cones to
deal with. Besides, we also have a formula to
find the volume of a frustum by the areas of
two bases directly.

L
o

Frustum of pyramid
(&3P
Figure 1. 8.8

(8) ¥—i BB (REHIBILES
B T AT B9 - T BT AR, 7T 48 BB ALK,
Heh— R/ B (GRE 8, 5 —4
e EEa) (WA 1.8.9. 84M
fe] R =T LA 3% f o e 4 IR 1% o) B 25 b
|, sl — AR HESRB AR
i 8 TR Rt B R R,
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Frustum of cone

(&)
Figure 1. 8.9

(9) A sphere is a closed surface, all
points on which are at a fixed distance r from a
point O. The point O is called the center of the
sphere, the distance r is the radius of the
sphere. The line segment joining any two points
on the surface and passing through the center O is
a diameter of the sphere. The surface area of a
sphere with its radius r is given by.

Surface area of a sphere=4nr".
The solid enclosed by a sphere is called a ball,
which have the same radius and center as the
sphere. The volume of a ball (sphere) with its
radius r is given by:

Velinieof whall= %m’".

(9) BRE—AHH A8 il , & b
B-RnIEERONERERE. 50
FRONERL, r ¥R, EERE LK
FARHESdROMEBERMER., ¥
& r (9ERAYFREBLA AT AR -

R REMH=1nr" .
REGHE QL EKIRE. ESREA
ARBEMBROAER, L r AERHR
B R BLAT T R .

R B =

i :sphere )& X FE BRERIE . BK
M. sphere /R BRIE i), A Bt FH 4L
# ball,

§1.8.3 =ZEAYLERJL{T (Coordinate Geometry in the Space)

(1) In the space we can set up the rectan-
gular coordinate system by using three mutual-
ly perpendicular number axes intersecting at
the same point 0. Then each point P in the
space corresponds to one unique ordered 3-tup-
le (x, v, z) of numbers. Each plane in the co-
ordinate space is associated with a linear equa-
tion in three variables z, y and z in the form

Ax+By+Cz+2D= 0,
where A, B, C, D are constants with
A*+ B*+ C*#0. A straight line is consid-
ered as the intersection of two planes and cor-

responds to a system of two linear equations.

M #ZEP.MH=AEHEALR
BT R — 8 O R ¥ChhaT LA s 7 B /A
WR. TE.ZAPMHE—-E PHNE
M—MAEF=X8MA(, ¥, 2). ZHEP
f) 454~ - 1 % L EF — AN

Az+By+Cz+2D=0
M=m&tErR. Hhz, yH =z B%F
#t,A, B, C, D BE¥¥H A*+ B+
CHOBRFEAFTMAE T FEM XL,
it B 3 p S R 4 T B MR A R
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(2) A common surface in the coordinate

space can be expressed as an equation
F(x, y, z)= 0.
Spheres, the curved surfaces of cylinders and
circular cones belong to the same kind of sur-
faces called quadratic surfaces.
spond to equations in the form:
Axr*+By*+Cz*+2Dxy+2Eyz+2Fxz+

2Gx+2Hy+2Iz+J =0,
where A, B, C, D, E, F, G, H, I and J are
constants with A’+ B*+ C*#0, z, vy and 2
are variables, In three-dimensional coordinate ge-
ometry, one has used algebraic methods to discuss
the solutions of the above equations and made a

They corre-

thorough investigation on quadratic surfaces.

(2) A 4525 [ P it H 0 i T T —
MM Flz, yvo 2)= OB BEAR. B
i B Y T A o e AR TR — R
HE.FAZkE@. KN FREND

Axr*+By*+Cz* +2Dxy+2Eyz+
2Fzz+2Gx+2Hy+21z+]=0,
H$ A, B,C,D,E,F, G, H, I faJ
E¥¥HE A+ B+ C+#0, Mz, v 5
z BER. E=Z82EILMAP, AfIRH
REH T R T EAM, X ki
HEETHRNBIE.

(3) Vectors, matrixes and determinants
are very important tools in linear algebra and
analytic geometry. General speaking, vectors
are often used to set up equations of surfaces

) FRVEEMTAXERERY
EMALATEREEMNTLRE, Skt
w.MREATRE HEMEEATRE,
EHEMTRREERE T BRI hE

and planes; matrixes and determinants play a | gy4p R F HR T EAIEM.
significant role in solving simultaneous equa-
tions and discussing classifications of curved
surfaces.
% 3] 1.8

1 BT % A AR EF LI

ZEE FELEHE. TR DL EL @A EMEE, EAERK,ENAEEK,
E+ ik GE ik B Y SR s B B B BB LR
TR BERE H G R =n . % il & ERE TR R

% BBTILAT
2. DU,

D) =1 ZEE TZLHFEUANE, BMERE—-NFE L ORSTFEAE
F, T RfiF F FREMFEE—0, 0 T BAO%, 50, TRZME.
(2) MBEZHEKEHR FRE EMTUESBV BXRT U AKALA XK

k.

Q) ERFMERERARKES. MEREHENEENE, ERERKER

RIEZAFE.
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(4) EAHASRENE, EAARITHEH, BTEHEK/DHEENETE.

G) AEMEENEARSETREAHRSANRR, HPEEnE R
—k,. M RNEETRKE.

(6) AEMERET - KESMERS /NESMQEBZE, EMNHER
BRBESEMBE S KT E (lower base) —#, M/ NAEHNEMES M LE
(upper base)—#f,

(D) EEEPATUA=ZAENEEARTF-ANEMEETHALEE,
R AN

®) LA SEHRBEAFNRR, B EFEMTHAREMNNEET
R, #HR _KHE . RBEFTEBRTREMKE.

3. TR

(1) Polyhedra can be classified into 2 types: convex polyhedron and con-
cave polyhedron. Cubes and cuboids are some common examples of convex
polyhedra.

(2) The problems on a frustum can be converted into the problems on pyr-
amids or circular cones to deal with. For example, if a frustum F is formed by

cutting a smaller pyramid A from the original pyramid B, then
Volume of F=Volume of B— Volume of A.

(3) In Figure 1. 8. 10, some water is poured into a container in the shape
of a right circular cone. The height and the base radius of the container are
20cm and 7. 5cm respectively, The height of water level is 18cm. Find the vol-

ume of water in the container and the inner surface area of the container that is

not wet.
T.5em
NN S
I T
20cm 18 cm
Figure 1. 8. 10 Figure 1,8.11

(4) Figure 1, 8. 11 shows the cross-section of a chocolate ball. The dark

chocolate ball is coated with a layer of white chocolate. The inner radius and
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the outer radius of the white chocolate are 1. 5cm and 1. 8cm respectively. Find
the volume of the white chocolate on the chocolate ball.

(5) In Figure 1.8.12, a solid (3> ) right circular cone is placed inside
an empty(% > ) cylinder with common base and height. Water is poured into
the cylinder up to a level of 6cm.

(a) Find the volume of the frustum up to the water level in terms of =.

(b) Hence find the height of the water level if the cone is taken out,

(6) In the space, after a rectangular coordinate system is set up, the
quadratic surfaces, especially spheres, the curved surfaces of cylinders and cir-

cular cones, can be expressed by an equation in the form;
Ar*+By* +C22 +2Dxy+2Eyz+2Fxz+2Gx+2Hy+21z+ =0,
where A, B, C, D, E, F, G, H, I and ] are constants with A*+ B*+(C?#0,

x, y and z are variables,

24 cm

$1.9 BASLB . MFRARE

§1.9.1 %% (Sequences)

(1) A sequence is a list of numbers follow- (1) — M E— T BB HRN
ing one another, Each number in a sequence is | 3%, ¥FI T HESEHF I I HE,
called a term of the sequence. The terms of a { MAIMFAETEE LANFIEEER,
sequence are usually denoted by the symbols: T(1), T(2), T(3)y+r+y T(n) e

T(1), T(2), T(3) sy T(m) e =&«

or Qys Qps A3 "y Apr**"s

Heh T K a0 I8 n T, WK NER.

Ary Qzy A3 4"y @ur®*y

where T(n)or a, is the nth term, also called

the general term.
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(2) Given a sequence which follows a sim-
ple pattern, it is usually possible to work out a
formula for the nth term (the general term) by
observing the relationship among the first few
terms and their positions in the sequence. For
example, given sequences

(a) 1, 3, 5y Tyeeey

1 1 1 1

(b 278 '16 "

()1, 4,9, 16,
It is easy to find the general term T(n)= 2Zn—1

for (a), T(r.l)=?}l for (b)and T(n)= #* for (c).

@) - AEMRERXET,E
HedWERMILBSEMNEHRTI T8
fEZEMRR  RETRBHRERS n
RS W) A . Blan, x4 8
el

(a) 1, 3, 5, 7Ty;

I k. ko)

(b) T-T ‘—8— ‘Tg L

(e) 1, 4, 9, 16+,
AR B MET T(n)= 2n—1, (b)

) 38 T T(n)="iz, ()AYEI T(n) = n*,

(3) Considering the sequence 2, 5, 8, 11,
14, 17,
T(n) for any n==1 is a constant, which is 3.

-+, we notice the difference T(n+1)—

The constant is called the common dif ference
of the sequence, and the sequence itself is
called an arithmetic sequence. In general, an
arithmetic sequence is a sequence having a com-
mon difference between successive terms.

(3) 2@EH» 2, 5, 8 11, 14,
17, ,ﬁfﬂ?ﬁl&ﬁiﬂlﬁﬁ—ﬂ‘ ?'1‘21'
T+ — T B—4 %%, 0 3, X
THERALE MXTBINEGHEN
FERVNERET., —BH,— 18
FIEEMASH AT AT HRNLD E,
U7 9: %5k + =% g1/

(4) Consider the sequence 1, 4, 16, 64,
256, 1024, -+, It is obviously not an arithme-
tic sequence. But, we notice that, whenever
n=2, the ratio of any term T(n) to its former
term T(n—1)is a constant, which is 4. The
constant is called the common ratio of the se-
quence, and the sequence itself is called a geo-
metric sequence. In general, a geometric se-
quence is a sequence having a common ratio be-
tween successive terms,

(4) ZE¥ 1, 4, 16, 64, 256,
1024, ., BREARARFEZHI. H
E.RMNEER, RE n2>2, £/ —M
T SHM—M Th— D ZHR—41%
B BD 4. XASEBBR A A, T X A %K
A GRS BT JLART. —&
o, — I EAE TS AR H H
B2 b, M BRH  2% H 303 .

(5) For an arithmetic sequence with first
term a and common difference d, the general
term, T(n), is given by

T(n)= a+(n—1)d,
where n is a natural number. When we consid-
er a geometric sequence with first term a and
common ratio 7, the general term will be

T(n)= ar "',

G) MF—-ANEHIH o AEH AW
FEHI EW TR KRR
T(n)= a+(n—1)d,
HEbhn REBH. YEEHRETNYa,
A r 8% T R IE T R
T(n)= ar !,
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§1.9.2 ZB¥ (Series)

(1) For a given sequence a;» @z @z+"**»
» the expression
a+a;ta;+-ta, T

is called an in finite series, or simply., a series,

Qno

and any term of the sequence is also called a

term of the series. The sum S(n)of the first n

terms, e, S(n)= a; +a; ta;+ " +a,is of
great importance in studying the properties.
Sometimes, S(n)= a, +a, t+a;+--+a, is al-
so called a series; but accurately speaking, it is
a finite series,

(1) ¥ F—FITBEHHA aiy a:

Q39" s Quo**y ﬁi&i
a, ta;+a;+++a,+

HAEHEW, X MREN, WiRF M
HERAEHAT. B » TS (n), B
S(m)=a,+a;+a;++a, EEEH
EMBHRTEAAEEREM. S=a +
atayteta. HRBEIER.BE,
HFHBIR.IE-TEREN.

(2) The sum S(n) of the first n terms of
an arithmetic sequence can be calculated by

(2) FEHIIGH » AT HOT
ARIHE:

.. _nlayta,) _nla; ta,)
.S(rr:)————--2 S(n) —5
or =
_ n[2a,+(n—1)d] _ n[2a, +(n—1)d]
S(n)—-—2 y S(n)——z—.
where d is the common difference. Hdd BAE,

(3) The sum S(n)of the first n terms of a
geometric sequence can be calculated by
S(ny="2tl 21
r—1
or
a(rr—1)
—1 id

where r is the common ratio and r#1. Since a

S(n)=

geometric sequence with the common ratio r=1
has the general term a, =a,, a constant, it is
easy to see S(n) = na,. But this sequence is

not of great use.

(3) FHEIIME » T HIT
AR

—Qat) T4y
S(n) s
B
Sem =21,

Hepr BRAKE r#1, BHAK r=1
WEHBEMNET ¢, =a B— R K,
HBEEH S = nay, BRXPEHHF
BERER.

(4) A company invests $ x at the begin-
ning of each year. The interest rate is 16%
p. a. compounded yearly. (a) Find, in terms of
x, the total value of the investment at the end
of the nth year. (b) If the total value of the
investment at the end of the fifth year is
$ 300000, find the value of .

() RAGBEFGENHRE S . FH|
BRI, BEBF-UEHIHTHE.
(@ RZEMEBEHEBE »n FRMSME.
) ZHBHEBP IS ERGEMEN
$300000, R x A91H.

¥ :interest rate %%,

p.a. 4 (p.a. & per annum A 4E
)

compounded yearly # & #litH,
BFE—M.
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(5) There are many useful sequences
which are neither arithmetic sequences, nor ge-
ometric ones. For example, the famous Fi-
bonacci sequence is of important sense both in

theory and practical applications.

(5) AEHFMRAR BEMNBRIES
28], hEFLEI. Him, FLHHE
VAR 2 W5 £ 7838 b0 SC B R A o AR R
AEEMEX.

§1.9.3 ¥=1344;% (Mathematical Induction)

(1) A set S of real numbers is said to be
inductive provided that (O the number 1 is in S
and @ if the number z is in S, the number
x+1 is also in S. The set of real numbers R is
inductive. The set of natural numbers, denoted
by N, can be defined as the intersection of all

inductive sets, Then N itself is inductive.

(D) —PMEHESERETERH&K
HUHIRARE-OBRIRFSHO
MR RBTFS, MK +1 WETFS. %
HERE—-THALE. EAARNECHE
N, UEREX A RARENKLE. BB
ZNEEGHRE— G,

(2) Principle of mathematical induction ;
Let S(n) be some mathematical proposition on
Suppose that S (1) is
true. Also suppose that whenever £ is a natural
number such that S(k) is true, then S(k+1)

is true. Then S(n) is true for every natural

an integer variable n.

number n.

Q) FERANZREEB . EEARK
n, W SEFENUn NAEREF
. EHE SOy, REEE.FE
BEHRE b RE SR, A S+
DAL, B4 38— HRM 7, S
B AL .

(3) From the principle of mathematical in-
duction follows an important réasoning method
— mathematical induction. To prove a propo-
sition S(n) to be true for all natural numbers
n, it suffices to prove that @ S(1)is true,
@ if S(k)is valid for any natural number &,
then S(k+1) is true,

) HPFANEFEREH —FhE
EMHEETE — $FRANE. BiE
B — A B4 i S X T A AR n 1R,
L, RBEERQO SR, @ R SK)
SEEHRE L B, W S+
AL .

% 3 1.9

1. BT 5% b AR LI

B 0GB FEBI (AR A% AKFHEF UL %
BT RB A S5 RBB o TR SHNE BEEARE.

2, W%k

(1) @ e — A BIME B A F I (two consecutive terms){ 2, B4

A ZBEBREREFEET.
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(2) X F—IBEREF, MEEFE— N5 E KRG (successor term) i
Hb % 2, XA~ 305 R S R O I E B B BRR A A K.

(3) RESEHFINBE —TMMAZREHM, AR H 2 /8T, 3 6B K
HEBR » T,

4) MREA—TFHREBEIIHE-TAAL, KTUKHEAEREREH
A 7 BB A T B, A EXE/DNT 18, B a] ISR Fr A w2z # .,

5) ZEMBMEAR TEI . RBGEHREMWEEFRB . XX LERXS

E 200 /i 0E U
(6) ZEHIHI » WA S, MBLSMER, M A E A LIHEREOR MK B
FBFI(S, % R (] Rk 4b B

(D BFEHAREIEN - EXTHREAVWGTEN EREFTEREH.
2, EARRBANRIERA X F MBI B EME.

(8) BTN RIEH -8 TN AERFRET no HIEEHK
#RSLE , M E U T ) B, RIFRE TR WAL, k=n, , UEB] T(k+1)
5 RvAR

3. BFEN .

(1) For a given sequence a,» @z » @3 s°** s @,1***» we can form an infinite se-

ries
a) +ag +a.3+'"+a;| +"'-

On the other hand, by setting S{n)= a, +a;+a;++-++a, for all n, we obtain

a new sequence
S(1), 8(2), S(3),+-, S(n),-

(2) If a, b, c are any three consecutive terms of an arithmetic sequence,
then the middle term & is equal to the arithmetic mean (R ¥#))of a and ¢,

a+ec
2

a, b, c form an arithmetic sequence,

. Conversely, if a, &, ¢ are real numbers such that b=a_+c

5 then

e, b=

(3) If x, y, z are any three consecutive terms of a geometric sequence,

then the middle term y equals the geometric mean (JL{GE#))of x and v, i.e.
y=+xz or y=— +/xz. Conversely, if =, y, z are real numbers such that y=

v xz or y=—+/rz, then x, y, z form a geometric sequence.

(4) (a) Find the first term and the common ratio of the geometric series
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whose fifth term is 27 and eighth term is 729; (b) Hence find the sum of the
first 9 terms of the series.

(5) Suppose the recurring decimal 0, 18 is expressed as a geometric series
with infinite number of terms such that the first term is 0, 18, (i) Write down
the first three terms of the series; (ii) Find the common ratio of the series;
(iii) Express 0. 18 as a fraction.

(6) In some cases, the assumption of the truth of the proposition P(n)
when n==# is not sufficient to deduce the truth of P(n) when n=k-+1. The in-
duction procedure also requires the assumption of the truth of the proposition
for some values n less than £, say #—1, £—2, etc. Such approach is termed

the second principle of mathematical induction,

§1.10 MISEEGITIEUSRE

§1.10.1 #EZE (Probability)

(1) In throwing a fair dice, there are 6 oc-
currences that are equally likely to happen,
namely 1, 2, 3, 4, 5 and 6. Each of those oc-
currences is called an outcome. For the event of
getting an odd number, there are only three
possible outcomes which can give rise to event,
We say that the probability of getting an odd

1

number is 2 QF =i
6 2

() ERE—- MR FELE6
FPEETABRYIH TE B, B B R M R BT
e 1,2,3,4,5f6, HPBHRIFE
BA—1TERER. FFHAHFHA
X—¥E. RE=MTREMLRERIX

LI DU TSN Y

1

ﬁ?e

(2) In general, when E denotes an event,

the probability P(E) of event E is defined by:

the number of outcomes favourable to E

PUEY= the total number of possible outcomes °

An event that is certain to happen is said
to be a certain event, and an event that is cer-
tain not to happen is said to be an impossible
event., Hence the probability of a certain event
is 1 and the probability of an impossible event
is 0; the probability of any event E always lies

between 0 and 1.

(2) —Bk, S ERR—TFH
W H{F ERERBERE LN

gy = E MBM BRI
ERI TELTIITT &

—NEEEDRRENRYBRE
HELRAREEMBITTREEHE.
Hit, AREH TR L AATREH
MWBEEROGEHEMBENELEELS
1220,
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(3) When we consider a random problem ,
the collection of all possible cutcomes is called
the sample space. Then every event is a subset
of the space. For example, in the above situa-
tion, the equally likely outcomes 1, 2, 3, 4, 5
and 6 obtained by throwing a dice make up a
sample space X, the event E getting an odd
number is a subset of X.

(3) H% @R e et B A
RMNERAENOBRIEEZE. T
BR.BIMHEBEZSEAH—1FE.
B, £ EREET  MB— 8 F ol
WA STRNER1,2,3,4, 58
6 HB T —MHAZE X, MRE TR
X—HHERX H—IFR.

(4) When a coin is tossed, we know that
either the head or the tail will show up. Since
the two outcomes are equally likely, we say
that the probability of either outcome is theo-
retically equal to 0. 5. But it does not mean that
whenever a coin is tossed twice, a head will
show up one time and a tail will show up the

other time.

4) HPP—TEME, EAHR
“SKOEM”. BEaHB“BRRE”. B
HXFEFERBESTREN, BTRLR, A8
EER—MEREANMERE 0.5,
BRXFAERE . HFE T E R RE
MK, k"R E&EHA—K.

(5) In fact, experiments show that when
we have tossed a coin 50 times, the number of
times the head shows up may be greater than
30 (it means the frequency is greater than 0, 6)
or less than 20(it means the probability is less
than 0. 4). Therefore, it is necessary to intro-
duce the concept of the experimental probabili-
ty. The experimental probability of event E is
denoted by P, (E).,which is defined as follows:

number of trials in which E occurs

Pi(E)Y= total number of trials

G FXE.AREH, EL—1F
MsE 50 K. “L"HBAHKRETRE T
X FHHEBMEKXT 0.6)E /T 20
WOXEHHABMENT 0.4, HHLAH L
ESIAXTEBEMNRES. —HEEMH
HE#MEICEP(E).EXLN

_ 4 E hRMRR KK
PE="Zewakn

(6) The general rule for the addition of
probabilities is
P(AUB)= P(A)+ P(B)—P(ANB),
where P(A | B) is the probability that either
event A or B occurs (at list one of A and B oc-
curs), and P (A ] B) is the probability that
event A and B both occur at the same time.

(6) MEmMEN—MEN R
P(AUB)= P(A)+ P(B)—P(ANB),
XEPAUBIREAREKHAREEL
HUYBERE(MAEBELHEF—-I R
VMR, BT P(ANBEFHASB
Rt & 4 B

(7) Two events are said to be mutually
exclusive when both cannot happen at the same
time. If E denotes an event, then the event
that E does not happen is called the comple-
mentary event of E, and is denoted by E'. Ob-
viously, E and E' are mutually exclusive. Since
an event either happens or does not happen,
the sum of their probabilities is 1.

(D BAEHMBRATRFEN L4
MHEIERMN. EER—-AH{.WME
AREMNZ—BHBEIENEHEHE,
BHE., BRESERERM. BN—
TEGBELARE BEAAREFUEN
BB MAE L,
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§1.10.2 it (Statistics)

(1) Many different tables and graphs are
given in statistics to describe the properties and
characteristics of a set of data. Among them
frequency distribution histogram, frequency
polygon and frequency curve, cumulative fre-
quency polygon and cumulative frequency
curve are some common graphs.

() #EEHEP . FFERAMNTRRE
R T B Ok H ok — 4B BB A9 B IR AR
H. HP BEZENHEAE AREHE
AMBEHE. RITARSARARITIE
RpgR S HNEE.

(2) Consider a set of discrete data. If
there are many data having the same value (it
means some data occur several times), then we
can record them and give their frequency dis-
tribution table. The mean of the set of discrete
data is found using the following formula:

If the data x,, x;, -+, x, have the fre-

quencies fi+ fas
mean,

«++, f. respectively, then the

_____-1'1f| +xfitt xS
Frtfatysfy 7

The value of the median and the mode can

be read from the frequency distribution table in

the following way: median is the datum in the
middle, mode is the datum with the highest

frequency.

(2) B —HMBBE. MRS
ATEHREAAHARMMHECIERER
HEHEHHEERO . BRMNAATLHEEAT
RETRHEHARSHR. TUABER
FEEEaT LA T ARk

W v xzy oy B RA B
$fll! fa -"‘-f.”!ﬂlﬂzi‘}ﬁ
Ilf1+-1‘2f'z+"'+1nfn

Hitfateetf,

P {57 3R Ak B0 A9 A BT DL R I Oh 2k
MEESTRPEG - PRUBRRLT
v ) o B . R B B R AR

TrF=

(3) Consider a set of data arranged in as-
cending order of value. If @;, Q; and @, divide
the data into 4 equal parts, then Q;, @, and Q;
are called the 1st, 2nd and 3rd quartile respec-
tively. @Q; here is the same as the median.

The inter-quartile range is defined as the
distance between the third quartile and the first
quartile, i.e.

Inter-quartile range=Q, —Q,.

In general, a larger inter-quartile range indi-
cates a greater dispersion while a smaller inter-

quartile range indicates a smaller dispersion.

(3) % J8 — 4 1 B /DB K 8 W
HIWBE. mRQ, Q M QXA
BESRAER 4 BT NQ ., Q M Q,
GHHAE—-F_RNE=TNIEY.
Hh Q HP A BAMIE.

58 = AU 23 i 0 A0 58 — > DU 4 i 3
BRI 22 5E SC 2 09 4345 S ie] B, HD

W HEE= Q —Q;.

— R, A WA B B K,
DU 2 bG B OK 5 A DY 45 U] BE E DN
2 .

(4) Given a set of discrete data. As a da-
tum greater (smaller)than the mean is deleted
from the set of data , the mean will decrease

) HE—HEBKE. 41K
FONTF) - 2918 59 2048 M 12080 38 4 1 BR
Bt FEEE A (R s -4 kKF
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(increase); as a datum greater (smaller) than
the median is deleted from a set of data, the
median will decrease (increase); as a datum
(not the mode )is deleted from a set of data,
the mode will not be affected.

T o 4 BB 088 A\ 3 23R 4 M BR
B o o 17 0K B D O KO I — N ER B
FBENEREA MRS, RBA X
B,

(5) Mean, median and mode are 3 meas-
ures of the central tendency, which have im-
portant role in data analysis. But, a measure of
central tendency is only a number representing
a set of data. The range of the set of data can
be very large. For example, a mean mark of 75
for a class of students can represent a range of
marks from 60 to 80, or it can also represent a
range of marks from 20 to 100.

(5) EHME P BAATR P
BPHIMERE, EMNERESHTPE
AFEEEH. BRPLOASEHERER
RARZHBEN -8, ZABEN
FHEETERLA. M, —THEHE
EMERSRE 75 4. ERBASEK
FE A BB R 60 438 80 43, AT BE R 20
433 100 4,

(6) Given a set of ungrouped data x,,
Xy ***+T,, and let T denote the mean of the data,
the mean deviation of the data is defined by:

mean deviation= w N

where n is the number of data.

YA H—HEKDEBE =,
Tz """y T Fﬁfﬁﬁﬁgﬁﬁﬂ?‘ﬂ]
H.BaXERBEAEBHMEE LR

vigme =227l

n

Hen RBIBEASH.

(7) We shall use the Greek letter 4 to de-
note the arithmetic mean of a population and
the Greek letter g to denote the standard devia-
tion of a population. In a normal distribution al-
most all of the population lies between the values
of variable those are four standard deviation (4g)
either side of the anithmetic mean (x) of the dis-
tribution, In fact the range u— 4o to u+40 spans
0.9999 or 99.99% of the population,

(D BINAFEFR R RBHEH
AARFH . FRFHoRTRBENFEE
£, EESSTH T, SR A% KN
TEEAWAEZE, XHMES N2
HHHEREY B ERMNE 4 MF
MEUD. FELE M p—4oBlputic @
K 8T 8&n0.9999, B 99.99%,

§1.10.3 Efl5iRZE (Approximations and Errors)

(1) To estimate a given number with sev-
eral digits, we often {ind an approximate value
of the number according to the indicated degree
of accuracy., For examples, when we round
of f 40613 correct to 3 signi ficant figures, we
obtain the approximate value 40600, where the
leftmost 3 digits 4, 0 and 6 are the significant
figures.

W) ATHt—1TaENRFAR
B, &FRRIER S M ERHZ
BEECE. . EHRIA=NEYN
W7, X8 40613 BT & TG, BB
B E 40600, K B A 3 1 8F
4,06 BREBHF.

i¥:(1) round off f #Yyia] L iFE "2
AN XBEBREFTFTXERNERA".
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(2) significant figures 5 significant
digits 4[5 .

(3) 7E round off /5 B4 “correct to” ¥
HHEH 10",

(2) When we round off 40613 to 2 signifi-
cant figures, the approximate value is 41000 by
the rule of rounding off, It is clear that for a
given number, the degree of accuracy of the
approximate value is higher when the indicated
number of significant digits is larger. But, the
indicated number of significant digits is usually
not more than 3 in order to make the approxi-
mate value simple and explicit.

(2) EXTH 40613 #HTFUETAM
BRBBZUAHET B4, BHENE
FARH , 45 2] &9 6 Bl fE 2 41000, 8
R TF—-TAENH WEREENHH
BFOMEES, M ERREENER
BERE., B0 T G Em A
T EWEEMAREFN USRS 3.

. & number B B # & X, the
indicated number of significant digits i

number X B ERRREK".

(3) There are some other ways to describe
the degree of accuracy of an approximate value,
For example, given a number 34. 17, we may
be asked to find the approximate value correct
to the nearest integer, and we obtain 34 after
rounding off 34. 17. And the approximate val-
ues of the number correct to the nearest ten and
tenth are 30 and 34. 2 respectively.

(3) FH — & H fth 09 J7 B2 7T LA &
EREANRE. B, TAENK
34.17, 3K 'E §5 90 B 8 R4 49 3 400, 2
THEEREAZRESED 34, MiXBKHD
~+ 4 F1 + 5 G B T 0L 0H 4 51 & 30 A
34.2,

F:ten Al tenth X EHFIFR~R T
£ CBO #4332, i unit TR AL .

(4) It is known that the result obtained
from a measurement is generally different from
the actual value., The absolute value of the
difference between the measured value and the
actual value is called the absolute error, or
simply the error of the measurement. Since the
actual value is difficult to measure, we may not
be able to know the actual value. Hence we of-
ten consider the maximum error of a measure-
ment. The maximum error can be defined as
half the difference between the finest markings
on the measuring tool.

(4) BATAGE, — W EAIBHER
KEAFTERE. MEESEREZ
ENBNERVBDRE, ANFRE.
B T o A ) R AR K B A, AT AT
RECH i AR AT A, BT LA %
FEBAMERZ, BANERETLL
EXAHFAAME TR BHANEA
HEZEH—E,

(5) Itis very important for a measurement
to have a better degree of accuracy. For exam-
ple, when we measure the length of a book
with a ruler, the measurement may be asked to
be correct to the nearest cm or nearest mm, In
this case, the maximum error of a measurement

G) MTFHMEN S, RAARITFOHR
EREFEEHN. fim. SRINIHEARF
WR—-AF B, T LUEREH D
BEIAEKRNZEXR. o, HEMH
KREE LR ERK M PG —
F. Gl mHBHBBIEENEX. B
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is defined as half the desired measure unit. For
examples, when the measurement is correct to
the nearest cm, the maximum error is 0. 5 cm;
and if the unit cm is replaced with mm, then
the maximum error is 0. 5 mm.

KiRZR 0.5 HH, qnH KB REH,
BARER 0.5 %K.

(6) To compare the degree of accuracy of
different measured values, the concept of the
relative error is introduced. The relative error
is theoretically defined as the ratio of Absolute
error to Actual value, i.e.

g __Absolute error
relative error=——7——,
Actual value
But, in practice, “ Actual value” is often re-
placed by the measured value.
When a relative error is expressed as a

percentage, it is called the percentage error.

(6) AT He B (R 300 Bt 1 A W 8
AM51# THEHM RS, HHREE
it e SR E SHEREZ LB

e HIRE
HxiRE= ERE
HEETXHB KPR “BRE" ¥R
WERME.

EHMRERTIRESE . WHKZ
hESRE,

EATRERE. AL PRBER
BRI AR LR, AR EREARERN
B—IEBYHKRE, 0 the absolute er-
ror il the actual value EA X H 43 E

J Absolute error il Actual value,

% 3 1.10

1. fEF 5%l RiEE I

ERER) S BE LAEH A REAH IR A AR
B G A ABRE AR AR CEFE. PR R SO G
B EHT B RRM S R RR BN A2 TR E R LG RUE
BEABHT RE AMNRE MHMREE BARE NERA KBBIBRA.

2. DEK:

(D BRTLREHEMATERF, RMOTHFHNEEEREOS 1 2H.,

@) FE—KARPHFATRERANERAR T — A2 LB G
R A [H] 1 T4

Q) EEXFMAPAMNEESBEXRER, A AELRERERARRET
B 52 () R , T B0 5 1 57 A4 ) B3 b B8 0 o) R O A 4%

(4) DAMESR0 O 2l Y M0 5 1 2 7 4 B SUSLAS BB R AR £ 19 B JH

G) PEAMALETHRETFREFDIR MBI ERESAHEH
B . ;

(6) BT —HBIWH PO B B4 T RR X 41 3048 i 7 118 .
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PR EMNERE T RAREER.

(7 BT REBEEA RS UIUAESENO T HERREH, B ARE
) 28 4L 3 BBl AT RBAR K.

(8) TGt ¥  FERAIBEHFT A AL LA MME . RITFEEZHEN
B 2R B — 2 R .

) EMBERTESERE . RINTETRIAREXNRE HFREM
HRE.

(10) FEVEE LTS B , 200 22 A6 0 5 180 B2 (A7 28 307 B9 1 280 B B SR X 4
EHITHESHEA,

3. HiFW.

(1) In our everyday life, we can easily find two events such that when one
" occurs, another cannot occur at the same time. Such two events are called mu-
tually exclusive events,

(2) If two events E and F are mutually exclusive, the probability of the
happening of either event E or event F is the sum of the probabilities of the

happening of the two events, i.e.
P(E or F)=P(E)+P(F).

(3) If two cards are drawn one after another at random from a pack of 52
playing cards without replacement, find the probability that (a) both cards are
black, (b) -both cards are kings,(3) one card is a king and the other card is a
queen,

(4) The inter-quartile range is defined as the difference between the upper
quartile and the lower quartile, i.e. inter-quartile range=Q; —Q,. In general,
a large inter-quartile range indicates a greater dispersion while a smaller inter-
quartile range indicates a smaller dispersion,

(5) Round off 4. 061 3 to 3 significant digits, round off 4. 0613 to 3 deci-
mal places. Round off the numbers in the expression 3456+6785+1243 to the

nearest hundred and find an estimated value of the expression.
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AFERMERM, 2B 16,59 RL B ABAR AR, EHFAZE
HE WO YHAZIZTATFOEM; ER 11 YL RARFHFHA
BAZ(BARPXFRM TR ZIHESRRA-AXBAL), ATHBD
FHEBIFREAARERABF, ETREETAMFEZE "Bt 5HFHK
FrR“AE5EQRF Y7,

AR E5EEREE RS, LRI PRAG FRiTER, L BB
(HEHFIIZF);E“AE50RF I Ky, ANFERALERLFHLTA
2HETHENBIART:]. TLEFLAEAMEKE,2. FAGHAALEER,
3. RoRAETLHHBEA . & #E A48 E.4 FrEAMGENH(LBE
“MiE5BMFRIPETHBRGH TEFRBNF AL HRHERT).

WO B RMEHT —AHIFHEIA, ATRTRLABFEE, ZNES
AUBEZFIRAXFSEITEGES LR, SNMAEALF IS ERER
B 4o 4T SE R A RO A) R X B,

ATIIREZEE AMNBEESEFTHERITESETA LB (ALRE—KE
) 65385 R A% F AR 393 B B HE R MK F , 40 obtain; 3t 4 33 35 3 X 4t
thm FRIK, dedimensions, L , B BEFEZHRI A BEELHNEFETORSG
5B E R b6y & 59953 A MK, b ratio,

EFIix—F2, 80t A 0t P —F, BATHE - ZWHFREZ
B EFEMERIKATREGAS, AN, A2 AFTASHAR, &
LFIREABF R BEEFERROALRY AR LR EEAR
Fo b RE AR, MIETRIHER, R EHFLE,

AERAKNIZS UM

() PAERIFPEIFREN T T EHREARLTHHF, L1, 8 £t
MABERLHBRARFALES ROAFE LA THRT 2 ATIRBANGA
F) ;P EBRLRHE G XR2]KAF E IR BT EGY,

Q2) ARLPEANATFARHZT, w*® A GHFRARR &



66 F_E RRSBEDD

BEPREB(EEEABHFASQ)FE), A PHEFTQ ANEF I AFHIE
BOTHRET,
) FHFIIPHRBRUALCHBHEL FRAMGFL,
ERMARQLEATEOSF(FwEFA I AEAARREA),

§2.1 L E5HH=
(Ratio, Rate and Proportion)

—. WiEiR X
Part A Ratio and Comparison [**]

The communication of ideas today is often based upon comparing numbers
and quantities., When you describe a person as being 6 feet tall, you are compa-
ring his height to that of a smaller unit, called the foot®*, When a person de-
scribes a commodity as being expensive, he is referring to the cost of this com-
modity as compared to other similar or different commodities®*®, If you say
that the dimensions of your living room are 18 by 24 feet, a person can judge
the general shape of the room by comparing the dimensions. When the taxpay-
er is told that his city government is spending 42 per cent tax dollar for educa-
tion purposes, he knows that 42 cents out of every 100 cents are used for this
purpose®*®,

The chemist and the physicist continually compare measured quantities in
the laboratory. The housewife is comparing when measuring quantities of in-
gredients for baking. The architect with his scale drawings and the machine
draftsman with his working drawings are comparing length of lines in the
drawings with the actual corresponding lengths in the finished product®*’,

Definition. The ratio of one quantity to another like quantity is the quo-
tient of the first divided by the second #***,

A ratio is a fraction and all the rules governing a fraction apply to ratio.

We write a ratio either with a fraction bar, a solidus, division sign, or with the

HELAEBEXFEAMTHRENTE ZX EE . MEFHRSBEENEREINFS . AHY
HATOFRBERMNME. — SFE
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symbol “; ” (which is read “is to”)*®, Thus the ratio 3 to 4 is %, 3/4,

3+4, or 3:4. The 3 and 4 are called terms of the ratio.

It is important for the students to understand that a ratio is a quotient of
like quantities. The ratio of a line segment to an angle has no meaning; they
are not quantities of the same kinds. We find the ratio of one line segment to a
second line segment or the ratio of one angle to a second angle. This we do by
measuring them and then finding the quotient of their measurements. The
measurements must be expressed in the same units,

A ratio is always an abstract number; i.e. , it has no units, It is a number

L 1%

considered apart from the measured units from which it came®*'”, Unless there

is an important reason to the contrary, a ratio should be expressed in its simp-
lest form®®

are 18 by 24 feet, the final ratio of width to length is 3: 4, but not 18: 24,

. In the previous example where the dimensions of a living room

Part B Rate, Ratio and Proportion''s)

I. A rate usually compares two quantities of different kinds. Using rates,
the specified amounts of one quantity is compared with one unit of the other
quantity.

The following are some common examples:

Consumption rate of petrol; 0. 2 liter per kilometer;
Typing rate;: 50 words per minute;
Speed of a vehicle: 60 kilometers per hour.

Note: The speed of an object, say a car, is a special kind of rate which we
often come across in everyday life. It compares the distance traveled with one
unit of time spent. The comparison can be represented by the formula

e distance
time

Spee

II. A ratio compares two quantities of same kinds by division. The com-
parison is made by saying how many times one quantity is of the other, and the
two quantities must be in terms of the same unit,

Unlike rate, we can compare three or more quantities of the same kind
using ratio. If a, b and ¢ represent three quantities of the same kind, then we

can compare them using the ratioa:6:c. We say then a, b and ¢ are in a con-
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tinued ratio,

II1. A proportion is an equality of two ratios, Thusa:b = 2:9 is a pro-
portion, .

In general, if a:b and c:d are equal ratios, then the relation

5 =7 650 and d0
describes a proportion. In a proportion, the products obtained by cross-multi-
plying the numbers are equal, i.e. when %=‘—§-, then ad=bc,

—RAESHEES

& (1) When you describe a person as being 6 feet tall, you are comparing
his height to that of a smaller unit, called the foot,

BE R, ZCBIAHATR R LB R ERE" . X BN A#TH, BT
AEFMEA RN EEE, BRNETFTHAFE., BFENREPXHI0, &
EBFEEL, FrLl,you are comparing A HBHREEKE”. (THEAH
AEUNE ) TEESHFL.

(405 A 6 36 ROR R — A A 69 35 BE B AR R 4 b B o6 B 5 3 RUX B /N B
KB .]

& (2) When a person describes a commodity as being expensive, he is re-
ferring to the cost of this commodity as compared to other similar or different
commodities.

iX B “as compared to sth. " REEHAL BEER“SRXYHLERK". as
compared to other similar or different commodities & i & 43R S B EARIE ; re-
fer to AWMR“SH”, AIFR“EHRR". 2MABFR:

(A A UESEFh e a5t 2 B0 3% 7 & A A 5 A 26 U A B R [R) B9 78 5 A 41
BAHLBEMSEH.]

& (3) When the taxpayer is told that his city government is spending 42
per cent tax dollar for education purposes, he knows that 42 cents out of every
100 cents are used for this purpose.

W4 spend sth, for sth. BB R“EH-- B Feeeeee”, tax dollar R E
BRABW(ERITT”, REFR B A . out of HEBR“MN(EABOZH”,
XEHTHEGSH.

[YABLA 8 S8 Y HBOF RSB E 4 Z N+ I REHT Lo, I
BMAES 100 X4HH 422 E2HAFXITEH.Y
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& (4) The architect with his scale drawings and the machine draftsman
with his working drawings are comparing length of lines in the drawings with
the actual corresponding lengths in the finished product.

7] 1) 2 2R AR £ B INAE“ B iR 45 M) compare sth. with sth. GEREY 5HEY
HE)”., =4 with FEIRTH A with 51 5 8584 BIE L P.OElid EiE.

{5 s 437) PR o BT LA B 22 ) A 7™ PR K ML AR 0 I 6, O 2 S R A b i) 4%
2R R B B 5 A J AL MR R SE BR R BEAE L8 )

& (5) The ratio of one quantity to another like quantity is the quotient of
the first divided by the second.

IE& like term Z ¥R “[RIK I " —#¥, like quantity iR “FRME”, N8B
FERCERIRER”., KERE X, is FFF is defined as. FFLABFFER“E X
A7 ER.MX P is HiF AR EBAARY.

[R5 —-TRENBZHELHE-NEBRUE -/ RFBHNFE.)

& (6) We write a ratio either with a fraction bar, a solidus, division sign,
or with the symbol “: ” (which is read “is to™).

A A} “either with--or with--"JE TP HIHFFVRE. BT HAEN, XA
AR

[T HABE—" BRY)” BE-"HEE S " RBA W (X EFS
EE“H™ ]

& (7) [t is a number considered apart from the measured units from which
it came,

X Bt %5117 considered 5| F —A 47 % 1% /F number B 18, XNt &
SRA B EE . B)iA4EIE apart from FRWERE“BRF”. AXE SRR
e PR, XAATHFER HLEERESEREHERERGHESEL
BCOMARE AR, BA R E S REQOBR A LEFER.

CR AR B, bR 5 RO B9 10 8 B B X A %K. ]

& (8) Unless there is an important reason to the contrary, a ratio should
be expressed in its simplest form.

IX /6] 4 M R An el B AR A B % “ to the contrary”, KA BB E“HR”,
AT HEHRN REFAIEEWEETHES, SN, L EARFRERER.”

EXFREXAKRFERXREIM. XN EEEY.

[EZAZAMEARR BRIEERAI MY EERRH.)

=\ RESARES

TEHREMNAERT H G ESPERE, % A shia KB/, 55
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B AR BLAMNM AN AL AR AR REENEAOR, SHETHA
H8FalFE R,
1. BRESREBRRATR
1) number n. ¥
~ axis ¥8l;~ theory #¥if.
5 E i & , the number of -« R E“(EHHK) A E”. 10 the number of
samples FE A4~ ¥ ; the number of terms J ¥ .
HXEARIE:
numerical a. ¥EMN . BWFH ; ~ analysis B{H ¥ ~ calculation ¥ {H
B ~ system ¥ & ; ~ solution ¥{EM.
numerically adv. WAL . BEFFHE.
2) quantity n. &,¥8
~ relation B XE.
ARARIE
quantitative a. EBM:~ analysis FR 4 ¥r; ~ character B 1.
3) unit n. B, BT, HTR
~ angle B\ ff; ~ circle BL{if[f] ; ~ area BL{/ [ Bl; ~ element BA{ii T
.4,
4) dimension n. 4E¥, RF, K/h
~ of linear space £ ¥k %5 [E] M 4E ¥ ; ~ theory X EH .
HXRE:
dimensional a. 4 ¥ 9. #) {1, 3-dimensional = 4 ] ; n-dimensional n
%K.
5) length n. KE.K
unit ~ P ~ of arc W ;~ of curve B ; ~ of segment £
BRUE).
6) quotient n.
~ set B #8; ~ space B %5 [H]; ~ group B #¥; ~ map BB EF; ~ of
difference /.
7) measurement n. Wi, W E
~ of area WM E; ~ range MBEEHE; ~ system WE RS,
HEARIE.
- (i) measuren. WfFE; v. FE
~ space JIFEZ[A]; ~ zero TWEF; ~ of length KK R ; ~ func-
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tion EE R .
(ii) measurable a. B[ JJAY
~ space A] W Z5[d]; ~ set A] W& ; ~ function 7] M| pE %Y ; ~ transfor-
mation A Y AE#k
8) anglen. i
~ between two straight lines P B2k A9 3 £ ; ~ between two planes # ¥
B3¢ £ s interior~ £ jexterior~ SR (A S FLRINMARREBER§1.5).
HEARE.
angular a. FEM .M A9~ bisector 44> ; ~ acceleration FINEE .
9) ratio n. ., HLE(BELHFRINFELEZHE)
~ diagram H.B ; ~ of equality 2t ; ~ of similitude F{Ll . ; ~ scale H:
I R & ; ~ method t[ﬂ$.7“:‘§=~ of circumference [B &% ; continued ~ ZEH, .
10) rate n. FHTFARBRZ LB, M
~ of change ZF{k 2. ; ~ of convergence WS ; interest ~ F( B,
HMEARE
speed n. R (I . RN ECH BB BER velocity) ,
11) proportion n. ., HHIR
HXEARE .
proportional adj. FR(IE) LR &9 :inverse ~ &l B (reciprocal ratio &
HH) .
12) corresponding adj. X5 BY
~ angle XY R A , [ LM ; ~ side XfRiik1; ~ point X R &K,
ARARE
(i) correspond v. Xt)¥ , ¥ f correspond to sth. XfR T3 47;
(it) correspondence n. X,
2. ¥AMRA EXABERHER
(1) compare vt. L3¢
WYE with S o KA. MERE XY LE. A4 as compared to sth.
compared to sth. EEEHEL, EER“SEYHEERX",
Xt B #4 4% 18] J& comparison,if 4 in (by)comparison with sth. HBER“5H
VIHLBRR”. HXBFEAREW: ~ theorem L EM ; ~ operation HEEH .
(2) referv. k.28
1840 refer to sth. EAR“E M eever ? P B " & s refer sth, as to sth, &
BRUEREUTHAEY”.
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it 7 89 4% iA] & reference, HH ¥ references #R“SER” . “SH LR,

(3) spend vt. L&k, B (LB E]D

Xt 57 4] 44 1) /& expense n. #JH, 3 i ;expenditure n. $FH,3TH .

Xt B 4 JE 25 1) & expensive adj. BEEY.

(4) express vt. Fik,FR

ERER XA AL AR RE N HBET, EHAMBEHLARE A,
H, FE#AC express in terms of - BEB“F (18T ) H LiA”; be expressed
as-BEHBR“EmRM-";be expressed in**form R RB“FTR KA.

XTI B 4% 7] & expression n. ik, BAKX B, LF.

3. BEREWR. . BIWR.NAEE

(1) apart from FEFWIEE.

1) R BRI Z A (RARER Zeee oo PLSR 51 )

) There can be no mathematics apart from logic.

(BT BRMBARE.]

2) B T R (RAR E S D)

5l Apart from zero, the absolute value of each real number is positive,

(BT 250, A LB E S HEARRIER.]

(2) outof TEFW¥PEERRNETOZH”,

fff Chose one out of these ten. [IMNX+ 402 Pk —4.]

out of AT MER N EM & XA T, 5 1n“The expression 20% means
that 20 out of every 100, 8] AP “HK F 20% #HES 100 2 5% 20,”

4, RBHIA SR

(1) Itis important for the student to understand that---,

XERTA it EREXFEN DR, FEEEENHHAARAEXEIER
HEMEE. XTFAEREENN BTSN §3.3,

(2) Unless there is an important reason to the contrary , a ratio should be

expressed in its simplest form.

XR—NEERIBEBNG, R X NS B, HRRIENGHNAFTEZN §3.6,
% 3 2.1
I FETIHERBER ST LN

divide, division sign, quotient, number, quantity, like quantity, term,
length, width, height, dimension, unit, line segment, angle, percent, per-

centage, fraction, measurement,
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2. 7T M AR A

P BB (RO VRIS G BR VBRI KR LB A KUE) R
CEE) B CBE) s BB R/ B S B B A 8

3. PR

(1) The ratio of a line segment to an angle has no meaning; they are not
quantities of the same kinds.

(2) Using rates, the specified amounts of one quantity is compared with
one unit of the other quantity.

(3) The comparison is made by saying how many times one quantity is of
the other, and the two quantities must be in terms of the same unit,

(4) In a proportion, the products obtained by cross-multiplying the num-

: a__c
bers are equal, i.e. when ——=—-, then ad=bc.

b d
(5) To solve an equation we must change the terms about until the un-
known term stands alone on one side of the equation, thus making it equal to
something on the other side.
(6) Some of the best known symbols of mathematics are the Arabic nu-
merals 1,2,3,4,5,6,7,8,9,0, and the signs of addition“+?”, subtraction®—",

» ¥

multiplication® X”, division“=+" and equality “=",

4. DR

(D) MBHEHKE, LREEBEANKESR FRHKEMELE.

(2) FIARE R EHEX, RITHBERRKET .

(3) M BEAR, Lol 2EBARLAK;F—ABrK S 5T A E KA
1 87 49 R R i AR 4]

() BRI ERW T RAEHERCHRILRARE.

G) RERNFEATHFAERZATRGE  BHE - M¥4EPHEANTHS

p i g o

§2.2 ZHRREER=AK

( Trigonometric Functions and Solution of Triangles)
—. FRIR L
Part A Trigonometric Functions'*

Suppose AABC is a right-angled triangle with ./ C=90°, Then AC and
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BC, i.e. the sides of the right angle /C are the legs of the right-angled trian-
gle, and the side opposite to right-angle (i.e. AB)is called the hypotenuse.
Obviously, the hypotenuse is the longest side of the three sides of a right-an-
gled triangle.

Gow-Gu theorem (Pythagoras theorem) accurately describes the relations

between the sides of a right-angled triangle. It is stated as follows:
For a right-angled triangle AABC we have AB>= AC*+ BC*, where AB
is the hypotenuse while AC and BC are the legs.

The inverse theorem of Gou-Gu theorem is also valid.

The sides and angles of a triangle are mutually dependent. We know this
from geometry. Suppose AABC is a right-angled triangle with /C = 90°,
Then both /A and /B are acute angles with /A+ /B=90°. Let /A=0.
Then leg BC is the side opposite to angle # and is called the opposite side of 8.
And leg AC is the side adjacent to angle # and is called the adjacent side of 8.

Trigonometry begins by showing the exact nature of this dependence be-

&1

tween the sides and angles of triangles*‘”. For this purpose trigonometry em-

ploys the ratios of the sides. These ratios are called trigonometric functions.

The six trigonometric functions of any acute angle in a right triangle, as A,
are denoted as follows:
sin A, read “sine of A”; cos A, read “cosine of A”;
tan A, read “tangent of A”; csc A, read “cosecant of A”;
sec A, read “secant of A”; cot A, read “cotangent of A”,
These trigonometric functions (ratios)are defined as follows (refer to Fig-
ure 2. 2. 1)*?,

e ies __opposite side
@ sin A hypotenuse

Gi) cos A __adjacent side
hypotenuse

opposite side
iii) tan A = 2BPOSI€ SIce
(iii) adjacent side

(iv) esc A =—h12°Fe“w-“.3"—
opposite side

(v) sec AFM

adjacent side

A~ o —

)
)
-<), Y
)
)

Figure 2, 2.1
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(vi) cot A = adjacent side (=£)

opposite side\ a

Regardless of the size of right-angled triangles, trigonometric ratio sin @
among different triangles is always the same as long as the acute angle § re-
mains unchanged. This conclusion is also true for cos 4, tan @ and others. But
if the angle ¢ is changed, then the trigonometric ratios will also change. If the
angle @ is considered as a variable, then sin #, cos @ and the others are all the
functions of 4, this is why we call the ratios the trigonometric functions.

These functions (ratios) are of fundamental importance in the study of
trigonometry, They must be memorized.

One of the most important applications of trigonometry is the solution of

* A triangle is

triangles. Let us now take up the solution of right triangles
composed of six parts, three sides and three angles. To solve a triangle is to
find the unknown parts by the given ones, A triangle may be solved if three
parts (at least one of these is a side)are given. A right triangle has one angle,
the right angle, always given. Thus a right triangle can be solved when two
sides, or one side and an acute angle, are given.

The general directions for solving a right triangle are as follows.

(1) Draw a figure as accurately as possible representing the triangle in
question.

(2) As one acute angle is known, subtract it from 90° to get the other
acute angle,

(3) To find an unknown part, select from (i) to (vi) trigonometric func-
tions (ratios), a formula involving the unknown part and two known parts,
and solve for the unknown part.

(4) Check the values found, when they satisfy relations different from
those used in the last step, they are correct®**’, A convenient numerical check

is the relation
A= —b=(c+b)(c—b)*®,
Part B The Law of Cosines*"

In the previous section we solved a variety of problems using the trigono-

metric functions of the acute angles of right triangles. Now we want to extend
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our problem solving capabilities to the general triangles, *°. The triangle that

is not a right triangle is called an oblique triangle.

In the elementary geometry the concept of congruence is studied as it per-
tains to geometric figures. It is known that there are certain conditions to de-
termine the congruence of triangles, For example, the SAS condition states
that if two sides and the included angle of a triangle are equal in measure, re-
spectively, to two sides and the included angle of another triangle, the trian-

t*™ _ In other words, knowing the lengths of two sides and

gles are congruen
the measure of the angle included by those two sides determines the shape and
size of the triangle. This idea is proved to be true by the following Law of co-

sines.

In any triangle ABC that has sides of lengths a, &, ¢, the following rela-

tionships are true.

a®*=b"+c* —2bc cosA,
b =a*+c* —2ac cosB,

c?=a’+4 —2ab cosC.

Furthermore, from the law of cosines we see that cos A, cos B and cos C can

each be expressed in terms of the lengths of the sides as follows*® ,
_ bt —al _at = at b — ¢t
cos A= 2be , cos B= 2 » cos (= 5h

Therefore, it becomes evident that the law of cosines can also be used to find
the size of the angles of a triangle as given the lengths of the sides.
—.REEBRES
é (1) Trigonometry begins by showing the exact nature of this depend-
ence between the sides and angles of triangles.
37 show MEEA XU R“BR".“BR"E“IEH”, &8 TF—5, il
showing the exact nature EE T =AY HEMN.
[(ZEA%RERTR=ZAREL AZENBIKBEXRNIBRBITER.]

& (2) These trigonometric functions (ratios)are defined as follows (refer
to Figure 2, 2. 1),

A A FE 5 (ratios) B 32 B (trigonometric ratios) N A BER. EH s F,=
A H BN R B A R B A8, YT R A M E F 82 trigonometric ratios( =
H). AT RN, SRR ERR.
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[XE=ARKUER=Z=ALDEX M T (ZRAE22.D.]1

& (3) Let us now take up the solution of right triangles.

take up A EZF L XBR“FF 7. IIR"HER. [FER.

[TE, RMNKEFREA=F/MAEK.]

& (4) Check the values found, when they satisfy relations different from
those used in the last step, they are correct.

ARF=ZAEBEHBER. 45418 found 4R values HEE. BER
At differents-from 5| S M EE1E N relations B 5 B E &, K P g £ 4118 used
514 i 4 1B AE those HIE I .

[RERBHE. MREMNEERARFL—-—SHMERAMBI LR, 4
RARRERMN.]

& (5) A convenient numerical check is the relation
a'= == (c+b)(c—b).

XAREA, BMEFER " —HFENRERRETIIXR ="~ =
(c+6)(c—b) HBBABENHE, R E GHIERFXT A, IFEYSFM—K4
BIEHEE .

[FHRER ===+ —ORB| TR ENRERR Y %)

& (6) Now we want to extend our problem solving capabilities to the gen-
eral triangles,

A Bhid] want J5 ¥ #ESN AR E R (E1E) ;3117 extend B # to #iRk
I BB . H o problem solving capabilities i #E g —/~173) 40 881 i “ % o ] &5
MIRES”  $ 3L |, 74 problem solving M (A EREHF LI PE LN
— AR B 1) B A P ) 7 I A R [B) R ), B 2 B, TR 41 Y problem LA ¥
KB,

[(BE, RNELBREFEHENHRIMEE=AE.]

& (7) For example, the SAS condition states that if two sides and the in-
cluded angle of a triangle are equal in measure, respectively, to two sides and
the included angle of another triangle, the triangles are congruent,

£ & , be equal in measure, respectively BB ER“EEE F4HE%", H
XY REBEAKE, X RAEKX/N, FUABERT EHNSFH in size,
A, FRIGER in measure A LAARFESH . WA ZE LT XHABMERL T XK
) Y in measure & in size A 8.

L5, &4 SASURAAD B MR —-NM=ZABHRELERXALHS
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A—1T=AFNFEAAERREARSE NUXFAT=ZAKL2%.]
& (8) Furthermore, from the law of cosines we see that cos A, cos B and
cos C can each be expressed in terms of the lengths of the sides as follows.
4]+ cos A, cos B and cos C can each be--F ff] each KBl iA ; i X4~5A) Fi#E %
B ¥, each of cos A, cos B and cos C can be--, K each KX iF., &iE in
terms of sth, MER“HEMEFT .
[ B, I REAR T LAHEH . cos A, cos B Fl cos C 7] LA 4 5 %= fn
T.)
=. RESAEET
1. EREZREBEERT R
1) triangle n. =fi¢
right ~ Hf =fJE ;isosceles right ~ Z[EH f =/ ;oblique ~ £}
=M acute ~ BA=ME obtuse ~ WA =AE. Hit5=AEHXRIE
w815, '
2) siden. i,
~ of angle 1371 ; ~ opposite of an angle W X ; ~ face MIE; ~
of a triangle =M.
BR . EA=AEHNUAELRF:
legs(HY, right angled sides)n. B ff341; hypotenuse n. 2341,
3) rotation n. HERE,HESE
~ axis FE¥: &l ; ~ of the coordinate system 4 5 R BIBERE s ~ of coordi-
nates M PR BERE ; ~ surface JEFE M T ; ~ transformation HEFEAF ¥,
4) vertex n. TR
~ angle T ; ~ of an angle AR TR & ; ~ of a cone ¥ T ; ~ of a trian-
gle =AML,
5) solution n. f#,f&E
~ approach f# 8 5 ; ~ by logarithms XM E; ~ set 4.
HRARE:
solve vt. f#,f# 8.~ equation f# 7 #8; ~ problem f#f8; ~ a triangle #&
=AkK.
6) unknown n. RHATT, KA. KAME; a. RAK
~ function KHFIPR¥; ~ number KHM¥; ~ quantity KH&E; ~ term
AWM,
HRARIE.
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known a. BLHIM; given a. BHIKN,.BEH.
7) elementary a. #F)ZER,EAH
~ algebra ¥ %X ¥ (%) ; ~ geometry ] %F JLIA] (%) ; ~ number theo-
ry ¥ ¥t ; ~ transformation §) & A ; ~ operator Y HEH F; ~ event FA
.
2. ¥AZR AXRAERHER
(1) denote vt. . ictE
denote R ¥FH i B BAN R B M 5017, ZEFS T RABBIX be de-
noted as++*8Y be denoted by, (B E IR “BiCtE - ) s AE R A A B B A
denote & Eah .
% Denote S=2znr. [ig S=2xr XNEBRE“F S #AR 2=r”.)
[7] %174 express.designate 5,
(2) define vt. EX
Zshin o] F £, B8 £ H 8 313X be defined as - (BB B “B & X
-va-.”)ﬂ
%t R B9 4% 18] & definition n, & X,
(3) compeose vt. H
% F be composed ofe+- R “Hyeeee /", 7] A consist of 4L, H¥ 5417
consist 2 E 3=,
£ % compose BIR] LA, A& § 2.3 2=,
(4) include vt. %
be included by # £l & ; it Z£4HA%E included angle TR “Je 47,
[ X 184 contain,involve %,
3. EERER. BA. NRAEE
(1) 215 inverse F converse F FE R “WH”, (B inverse Y A ES
W ZPE & i, AYERIE ; T converse BE 7] AfER 1B, WAl LI/EEE, RRERE
BB LE LD, F LA R & converse theorem (¥ i #) , converse propo-
sition G #y B % X Bf converse 1 A DL #& i, inverse) . T “/ eR$” BB
inverse function, “3% [a] " , “ 1 %6 B " 55 #F A inverse e F/”. 5 4b,inverse Al
converse #p ] LA 24 4 1], #ll inverse of a number({#]#) ,inverse of multiplication
(GR¥ER Y IZEHE) , converse of relationGHiE ).
(2) avariety of B FhBFEW .
(3) in measure FEfE ik b sin size 16 (BRFR A EFHD K/ L. M in BAE
31X 25 18] H T RN T B a5 .
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(4) regardless of A&, A, HEAHYF /4.

(5) in question Wt &1 2Z G EEE . RA“FiTRE”.

4. RBHPSIR

(1) This idea is proved to be true by the following Law of cosines, [iX/*
HMEHETHNAXEHEHRERM . X MR HB "8, Ky
Al R E X to be true & X iF this idea W4ME, KX MM EFHAR“E+H+
E + %M’ #A] & . Mathematicians prove this idea to be true by the following Law
of cosines. ¥ XA THNRZXERERAXTEERAFEHN.]

(2) Trigonometry begins by showing the exact nature of this dependence
between the sides and angles of triangles. &AM AR E“F+F EWshia + 4k
5", H& begin RARY3hi7 K iHiE, by 5| RN ARG BEFRARIE. 54
B e (1),

% 3] 2.2
1 EETHIRERIERS LR -

geometry, elementary geometry,trigonometry; sides, opposite side, adja-
cent side, hypotenuse, angle, triangle, acute angle, right triangle, initial side,
coterminal angles; angle of depression; angle of elevation; be denoted as, be
defined as, mutually dependent; trigonometric function, the solution of trian-
gle, solve a triangle, the unknown part, oblique triangle; congruence, the in-
cluded angle; Gou-Gu theorem/Pythagoras theorem, Law of cosines.

2. BT HEAAREFERIEL:

PEILF L =% REEH AR ER/ XN A .8A . 5HA.H
KA WA MAEL2%F A AR . AR HAN. . Fa . 3. 88,
WM BRI BB R EXH.

3. WiFdk.

D) BA=AREBATHEHA=AEEASRAZERDHEBRXE.

(2) MR—THA=ZREARARER, M =ATEE TS .

(3) MR —-NF=MIETE A KA RHE M, W AT LR 0% & BR
KA A,

(D) BEM=AEN =N KEN BT ARZKEEERRZ=AENE
1.

(5) FHE=ZAEMFEANKEMENNEAMNKDIRTREIN=AEN
BRE KA. LB, AXEREERNFSI=AELE.
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(6) MEA=AX BT UR=AZRET . AAEREFHFHENBMXK
M EHEFESEYN=ARBAXRERIR . B EEREREBHE.

4. TFEN

(1) An angle is said to be in standard position if its vertex is at the origin
of a Cartesian coordinate system, and its initial side is along the positive r-axis.

(2) In general, if the terminal sides of two angles in standard position co-

incide, the angles are called coterminal angles (3t 18 #). Thus, coterminal

angles differ from each other by a multiple of 360°, Furthermore it follows that
the corresponding trigonometric functions of coterminal angles are equal.

(3) Angles of elevation and depression are measured with reference to a
horizontal line. If the object being sighted is above the observer, the angle
formed by the line of sight and the horizontal line is called an angleof eleva-
tion ({M#). 1f the object being sighted is below the observer, the angle formed by
the line of sight and the horizontal line is called an angle of depression ({fff).

(4) In the previous section we found that that the Law of cosines can be
used to solve triangles when the given information fits the SAS or SSS proper-
ties. However, the Law of cosines is not useful in the ASA or AAS situations.
Instead we need another set of properties that we refer to as the Law of sines.

(5) How do we solve a triangle if we know the lengths of two sides and
the measure of an angle opposite one of the two sides? This question is a little
more difficult to answer because the given information may determine two tri-
angles, one triangle, or no triangle at all.

(6) Solving a conditional trigonometric equation such as 2sinf=1 refer to
the process of finding the values for the variable 4 that will make a true numer-

ical statement, The values are stated in terms of degree or radian.

32.3 RUSREERZE
(Prime Numbers and Euclidean Algorithm )

—. HiEiRx
Part A Prime Numberst*!

The following classi fication of the integers according to the integers that

they divide, or are divisible by, will greatly facilitate our study*‘”. Zero has
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been defined (in Section 1. 5)as the identity under addition. The integers +1
and —1 are called units (in Section 2.1). An integer p that is not zero or a unit

#  An integer is

is said to be prime if its only divisors are £ p and the units
called composite if it has two or more prime divisors (not necessarily distinct),

For example, 6=2+3 and 121 =11° are composite numbers., We shall find that

every integer belongs to one of four classes: zero, units, prime numbers and
composite numbers, Since zero is neither positive nor negative, this will mean
that every positive integer belongs to one of three classes and every positive in-
teger greater than one is either prime or composite, In the following discus-
sion, negative prime numbers are assumed to be expressed in the form ep,
where ¢ is the unit —1 and p is a positive prime. Thus only positive prime
numbers heed be considered.
We now use these definitions in the proofs of several theorems.

Theorem 1. Every integer greater than one has a positive prime divisor,

Let m be any given integer greater than one. Then m is prime if and only
if its only positive divisors are m and 1.

If m is not a prime, it has a positive divisor m, , where m; #m and m, 1.
Thus if m is not prime, it may be written as the product of two positive inte-
gers, m=m;m;, where neither m, nor m; is a unit. If neither m, nor m, is
prime, then m=m,, m; mz m, where no my; is a unit. If no m;, is a prime,
then m = myy, Mz Mg Mizz Moy M1y Mooy Moy » Where no my, is a unit, This
process will terminate if and only if at some step at least one of the m’s is a

+®  We shall now show that for any given positive integer m the

prime number
process must terminate, i.e. , it cannot continue infinitely. First, we observe
that any positive integer m; which is not a unit satisfies the order relation m, >

1. Then we also have m=m,m; >m, and, in general,

m > m1> M11> m|11> LA

#  Thus the process terminates if

for as many steps as the process continues
and only if the set of positive integers m, m,, m; , my, ,* is a finite set.
However, this set is a subset of the finite set my m—1, m—2,-+, 3, 2, 1 and
therefore must itself be finite, Thus the above process must terminate after a
finite number of steps., and m must have a prime divisor.

We have also proved that any given positive integer m can have only a fi-
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nite number of positive integral divisors greater than one. Our next theorem
indicates which positive integers need to be considered when one seeks the pos-
itive divisors of a given integer m.

Theorem 2, If a positive integer m is composite, it has a positive prime di-
visor << I, where I is the greatest integer whose square is <\m.

By Theorem 1, any positive integer m greater than one has a positive
prime divisor p, thatis, m=pm,. Also, if m7p, then m, has a positive prime
divisor <<m,. If Theorem 2 were false, there would exist a number m-that was
composite and had no positive prime divisor < I**’, In this case, we would
have I < p, I < m or I+1<<p, I + 1<<m,, and (J+1)*<pm, =m, contra-
ry to the assumption that I is the greatest integer whose square is <<m. Thus
Theorem 2 must be true.

Before we can use Theorem 2 to determine whether or not a given integer
m, say 359, is prime, we need some method for determining the primes <CI
where I’<Cm <<(I+1)2, For the case m=359 we need to know the prime num-
bers <C18.

The prime numbers bounded by any finite integer N may be found by a

method called the Sieve of Eratosthenes: Write down the integers from 1 to

N, exclude 1 since it is a unit, counting from 2 strike out every second number

thereafter, counting from 3 strike out every third number, and, in general,

counting from any remaining integer k which is <<v/n (Theorem 2) strike out
&i5)

. For example, the prime numbers bounded by N =18 are
2,3,5,7,11, 13, 17, and may be found from the array

every kth integer

2! 3! i’ 59 §! 7! §! _g_v l_Ov llv E) 13| 1_4; ]._5, E; 17; 1_8'§

in which it was only necessary to exclude the unit and multiples of 2 and 3 since
the next remaining integer, 5, has a square greater than 18%",

We now may use Theorem 2 and determine whether or not 359 is a prime
by testing 359 successively for divisibility by 2, 3, 5, 7, 11, 13 and 17%®,

On this basis we may assert that 359 is a prime number,

Part B Euclidean Algorithm'**

Let a, b be two integers and a#0. We say that a divides b or b is divisible

by a or a is a factor of b, denoted by a|&, if and only if there exists an integer
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m such that b=ma*"®.

Theorem 1 (Division algorithm) lLeta, b be two integers and 550, then

there exist two integers q and r such that
a=qb+r.

Definition 1 Let a, & be two integers. The positive integer A is said to be

the highest common factor (H.C. F)or the greatest common divisor (G. C. D)

of a and & if and only if

(1) h is a factor both of a and & (i.e. h is the common factor of a and 6),
and

(2) any common factor of a and & is a factor of h.

Theorem 2 (Euclidean algorithm) Leta, b be two integers and b0, by
division algorithm, a=gb+r, where 0<r < |&|. Then (a, b)=(b, r), ie.
the H. C. F of a and & is equal to the H,C. F of & and r.

Theorem 3 Let a, b be two integers such that not both zero, then there

exist integers m and n such that (a, &) =ma-+nb.

Z.AXEREES

& (1) The following classification of the integers according to the integers
that they divide, or are divisible by, will greatly facilitate our study.

A5 — the integers F1% — 4 the integers Frf§ A £ R — %% . that
5172 A PR i 44 2 75 M 5 48 5 58 — 1> integers, H f they fRE % — 4 the inte-
gers, XEKA] that R NA B E, B XA ELE -1 integers. A4 A divides B&j
FOECA KRR B, BB BREL A B RECN 0751 A is divisible by B #9& X2
“A AIHE BB (]9 they B A, that BERE B).

[THREBTERAENERRZTRTHCAENRBO R, kA H g
AR F®E, XNBIMNOHFRIEEAR.]

& (2) An integer p that is not zero or a unit is said to be prime if its only
divisors are & p and the units.

£ & that is not zero or a unit #§ 2§ F that is neither zero nor a unit, L)
A or EiIFM“A”.

[T EFHARBAITHBE p MR RA Tp P TREEHE T, KK
REH.]

& (3) This process will terminate if and only if at some step at least one of

the m’s is a prime number.
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BEMNEEETXNAST. FHNRFR ‘XTI BHSER G HMNHE
B mBLHE-NTEATREREBERSE BE5RXAEG. FLLE,XEm’s
AR m, M RIERIE S ZEBIABLE min s miz s Mgy s Mazz s Many s M1z s Mazy s Maze B
s o7 X 33 b B8 A FE A L -

(XA ESER Y OB — S0, X0 TR ma) R ED
H—TER¥.]

& (4) Then we also have m=m,; m, >m, and, in general,
m > m1> m]1> m111>'"

for as many steps as the process continues,

G as many as - FHE B eee —REZay”., EMH,for as many steps
as the process continues ERR“M TFRZEABEEZMZ NS BENL". T2
GENYS %255

4, BAEHE m=mm,>m, , H H—8#, AER

m>m1 >m1| >m“| >"'
TEL R ELE B M & A IR LA . ]

& (5) If Theorem 2 were false, there would exist a number m that was
composite and had no positive prime divisor <CI.

AR RIE MBI, RARBES, TUSEARERAESXHNEREE.

[(nREE 2 AR MEFEIHAEE n, EBANDNTHET INERHA
*.]

& (6) Write down the integers from 1 to N, exclude 1 since it is a unit,
counting from 2 strike out every second number thereafter, counting from 3

strike out every third number, and, in general, counting from any remaining

integer k& which is <\/n strike out every kth integer.

BIRX AR, XBRENEPRBCERMRET R, R R FHRE
counting from 2 strike out every second number thereafter FJ B B . & there-
after RER“HE7, AFPREB K, HFERPXHERKER, BAGHK
AE®E.

IAPABIRKE TN LR N WBR, E5EHRR 1L.B N 1 BENIGR)E,
E2HEEZRME 2 BERC-EEE 3 NEREBRMER 3 KHHEH. —H, &

FTHEEER -<VniEEERRME b BE%5.]
& (7) For example, the prime numbers bounded by N=18 are 2, 3, 5, 7,
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11, 13, 17, and may be found from the array
2,3,4,5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18,

in which it was only necessary to exclude the unit and multiples of 2 and 3 since
the next remaining integer, 5, has a square greater than 18,

#]th the next remaining integer W iZiIFR“HFHEFHN T — P BE"R“T —
MAFEE RS, bounded by N=18 R BB FE R “LI N=18 H LRI,
AN E i & s multiples of 2 and 3 A8 FE 2 M 3 & (multiples EF %0 .

[, LA N=18 3 E RO R ¥ L 2,3,5,7,11,13,17, FF Bl D@ I F &Y
—FIBOR 8

2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,

HPp NG EHARANTUR 2 M3 B/ (RE 2,3) . XEEIRBEMNT
—MEHE S, ERNTEH KT 18.1

& (8) We now may use Theorem 2 and determine whether or not 359 is a
prime by testing 359 successively for divisibility by 2, 3, 5, 7, 11, 13 and 17,

HEMBFXANEE =T —REF successively B #i5) 4 i tes-
ting; — & test =+- for--- BRI eeeee Wik, ZRERHERRBOES .

(3R AT BAE ] LAE By F o2 2 2, i Ak kil 3 359 RE& ¥ 2, 3,5, 7, 11, 13
17 BERRTAE 359 BRANRE.])

& (9) We say that a divides b or b is divisible by a or a is a factor of &, de-
noted by a|b, if and only if there exists an integer m such that b=ma.

RAEREX W ENEHEEMOFBET FI AR, B RN TR, {5 H
R &M if and only if MERAREAFHREERFIEE A FFRRBA—4
dEZpAEE ATEARANIZS ., 8iEe, MIUEN IR —RIBREFRE
AU .

(B YFERE m B b=ma B, 5 o B b RE b BB« B, R
a b AT, i21E alb.]

=. RESAEE3

1. EREFERBANT R

1) division n. & ,.B¥

~ algorithm ¥E¥ MR E; ~ by factors B FE B ~ with remainder

WRERIE .

HRARIE:

dividend n. #ER#; divisor n. BR#(; quotient n. & ; remainder n. £,
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ZR§LI1IMELL 2,
2) addition n. 10, Jiik
~ of vectors [} BN ; ~ theorem MEBEEHE.
FRARIE -
sum fl; addend %K., 2R §1.1.1 7§ 1.1.2,
3) square n. ¥JF, _KRE,.EHFF
~ brackets ¥, HHES ; ~ root FH B, K ; ~ matrix P&,
4) factorn. HE,HF
the highest common ~ F A /AH ¥, #ictE H. C. F, A i th B {E the
greatest common divisor (Fx KA, ®icfE G.C. D),
5) multiple n. fE¥ 5, BH,
~ angles f5ff1; ~ arithmetic #HiZ® ; ~ divisor HHF; ~ integral
Z B\ 4r; ~ numbers B ; ~ point & & ; ~ root H#l;~ valued function £
{H B % ; the lowest common ~ B/NMER, BiE4E L. C. M,
6) prime n. E¥,FHH
~ factor REAH, EH F; ~ field Big; ~ ideal FHEIE; ~ number
xE.
7) countable a. T]H
~ axiom A A~ additivity B $E] 4 ; ~ set A $4E; ~ prod-
uct AJ ¥,
HRXRARIE:
(i) countably adv. A ¥(}i:~ infinite AT TR H .
(ii) uncountable a. R ¥y :~ set N[ ¥4E,
(iii) count v. ¥,
8) finite a. HRH
~ additivity A PR AT indE ; ~ basis AR ; ~ covering AR % ; ~ di-
mensional space HR 4% [[]; ~ element H PR IT; ~ group HFRBE; ~ set H
RRAE.
FRXARE .
infinite a. JTPRAY;infinitely adv. JCFRHE.
2, AR HXRAERRAER
(1) determine vt. WiE
determine 378 43 | Wr M 8 HH 9 —FR R BAT N ERFEHIBPL K M,
MBRREERE —FHE R EZENESEH A determine #EFN I, ¥ W deter-
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mine 5 #—* whether 5| R EIFENG, S LET S (8),
(2) terminate vt. 45, &L
TR BT A iR B terminal a. 2% 1F B9 : terminal side (AR XM ; A H
4¥17] terminating YETE 25 iR} M B B AR 1E . 10 terminating decimal H R/,
(3) exclude vi. HEBR
H [F] L iF 4N delete, strike out, eliminate 2, exclude 5 from B¢ FB91E TE

2R 82.82=,
(4) test vt. /vi. R,k
)2l test =+« for-- R R“Xfeeeere WG -eeeee ? BT R (8),

3. EERRA.BRA . NMREE

(1) according to  #RYE, il , EWEXE R, EHEHME by” RER,
i by the theorem BE H“BIEZEEH".

(2) be divisible by T g+>+- B,

(3) under addition BERHEMEBERT”, K under BH“HE -~ &
i et : SR . f L LA

(4) ifand only if XHBE{UY,AMNEERU”. HlFRTEE 4 K@),

(5) contraryto Fll-+-- MR FIE.

4. RGP 5B

(1) If neither m, nor m, is prime, then m =m, my;my; mz, where no m; is a
unit,

LSk my #lm, ARZE, W m=m\,mymy my, » AL mﬁﬁxﬁﬁﬁi
Jt.)

R FELZIEP,if - then-- A R H BUMBRBA, £ E BB ERIEMN
SR FHNRESERHETITENEERAE. XA AT AR NH £t
AZK§5.5,

(2) Thus the process terminates if and only if the set of positive integers
™m, My, My, My st i a finite set.

TR E P if and only if 1 when and only when #iE/R“ Y BV X", %
AENRRERNREGEE AT DERME.

(3) Then we also have m=m, m, >m, and, in general,
m > my > my > omyy >t

for as many steps as the process continues,

XA FESC N (4), TE as -+ asBIERXP,Bi—4 as BB, F—1 as
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EXERE. S F—THBRENGNDPENSER—EH ). XF as il
AENA. 80 §3.11,

% 3 2.3
1. FERFTHBEAREN S LR

classification, divide, be divisible by, divisibility, prime, composite,
identity, positive prime divisor, prime divisor, bounded by, Sieve of Era-
tosthenes, exclude, remaining integer, Division algorithm, Euclidean algo-
rithm, the highest common factor, the greatest common divisor, finite set, in-
finitely, countably, successively, terminate, contrary to.

2. T EAIAREFERIEX:

RBGEE . a8 FRE . AFE . EXR 7. REEX ERABEM . &/
AEEGRE ERE EER IR GEH 48 B BEEHRE ARE. LR
b NCTE - 6: A - | AN RE. -

3. Pk,

) BT EHR - BREEFEREBR P BLEN. 532,
ANERE-I1TEBERSBRENERRBEMER.

(2) RBH b BB MARFEER c R a=bc, B a B b WFEH.

QO HIBRERBLESEABBRTHRHE I MACERN BT AHKE
TREEBER.

4O REBEmREHE - KRnI— AN FEERFnFEHBENFHDNTFRE
F m.

(5) ATLIRRPNIEERIMIEN T ERRHUEN - ARBEE N IR
9k 3 4 SR 8

(6) RFEMFHMBRIE(NHAKILEBER) M TFEANER a Mb,a>0>
0, a 5o HIBRKAABETO Sr HERAAHE, XB >0 aBREUL A
(remainder) ,

4. TEEFEN .

(1) One of the important questions in number theory is Goldbach’s conjecture

(FF B 4554, which is concerning the expression of even numbers as sums
of two primes.

(2) Suppose n is an integer greater than one and m is an integer greater
than 2, prove that 3*—1 and, in general, m"—1 is composite.

(3) A number of the form 2*—1 that is prime is called a Mersenne prime
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(B HEEY. Find five such numbers,

(4) To prove Theorem 2. 4, suppose there were a largest prime number,
say P, then the number N=P! +1 must have a prime divisor (Theorem 2. 2).
But no number <P divides P! +1=N. Thus N has a prime divisor greater
than P and there is no greatest prime, i.e. , the set of positive prime numbers
is countably in finite (] 3L TCBRE).

(5) Given any integer m and prime p, the only positive divisors of p, and

therefore the only possible positive common divisors of p and m, are p and 1.
Thus we have conclusion: If p is a prime and m is any integer, then either p

divides m or (p, m)=1.

§2.4 HAREA
(Introduction to the Set Theory)

Part A Introduction to the Set Theory'*®’

In discussing any branch of mathematics, be it analysis, algebra, or ge-

ometry, it is helpful to use the notation and terminology of set theory*”. This

subject, which was developed by Boole and Cantor in the latter part of the 19th
century, has had a profound influence on the development of mathematics in
the 20th century,

It has unified many seemingly disconnected ideas and has helped to reduce
many mathematical concepts to their logical foundations in an elegant and sys-
tematic way. A thorough treatment of the theory of sets would require a
lengthy discussion which we regard as outside the scope of this book.

Fortunately, the basic notions are few in number, and it is possible to de-
velop a working knowledge of the methods and ideas of set theory through an

informal discussion. Actually, we shall discuss not so much a new theory as an

agreement about the precise terminology that we wish to apply to more or less
familiar ideas®® .

In mathematics, the word “set” is used to represent a collection of objects
viewed as a single entity, The collections called to mind by such nouns as

“flock” , “tribe” ,“crowd” , “team”, and “electorate”are all examples of sets®**®,
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The individual objects in the collection are called elements or members of the

set, and they are said to belong to or to be contained in the set. The set, in
turn, is said to contain or be composed of its elements,

We shall be interested primarily in sets of mathematical objects: sets of
numbers, sets of curves, sets of geometric figures, and so on.

In many applications it is convenient to deal with sets in which nothing
special is assumed about the nature of the individual objects in the collec-
&0

tion*‘?’, These are called abstract sets. Abstract set theory has been developed

to deal with such collections of arbitrary objects, and from this generality the

theory derives its power*®’,

Part B Operations of Sets'*!

Let S and T be sets. If every member of T also belongs to S, we say that
T is a subset of S and write TCS or also S=2T. Any set S is a subset of itself;
this is called an improper subset of S in contrast to the proper subsets of S
which are different from S itself*®. We write TCS or SDOT to indicate that

T is a proper subset of S.

Frequently we describe a subset of S by means of a prepositional function,
thus {x € S| P(x)} denotes the subset of S consisting of those (and only
those)elements x for which P(x)holds. e. g. , if the set of all natural numbers
is denoted by N, then the subset of odd numbers may be denoted by {zEN | x
is odd}*®**”. On the other hand, forms like {x | P(z)}, in which the domain
over which x ranges is left unspecified, are best avoided®® .

Let S and T be any sets, then the elements which belong to both S and T
form a set which is called the intersection of S and T and is denoted by S T.
From two sets S, T we can form another set, the union, written SUT, which
consists of all the members of S or T,

In most cases, the sets under consideration in any given case will all be
subsets of some given set U, the “universe of discourse” **’. Thus U might be
the set of natural numbers, or of triangles in the plane etc. In this situation we
can, for any set S, form its complement, i.e. , the set of all members of U that
are not in S; it is denoted by S'. Thus, if S is the set of all odd numbers, then
its complement (in the set of all natural numbers)is the set of all even num-

bers. This example makes it clear why the complement, to be useful, has to be
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409 We also note the following brief way

taken within a given set as universe
of describing intersection, union and complement, which brings out a certain

analogy with the rules for combining propositions.

SN T={x€U | €S A z€T}, NS, ={z€U]| z€S,, forall i},
SU T={z€eU | xz€S V z€T}, US,={x€U| z€S,, for some i},
S'={z€U | z¢S5}.

Here U is the universe containing all the objects under discussion.
Z.RAX58FES
& (1) In discussing any branch of mathematics, be it analysis, algebra, or

geometry, it is helpful to use the notation and terminology of set theory,

i AA be it - HER R AFR B, BATER.
CET R BCE R &5 30, ot AR SULER , ARG RER S RE
RAHBH.]

& (2) Actually, we shall discuss not so much a new theory as an agree-
ment about the precise terminology that we wish to apply to more or less famil-
iar ideas,

H 9 not so much sth. as sth, B HE, BEE - A BLE”,
B that 51 %9 5E & M A] B i terminology. %] LA, AT 43 BEiE AL

[(FxX L, BRITEEDHITIEN AR RE S, MK THRAAERARE
FIAR, RIMNGERZHBZPAERTZNBEPRHARE.]

& (3) In mathematics, the word “set”is used to represent a collection of
objects viewed as a single entity. The collections called to mind by such nouns

as “flock”,“tribe”,“crowd”,“team”, and “electorate”are all examples of sets.

F A EiB R the collections, H G Wit £ 50 W & E W LLE R EIEMNA
which are called to mind by such nouns as “flock”, “tribe”, “crowd”, “team”,
and “electorate”,

[EXED,“BE" Al FARERE —EER N RN EPHAR ORI,
EABSEBARBIA, I AR ERIE” KT Al A R s 48 4 1 B RO
HIEE TRERHTF.]

& (4) In many applications it is convenient to deal with sets in which
nothing special is assumed about the nature of the individual objects in the col-

lection.

A 4] which 5| F— M REIEEBENG, BRE sets BIE, AR ENE
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Sk PR, % ) & F ¥ 1. BH applications #, FHEE |, collection & set 3T X id,
7EZA 4] the collection #i ZFERI T AY sets, BT which 5| 5 8 M 7] Y EfTHEI A B
sets,

[(EHFEBHNAHTP AN ESP N ERNBEEEAENGBRE XHESHL
HARTE.]

# (5) Abstract set theory has been developed to deal with such collections
of arbitrary objects, and from this generality the theory derives its power.

A ) 1 B AN 351 S A 4R, 5 — 4R R R BLAE 6 B A, T 5B AR A
— B BAERS , B A AR X HAEE. B AP ARERXEEEBORE.

(R RS BRN T AL X 28 d 2 B X 4 B 56 T K Rk 19 , i B
FXREA—HENFEZERKE T A MM ]

& (6) Any set S is a subset of itself; this is called an improper subset of S
in contrast to the proper subsets of S which are different from S itself.

RLiE in contrast to sth. BER“S.--BXR”, HTEEEN, which 3|
SRR B ¥ E BN LS TR .

[(FRIESWEBCHFE.BKISHERLTFR.URSFSHAEFE. B
AETF S BEHHNHRLETE.]

& (7) Frequently we describe a subset of S by means of a prepositional
function, thus {x€ S|P(x)} denotes the subset of S consisting of those (and
only those) elements x for which P(x)holds. e. g., if the set of all natural
numbers is denoted by N, then the subset of odd numbers may be denoted by
{xEN | xis odd}.

7% . the set of all natural numbers & the set of natural numbers 3 7= [
—AMEER A BRAABRNE A EHFREBFLR all, BREFLE T the
B A€ 717 ,a set of natural numbers HF/R“H A RBARN—I£,

[RITEHEB THERPEHE R SHTFE,. TR (zE€ESIP(D)}FERH
(FAREDEB P(OBHBETE c ARH S W8, M, mBFREAR
BH R SEICE N BT A BB TR E/E{zEN | = BH¥}.]

& (8) On the other hand, forms like {x | P(x)}, in which the domain
over which z ranges is left unspecified, are best avoided.

AW H which 5IRENBEREZ BN, E—TEER—PE. AT
—AEEMNARAER GBI A A FEERA KA. HA range BFNIE,,EHE =N
A ERE .

[5—FE,ZUTF(z | P(o)}WERXY « EH P X Bk K E 86
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BT BFEARMHEH.])
& (9) In most cases, the sets under consideration in any given case will all
be subsets of some given set U, the “universe of discourse”.
‘5] the universe of discourse B R “ ", TEA L F universe —FEFE 2
£, AERIERA case(s) ,lIHFRRLEFR, G ERAEEE.
[(EZHERT  EE—FHACHBETHEENERSEENSENRK
h2HE"MEUKTE.]
& (10) This example makes it clear why the complement, to be useful,
has to be taken within a given set as universe.
X B it & make WA REE, KNAH why 5| FHMAIER. to be useful
RiEAE, i complement,
DB RA, At 26 AR ELTIBRE EM AN 2E.)
Z.AE508%3
1. ERMFERERRT R
1) composite n. &¥; a. SHRB.EEH
~ function E & K ; ~ graph & RE,H S E; ~ mapping H S5,
BB ; ~vector R E.
2) correspondence n.  XfLi
~ analysis Xf B 43 #7 ; ~ principle X} 57 JE 3 ,
HRARIE
corresponding a. Xt R #):~ angles [&{\ f§, X 815 ~ sides XM f1; ~
points X K £ .
3) symbolic a. 5K
~ logic fF 5 EH; ~ calculus FFE WA ; ~ function HFEEH; ~ lan-
guage FFSIEH.
HXRIE:
symbol n. %5 . ~ computation F5HE; ~ of numeral HFHFE.
4) curve n. HiER;vt. Ty
~ of second order R MLk (B BERMLR); ~ segment BZREE.
HXRARIE:
curved a. EHIHI:~ line BHLR; ~ surface B .
5) set n. £
empty ~ (8 null ~)Z54E; ~ theory #if;the ~ of integers B8 ;
open ~ JF&; closed ~ H4E.
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6) supplementary a. (H)#EY
~ angle %M ; ~ conditions #pFE &4, BB &R 1F; ~ set #H; ~ un-

known #hFE R K .

2, RADHAMXABRRER

(1) reduce vt. a4k, ¥4k, B

% H reduce to BAR“RAR” “FHHA" . “EHB"%. X, reduce by 5 be
reduced by FARERE LB BREF/REFE TS H) . M0, The price is reduced
by $5. IR T S5 IXTFTHESHHRMHMBHERRE,AIZR §3.10,

(2) regard vt. 1A\N,.BM|

H F regard sth. as F{R“IANg e 7,5 consider sth. as [6) %, % &z,

(3) contain vi. &K

be contained in ER“QEF”.

HE % i include, involve %,

(4) consist v. W s

W F consist of F/R“H e HE”. B:The right half plane consists of the
points (z, y)satisfying z > 0. [F¥FEHHELE >0 WK (z, AR JEER
7R — B HE R, consist of A4 3 K T be composed of, be constituted of 2
WH., RARHR” WP BHEEA constitute F(ZW §2.5 2=),

(5) indicate v. 875 ,1#8H,FxR

ERFRED R EDRH"E TE“FRR"#ETE denote, designate % [F
X, {B H BLA S5 I A AN denote,

(6) hold vi. HB, B (EHFEEED)

ERFHEIED, E KR "be valid”5{“be rue”RR“WIL”. 2R §2.11 2=,

3. EERRA WA NMREER

(1) under consideration FZH2Z GEEIE . BR“EERFHN",

(2) in advance F %, Bk,

(3) in contrast to / with & H“5.----- X",

(4) in the nature of E.A - YR,
(5) in(with) referenceto %F.,5%,
4. RBMASaY

(1) Actually, we shall discuss not se much a new theory as an agreement about
the precise terminology that we wish to apply to more or less familiar ideas.

A not so muchras- RR—FFHEER, EBR - AR IR A
£7, BXRd(2),
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(2) A is said to be B.
A is called B.
B isdefined as A.
UE=AgahLaBEREREPHRERARAHEFRENENL., Kb,
A]F A is said to be BHll A is called BRAR“(HEERMEHFEA R A B,
HWh say BARYsNE, FRUKAEEIENER; call ATLLFNEE, A is
called B % E3NEAM I UM E R “Wecall AB. (BRI AFHKRHIB). M Bis
defined as A #BR“(HBME)B E X MR XM EHEIA”, XTEXHRF
AWEFANATSH §5.5.2,

% 3 2.4
1. #ETHRERBENTCRNA:

set, abstract set,improper subset, proper subsets, complement set, col-
lection; branch,notatian,geometric figures, terminology; reduce to,regard as,
represent, belong to, be contained in, be composed of, consist of, be denoted by,
hold; elements, members, intersection, union, universe of discourse; given case,
bounded above, upper bound, least upper bound, the completeness axiom.

2. ETHMHARIFEFBIEX:

B.THE.ETE.220GEE) AME MREHE XL X AR. L8,
BRF:AREMELAR LA BILEF TEEAHE,

3. DU,

() EEREERTHF L EFIIUHFRAMEREMATEETAZ —,

@) RIMNMBWTBHARFELNBEEEL MEXHERESRBETEY
N
Q) ESEFHRSHERTFR:ETESHTFRAERARS, MK THSH
HTE,

4) FH—EHYHR, IRANESFEINE N EYWRERENERE
fEfTBE .

) ESHFRET LEETLURRR(zES | P(2)}, B T RH#ESE P ()R
SLHAREE TR « AREY .

6) HA—ITRUTBRFEARNEN TR, TUREE I REIEE,
A RE B SE H LAY AN

() XABIFEBROTREEFHEEER, MIFTA2ZRIPHFARER
BEBE A Z WA KT .
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4. FIFW:

(1) Let N be the set of all natural numbers. If S is the set of.all even num-
bers, then its complement in N is the set of all odd numbers.

(2) In discussing many branches of mathematics, be it analytic geometry,
algebra, or differential equations, it is helpful to use vectors, matrixes and de-
terminants.

(3) A nonempty set S is said to be bounded above (b7 i #))provided that
there is a number ¢ having the property that z<(c for all z in S. Such a number
c is called an upper bound (L F)for S.

(4) The completeness axiom (5 £ #£ /2 B ) states that for any nonempty set

S of real numbers which is bounded, there is a smallest, or least, upper bound
(B/MY R )among the set of upper bounds for S.

(5) From any two objects x and y we can form the sequence (z, ¥); it is

called an ordered pair (5 FFX1), and of course is different from (y, x), unless
x=y. If S and T are any sets, we denote by SX T the set of all ordered pairs
(x, y)with € S and yE€ T. The set SX T is called the Cartesian product (
K ILFR) of S and T, after R. Descartes who showed how to describe points of
the plane by the Cartesian product of the real line with itself.

§2.5 FERKSHAEHLE
(Sets of Points in the Plane and Conic Sections)

—. WiERX
Part A Sets of Points in the Plane'**’

We have already shown that there is a oneto-one correspondence between

points in a plane and pairs of numbers (x, y). Certain sets of points in the

plane may be of special interest. For example, we may wish to examine the set
of points comprising the circumference of a certain circle, or the set of points
constituting the interior of a certain triangle. One may wonder if such sets of
points may be succinctly described in a compact mathematical notation.

We may write

{(x, )| y=2x) i)
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to describe the set of ordered pairs (x, y), or corresponding points, such that

the ordinate is equal to twice the abscissas®*’. In effect, then, the vertical
line in (i)is read “such that”*®. By “the graph of the set of ordered pairs” is
meant the set of all points of the plane corresponding to the set of ordered
pairs. The student will readily infer that the set of points constituting the
graph lies on a straight line,

Consider the set

{(x, M| y=x}.

Consistent with our previous interpretation, this symbol represents the set of
ordered pairs (x, y)such that the ordinate is equal to the square of the abscis-
sa, Here, the total graph comprises a simple recognizable geometrical figure, a
curve known as a parabola.

On the basis of these two examples, one may be tempted to believe that

any arbitrarily drawn curve, which of course determines a set of points or or-

dered pairs, could be described succinctly by a simple equation®®, Unfortu-
nately, this is not the case.
Consider now the set
{Cx, ¥ | y>2x) (i)

to describe the set of points (x, y)whose ordinate is greater than twice its ab-

(4)

scissa®®’ . In this case, our set of points constitutes not a curve, but a region

of the coordinate plane.
Part B Conic Sections'?”]

The general real quadratic equation in two variables has the form

Ax*+ Bxy + Cy*+ Dz + Ey + F = 0, (in)

where the coefficients are assumed to be real and A*+ B*+ C?*3 0. The graphs
of equations of the form (iii) are called conic sections , since for every set of real

coefficients for which (iii) has a nonvacuous graph , the graph may be obtained as

the intersection of a plane and a right circular cone (possibly degenerate)®*,

Let [T be an arbitrary real plane and consider the right circular cone gener-

ated by lines through the fixed point P and a given nondegenerate circle with

center Q (as shown in Figure 2. 5. 1)*’, Let the constant angle between the
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generating lines and PQ be a. A graph of the quadratic equation (iii) is said to

be degenerate if and only if it is obtained by passing the plane /7 through P*,
This condition may also be expressed algebraically as follows: The graph is de-

generate if and only if A= 0, where A is the determinant of coefficients in the

form
2A° B D
A=|B 2C E
D E 2F

A nondegenerate graph of (iii)is a hyperbola, parabola, or ellipse according
as B*—4AC >, =, or << 0 (B*—4AC is called the discriminant of the quad-

ratic equation)*® . Geometrically, these three cases, respectively, arise ac-

cording as the smallest angle § between the plane /T and the line PQ is <, =,
> a(Figure 2. 5. 2). For example, consider the cone 3x° +3y* —2* =0, with
«=30°. For any real number &, the plane z=#, with @ equal to a right angle,
intersects the cone in a circle
3243y  —hE=0*?,
the plane z=x-+% with §=45°>>¢ intersects the cone in an ellipse
22243y —2zk— k2 =0;
the plane z=x+3 + k with §=30°=q intersects the conic in a parabola
3y' —2zk3—k*=0;
and the plane z=2x + % with § << a« intersects the cone in a hyperbola
3y —at—dxk—k =0,

Figure 2.5.1 Figure 2. 5.2
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Z.RiEEWEES
& (1) We may write

{(x, )| y=2x} (i)

to describe the set of ordered pairs (x, y), or corresponding points, such that
the ordinate is equal to twice the abscissas.

TEWFERIFMRIE P, such that BEREEFSIE —-TRIEND, KR E
AIRAE XM R LT RO &S, ERPXHATRAZH T EREB T
B R H PSR R R EMRA XN RG] . A
AR FEBEIR:

[RATATLLE 4

{(x, V| y =2z} (1)
KRB ABIRE TR PERA N (x, y) H B0 53X R 2R )

& (2) In effect, then, the vertical line in (i)is read “such that”.

B4 such that fRXE A A 42 69 SCHERR IR . BT LU B3 SCIRGE L R )5 B
B,

AR 2, (i) o 8 8 28 78 3 BR L A P SR B 4F “such that” (“fEB 7S “X H
7).}

& (3) On the basis of these two examples, one may be tempted to believe
that any arbitrarily drawn curve, which of course determines a set of points or
ordered pairs, could be described succinctly by a simple equation.

J%1& on the basis of sth. E B N“WI|/EH”, 37 tempt HEHER“TI
i#%”,be tempted to do sth, EER“MHEH---- ? . 418 which 5| 5 & 3EBR &l ¢
EENERREAZAE, FRPXHATHAESEEEER, BLREIRERY
BRA.

[REXHENF, AABFSEERTMUR A —-FEEE KRR CESR

REET - NEEREFNHE) . BERA - THREH T ERAHEE . ]
& (4) Consider now the set

{(x, y)| y>2x) (i)

to describe the set of points (z, y)whose ordinate is greater than twice its ab-
scissa.

)P E BRI E R to describe (ERTHMI A FREHRE. XA FE HAR
set, NRRFAHF, TREA KNG, FEIW—T“E"BORKGD, GF—1
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“HE7IE IR SR LT BT R 8 X AN E T . AT LLIE M A FE — 2 SCF L B BhiE
AR EEFE R4 .
(% B4R
{Cx, ¥)| y > 2z}, (ii)

EHR AR B AR KT RLRARARAR R (x, »TARKE.]

& (5) The graphs of equations of the form (iii) are called conic sections,
since for every set of real coefficients for which (iii) has a nonvacuous graph,
the graph may be obtained as the intersection of a plane and a right circular
cone (possibly degenerate).

fEf since 5 EMFEHE MNP A EFT —4H which 5| K EFENT, T
& 1fi coefficients, 3B coefficients W41 B B & . H (i) has a nonvacuous
graph BARFUHEFER“GiDAFIESZEE” HE w i GDWEEIES".

O 4n Giii) 59 75 72 19 P2 B O (5 4 i £, B3 O o F 48 — 48 {48 GiD) B9 BB 3E
25 15 R B, % B R R AT LA — A T R — A 1E B 4 (RT RE R GB fk 9D ok 3%
= |

& (6) Let /T be an arbitrary real plane and consider the right circular cone
generated by lines through the fixed point P and a given nondegenerate circle
with center Q (as shown in Figure 2. 5. 1).

4] 1 generated 5| T 9t % 43 17 44 i 1F %€ B 1B i right circular cone,
through 3| § #4 ia] & lines, il FEW R LK, HiRR 44,

(BT 2 —AME B 0 351 , (5] B 5% B8 plg 3 E Y 4R BT A A0 IE (B 48 . & 17
HidBEEA P A—NREMLQ NA.LAFEBRMAME (A 2.5.1 fiR).]

o (7) A graph of the quadratic equation (iii)is said to be degenerate if and
only if it is obtained by passing the plane [/ through P.

R £ F 3CH, by passing the plane [] through P #1757 45 % , 83 i 17 #h
FEEE. A ER -

[ R GO EIERFRBAR, S B0OS e 2 hil g ERET A P KT
VISR A5 |

é (8) A nondegenerate graph of (iii)is a hyperbola, parabola, or ellipse
according as B?—4AC >, =, or < 0.

A 4 according as J5{ll F according to, YEA-ial, EE B “BE K Bk
Fr 4.

[ B* —4AC>, =<0, R GiD) M IEB L B4 51 2 Wl 2 2
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iR .]
& (9) For any real number &, the plane z=F, with @ equal to a right an-

gle, intersects the cone in a circle
3z +3y" —k2 = 0,

581% intersect the cone in a circle R R“SHENTER—THB”. HA
i with § equal to a right angle BiEIC A INFES , LG {FiF a9 A F 5 B [ BT,
HEELH L FE 2=k (HHENN READ SHBMNTLERE—1TH
327 +3y*—k*=0,]
=, AESAAFS
1. ERABERERRTR
1) coordinate n. %7
~ axis 4 458l; ~ transformation A $RZAF#; ~ of a point B R;
cartesian ~ system i EJLARERE.
HERIE:
abscissa n. B4 #5 ;quadrant n. %8 ;ordinate n. 4R,
axis n. $H(E PN axes) : r-axis x Bli; y-axis y #l; pole axis B,
2) intersection n. % AR
~ point = point of ~ 3 & ; ~ properly iFE % # 3¢ ; the ~ of sets A
and B A 5B MaEE4R),
3) degenerate a. B4k (AY)
~ conic Bt W #l£k ; ~ parabola iB LB 2R ; ~ matrix ;B4LIE R ;
~ differential equation iB{L{¥ 4> # 8 ; ~ surface of the second order iB4k — ¥
i T
4) vertical a. RHMN.EHHN
~ line B H £k ; ~ opposite angles X £ ; ~asymptote L HHFIL L.
MERARIE . ;
perpendicular n. FE#;a. FHM, FEAH . ~ bisector HEL; ~ line
horizontal a. JKY-#J:~ line K4k ; ~ plane KFEH.
5) parabola n. W4k
~ formula #1484 K ; ~method M R 1L
HEARIE .
parabolic a. #YLE A . ~ cylinder MPE 1 ; ~ cylindrical surface ¥
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H T ; ~ differential equation 34 (B4 .
6) generating a. M
~ circle # B ; ~ curve B4R ; ~ element 4 B IC(FE); ~ function £
PR ~ line B4%, 4 LR ; ~ operator A HE T ; ~ subset £ .

FHERARIE -

generator n. T2k 4 BIG : ~ matrix & W IE P ; ~ of cone #ERY LR,

7) quadraticta, KK

~ convergence Y 7 W & ; ~ curve — WK AH 4 ; ~ cylinder — KA
~ equation "R #; ~ form " K &; ~ inequality ~ KA %K ; ~ transfor-
mation KA H#e ,

2. ¥ABRA . EXAERLER

(1) comprise vt. R

1 The points (x, y)satisfying x>0 comprise the right half plane. [i§i 2
x>0 MR (xy, ) EMRT A EFE. I AT LA 3K : The right half plane is
comprised of the points (x, y)satisfying +>0.[HEFHHEHLE >0 B A (z,
WHK.]

(2) constitute vt. ¥,

constitute ] comprise &R i, HEHM XBAHMHE., E4RINEENET
AT R ARS8 s iE, ERARH ¥ R (4 1) 7 48 18 B, comprise,
compose fl constitute ZRHBENIEESE X, B A consist of FHEMESER.
sR§2.2ME2.42=,

(3) obtain vt. 8%

] Based the above discussion, we obtain the conclusion. [3#&F Rt
L, RAVBBIX A4 . )30 obtain BEFEREFRAREHTE L IEAmM“ER”
E—gignt  REAMEXAE. WL, A6 & e B E 8 FE LA derive, arrive
at, get HRR“BH”,

(4) mean vt. HEERE, HHR

{740 by--+is meant-+-, 8] IE 4 “FFig - - R "

#) By “the graph of the set of ordered pairs” is meant the set of all
points of the plane corresponding to the set of ordered pairs. [FFiEH FEXEH
B , 48 B BT L X R Tk A P ST A B R AR a . )

3. EERRR . BWA. NFEE

(1) beof special interest HABFHKKEN. XRMiE of —FAE.
2401 8 F 10 , Equations are of great use. [ FB1BE H.]
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(2) one-to-one a. —Xf—f, ARif one-to-one correspondence Fmn“——Xf

(3) consistent a. —B(K),AAFHY, K5 with B[, 4L be consistent with
BT A SRR e — B TERCE MR R o MR

(4) on the basis of EH“HE---EMLE",

4. HBHQSIR

(1) One may wonder if such sets of points may be succinctly described in
a compact mathematical notation. [ AR FEERE . XX SERLFITLUMH—
FEENBCEIC SR ERER.]

A if g F—ANRIENG, ERFAEXENERRE“RE"., X ifwalbl
Al whether & {CH,

(2) One may be tempted to believe that any arbitrarily drawn curve could
be described succinctly by a simple equation.

EXAZES ), XARTHWES AN A, HFREIEENNAT
ZE 3.9,

% 3] 2.5
1 ¥ETHIRERBENS X RN

vertical line, horizontal line, pairs of numbers, ordered pairs, ordinate,
abscissas, one-to-one correspondence, corresponding points; nonvacuous
graph, conic sections, right circular cone, constant angle, generating lines,
hyperbola, parabola, ellipse; quadratic equation, discriminant, determinant;
degenerate, nondegenerate, arbitrarily, consistent, geometrically.

2. T EMAREEREL |

BHZE KL B EFX AL B —— X B X R B gl
£ EFEE E xR EEHA SR WML YR R RAR . GERLE.
EENMEEN . ELF L, ZKFE FIHR 7K.

3. WiFHk.

(1) EFEEALERS, AT LUHE S HE P8 @8 r —— S h, iE E 8
B R K B —— X R .

Q@ F—HEEHN —FMRBRRET -1 AL, BHRLBH—-IHL
BB .

) XS AXRBERBARIFFETRAFEN LA T (z, AR
4R .
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W AE-HALFEREH KA BARAEZEE. WX EETERL 1
FEE5 - ER#ENE.

(5) 4R 8 30 5 = &9 BUE , o7 LLJnaE 7 82 Gid) i 6B AL B JE B Ut 28 . i 2
A [ _

(6) _ KT BABCHLEBENHENRETIK A% T 0.

4, FPFIN .

(1) In Example 1, we solved a system of equations (one equation is a
quadric and another is linear) by both graphing and the algebraic method of
substitution. The graph of a system of equations gives us information about
the solution, and the algebraic solution gives us information about the graph.
This interplay between the “algebra” of a system and its analytic “geometry” is
attractive and very useful.

(2) A circle may be defined as the locus of points in a plane equidistant
from a given fixed point Q of the plane. When there is a coordinate system
(x, y)and a distance relation in the plane, the circle is the graph of a polyno-
mial (xr—h)2+(y—£&)2—r*, where its center Q has coordinates (h, k)and the
distance is r==0, A circle with r=0 is called a point circle (5 [f) and is classi-
fied as a degenerate form of the circle.

(3) Consider a nondegenerate real circle with center Q and let P#Q be an
arbitrary real fixed point on the line that passes through Q and is perpendicular
to the plane of the circle. The locus of points on the set of lines joining P to
points of the circle is called a right circular cone.

(4) The degenerate cones may be identified algebraically or geometrically.
From a geometric point of view, a hyperbola may degenerate into two intersec-
ting lines, a parabola into two coincident lines or two parallel lines (using a

right circular cylinder), and an ellipse into a point,

§2.6 TEMEE.ELS5FE

( Vectors, Equations of Lines and Planes in Space)

Part A Vectors in Space® ?"]

To employ the coordinate system to study wectors in space, we use three
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unit vectors i, j, and k. The vector i points in the direction of the positive x-
axis; the vector j points in the direction of the positive y-axis; and the vector k

points in the direction of the positive z-axis (Figure 2. 6. 1).

zA
Plxyz)
OP=xi+yj+zk
¥
k k
i
f)
o
i o
x
Figure 2.6.1 Figure 2, 6. 2

The POSITION VECTOR OP of a point (x, y, z)in space is the vector
from the origin to the point (Figure 2. 6. 2). It can be expressed in the form

OP= x + yj + zk. We use the symbol {x, y, z) for this linear combination
of the vectors i, j, and k:

(3) OP=zi + yj + Zk=(x, y, z) for P=(x,y,2).

Thus, we have i=(1,0, 0}, j=<(0, 1, 0), and k =(0, 0, 1).

The displacement vector PQ from the point P=(z, , ¥1» z1)to the point

Q=(x;,y: ;) can be computed from the coordinates of the points by the for-
mula

(4) PQ=(2,—x))i+ (3, —y)j+(z—2))k= (x;—2\» 3=+ 22— ).

The length of PQ is denoted by | PQ|, then by Pythagoras theorem we
have

5) | PG| = | (z;—x))i+ (y,—y)j+(z,—2))k|= [(a—2,) + (3, —
)+ (2, —2 )ZJ%.

In particular , we have
|OP| = |zi+yj+2k| =(z*+y*+2)7 for P=(z,y,2).

The sum A + B of two vectors in space and the product aA of a number
and a vector are defined geometrically as in two dimensions*”’, The sum A+
B lies along the diagonal of a parallelogram with sides formed by placing A and
B with a common base point®** (Figure 2. 6. 3). If instead we place the base of

B at the tip of A, the sum runs from the base of A to the tip of B(Figure 2. 6. 4).
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The product aA has length |a | |A| and the same direction as A if a is positive

and the opposite direction if a is negative (Figure 2. 6. 5).

L
A+B

- 2A(@>0)
aA(a<0)
A
Figure 2, 6.3 Figure 2, 6. 4 Figure 2. 6.5

I. Vector Arithmetic by Components

As with vectors in an xy-plane, we can add vectors in zyz-space and mul-
tiply them by numbers by performing the operations on the components®**,
We have

Q) {xyy iy 20 H a2y Vo9 ) =Cx1F 22, Vi T yes 2t 220,

(5) alx y,z)={ax,ay, az).

II. The Dot Product

Definition 6. 1 The dot product between two vectors A={x;, y1, 2,
and B={x;, y;» z;) 18

(6) A*B=(x1y Y1+ 212*Cx2s Y2» T)=m1 X2ty y2 + 21 2.

The proof of Theorem 5. 1 in previous section, when B

applied to the case of three dimensions, gives the formu-

la
(7) AB = | A ||B |cos 6, 2
which expresses the dot product in terms of the lengths A
of the vectors and the cosine of an angle § between them Figure 2. 6.6

(Figure 2.6.6).

Part B Equations of Lines and Plane’ '}

I. Parametric Equations of Lines

In this section we use vectors to study lines and planes in threedimension-

al space.

We can describe a line in a coordinate plane by giving a point on it and its
slope. The most convenient way to describe a line in space is to give a point on
it and a nonzero vector parallel to it**’, From this information we obtain par-

ametric equations of the line, as described in the next theorem.
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Theorem 1 The line through the point P(x,, y,» 2,)and parallel to the
nonzero vector A=<(a, b, c¢)(Figure 2. 6. 7)has the parametric equations

(1) z=x,tat, y=y,t+bt, z=2z,+ ct.

Proof. The position vector of P is OP=
(xos ¥os o). HQ(x, y, 2)is another point on
the line, then the displacement vector PQ is

parallel to A and is of the form A for some

number ¢ (Figure 2. 6. 7). Therefore the posi-

Figure 2. 6.7

tion vector of Q is
{xy ¥y 2) =0Q=0P+PQ=0P+A
={(xos Yosr Zo) Ttla, b, ¢)
={xotat, yot+bt, zo+ ct).
This gives equations (1) for the coordinates of Q. Q. E. D**,
Example 1 Give parametric equations for the line through the point (6,
4, 3)and parallel to the vector (2, 0, —7).
Solution, By formula (1)with (x4, yy, 2,)=(6, 4, 3)and (a, b, ¢)=(2,

0, —77, we obtain the equations
r=6+2t, y=4+ 0t (ie. y=4), z=3—7¢. O

I1. Equations of Planes

We can describe a plane in space by giving a point on it and a nonzero of
planes vector perpendicular to it (Figure 2. 6. 8). The vector is called a nor-
mal vector to the plane. The next theorem shows how to obtain an equation for

the plane from this information.

Figure 2. 6. 8 The plane through P Figure 2, 6.9 Q is in the plane if

and with normal vector n PQis perpendicular to n

Theorem 2 The plane through the point P(x,, ¥, 2,) and with the non-

zero normal vector n=<{a, b, ¢) has the equation



§2.6 TENOE.BELSYHE 109

(2) alx—xo) Tb(y—y)Fclz—2z)= 0.
Proof. A point Q(xr, y, 2)is on the plane if and only if the displacement
vector PQ=(x—z, Y—3os 2— 2z is perpendicular to n (Figure 2. 6. 9). This

is the case if and only if the dot product
nPQ=<a, b, )*{(x—Zo» y—yo» z—2) =alx—x,) +b(y—y,) +c(z—2,)

is zero, so we obtain equation (2)*®, Q. E.D.

Example 2 Give an equation for the plane through the point (2, 3, 4)and
perpendicular to the vector (—6, 5, —4),

Solution. By formula (2) with (zy, v,y 2,)=(2, 3, 4) and {a, b, ¢)=

(—6, 5, —4), we obtain the equation
—6(xr—2)+ 5(y—3)—4(z—4)= 0. O

We cannot describe a plane by giving a point on it and one vector parallel
to it because there are an infinite number of such planes®*” (Figure 2. 6. 10).

We have to give the point and two nonparallel vectors that are parallel to the

plane (Figure 2. 6. 11).
B
P

A
A

Figure 2. 6. 10 Planes through P Figure 2,6.11 The plane through P
and parallel to A and parallel to A and B

“.RxE583ES

& (1) The sum A+ B of two vectors in space and the product aA of a num-
ber and a vector are defined geometrically as in two dimensions.

XA EFRRK, BFHDHIMLZAEEHR. AF as in two dimensions &
HEBEE . ATAR as 5| R — T E BN LERIENGD, BRENTEES YR
HEFHIALS .

[(EEEEPHEIEBZMAB EES5—/mERNRH A 7T g
o a) BARAF R LA M 7 ok 2 X .
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& (2) The sum A+ B lies along the diagonal of a parallelogram with sides
formed by placing A and B with a common base point.

iX ) 9 3 18 A E T AR AR 6 8L L (B A 4 A 4 CIRIB FISE 38 ) B <y along 5| R 1Y
AR 4 1 X4 317 lies MR IE ;5 — 4 with 51 5 B4 17 58 15 5 5 45 17 parallelo-
gram;formed 5| 5 ) 4> i5] 5 15 & 1ffi 2 i8] sides; 35 — 4> with 5| M A EEE
Wizh4 A placing, EFRFX LT, XBEEEHRINMEBRLR. XA LUE
BhF LT BB Sk B e , Bl B 8 Y A B RS IR Y BE1T R

(EmMEASBHESES, WM A+BEALA,B N4 HF17 0N E
RO o |

& (3) As with vectors in an xry-plane, we can add vectors in xyz-space
and multiply them by numbers by performing the operations on the compo-
nents,

AH as 5[ RE— T HABHLBARIENG. EHEFE add B multiply £
&R zhia , /v iAl 4 1E by numbers R4 multiply, % — 4 by 3| S8 /rial4E 5
(] B 4445 6 1~ B A

Cin 5] b 38 F T A 4 ) BARAE , RATR xyz 25 8] A4 ) B 480 3 Fo B e it
WAl LUE X E N2 R E R i#tT.]

& (4) The most convenient way to describe a line in space is to give a
point on it and a nonzero vector parallel to it,

BEX A e, WA it RFREFERE BN EE, Y EL",

[(HRZEEEKNBE N ENTERAEEL LN — R E— M FITTEZESK
MEFHE.]

$(5) QEDRERF, ¥BABFIENZ)G, o] U ; & B a8
BRZFMALFEY ., KX EBBERNHAFSOENS KA, BAFDY .

& (6) This is the case if and only if the dot product

n-Fé:(a. by c)o{x—Xps ¥~ Yos 220 =alx—20) Tb(y— ) +clz—2)

is zero, so we obtain equation (2).

This is the case 8B F—arE P —MHE . XEH if and only if
R LER Y HNY” HRMEFH —AE L H B if and only if, W B4k K F 3
ALLEYSAR,UABBESLTHRE., 287K

U X A B S50 F X B A ] B A s 0 %L B

n*PQ={a, by c)*{x—Xos Y— 3, z2—2)=alx—x,) +b(y— v, )+ c(z—2)=0,
HERHFR2).]
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& (7) We cannot describe a plane by giving a point on it and one vector
parallel to it because there are an infinite number of such planes.
A4 16 by 5l R IERR RN, BAFiEL AP it B R ERE N
R AN B L T
[ R4Vl LW — AR — 5%V EF17 0 m &, 3. 788 50 2 %1 i X
AN, Bl A XN FEA XBEA.]
=, AESAEET
1. BEREFERERRTR
1) vector n. [a] &
unit ~ B4} [a] & ;normal ~ ¥ [6 & ;tangent ~ 4] [6] & ; position ~ fif
B o & ;displacement ~ (i #,
2) geometrically adv. TEJL{ &, L] ik
HRARIE .
geometry n, JL{f; geometrical a. JL{H,
3) perpendicular a. FEFH K
~ line #Z; ~ plane FEHM;be ~ to #HT,
4) displacement n. {\i ¥
~ vector L [ & ; ~ operator B EF.
5) component n. B, ,H50,.EEK
~ ideal L FA8; ~ of a vector M BHNS&H.
6) parametric a. Z¥H
~ equations S F B ; ~ analysis 2.
*Ei*i%:
parameter n. 2%,
7) parallel a. Y1784
~ lines 474 ; ~ planes E4T¥ M ; ~ to EF7F.
XA
parallelogram n. £ ; nonparallel a. FE4TH,
8) basen. H,JE
~ point 2 &, & & ; ~ angle JEff; ~ for topology #Fh%; ~ of log-
arithm Xt 88 JKE .
9) product n. FH,FH
dot ~ S, AB; ~ rule MEM; ~ measure TP FF; ~ metric F
E#’; ~ of paths HESHH,
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2. EAshiA AXABERRER

(1) point vt. {#2R%8;vi. #8.481H;n. &

Bl The vector i points in the direction of the positive x-axis. [[a] & i 5
x A IE M L)

(2) compute vt. itH

140 compute from FR“H (BT - FiH 7",

#| The displacement vector PQ from the point P=(x;, y1» z1) to the
point @Q=(x;,y;+ 2z;) can be computed from the coordinates of the points by
the formula. DS P=(x,, y1s 2)BE Q= (a2, y2, z:)UBBHBEPQA LU
A ARRRITHE )

(3) add vt. h0.3EH0;vi. BOINEE . IE R

Bl We add two vectors, [HATER A mEMEkK.])

) Addup the figures in this column. [IEXRHEFEmMEE.]

(4) multiply vt. &, Hhn;vi. ik

# Multiplying the vector A by a positive number ¢, we obtain a vector
tA which has length [¢]| |A| and the same direction as A. [ & A F F—)
EXERNBE TR AKKER || |Al TS5 A—K.])

3. BEREA.BE.HREE

(1) through prep. it ., 5t

%) the line through the point P, [list P A HEZ.)

(2) AR from: -tor TR I [ K25 [ 1B “ WA oo Bl ove e

# The position vector OP of a point (x, y, z)in space is the vector
Sfrom the origin to the point. [ [B] P 8 & (2, y, 2) BN E (6] B 2R M E A 5
Ea e . ]

4. BEGIRSFE

(1) The proof of Theorem 5.1 in previous section, when applied to the
case of three dimensions, gives the formula A*B = |A| |B|cos @, which ex-
presses the dot product in terms of the lengths of the vectors and the cosine of
an angle § between them, 7 /0] applied 5|5 # 1t F= 418 5 15 B B 1 when, # 24
F—TEBEFERENT., XTFEXPEHEENNFE. SR $3.1, AF
which 3| 589 3k Bl ¥ 5 ¥ M 41 B SE BEBTRT B A M0 & X, expresses - in
terms of EH A, EEE“ @@L - HKFEK",in terms of JFIEH FRiILMWIE
EEACER

(2) 1t can be expressed in the form OP = zi + yj +zk. Z<4] express *= in
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the form th 2B SR HBIBRIE, T ERBEEEMNER.
% 3] 2.6
1. ERFINBEARENE L ZMNA:

vector, unit vector, normal vector, position vector; base point, tip of a
vector, component of a vector, dot product; parametric equations, displace-
ment, geometrically, parallel lines, parallel to, parallelogram, nonparallel,
perpendicular; point, add, multiply, compute.

2. T i B AR TR RSP O

i Rk AEREAGRBLA MERRE. AEMASR.
M BPHBR B EILME FETR . FTTF . FOEAE AR EEH
;8 A TR LL.

3. Wik

(1) FEz (a5 AR R A F4T 4 1) & & 3L 28 /9 (collinear) ; B A~ ] I BE B &
— S S ENA 1T,

(2) #EBAESB REFHE, LENWERES WMA+BEELA,
B &P FATHA TR AL L.

) ZHa 5EMBAMTER A ZE—THR, EMNKEEFTallAl FaX
EX.MEMTEYS AHREE« RABCMENTRS A HK.

(4) 8 Qx, yy )TV b2 EAVYS 88 i PQE & F 2k e ik m o I 3X 4
TMEENRRENT.

G) BARHEL LN -SSR FTTZELWERAE,TUBIELN S K
F., HRWr] ARR R Vil BE e B,

(6) B P=(x1s 31+ 2DBIH Q=(22, yo» z) WAL [ B PQAT LURIE X7
REAERIE LT ALKITE.

4. TR

(1) It is known that Descartes used a pair of number (x, y)to locate a
point in the plane, and a triple of numbers (x, y, 2)to locate a point in space.
When this idea is extended to n—tuple of real numbers (a,, a,,***, a,)for any
integer n==1, the n—tuple is called an n—dimensional point or an n—dimensional
vector, the individual numbers a,, a;,+**, a, being referred to as coordinates or
components of the vector.

(2) Let x4 x;, **-, x, denote vectors. Any vector expressible in the form
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a1 X1 +azx3 +"'+a,,x,. (With ays dz sy a, scalar)

is said to be (expressible as) a linear combination of x,, x;4 ***, x,. (In the

trivial case n=1, where we would be talking about “a linear combination of
x,”, that would simply mean a scalar multiple of x,.)

(3) Vectors x;, Xz ***, X, are said to be linearly dependent if there exist

a set of scalars a;» az+***s a, which are not all zero such that a;x; +asx; ++-+

a.x,=0. Vectors x,, X;, **, X, are said to be linearly independent if x,,

Xz ***, X, are not linearly dependent.

Vectors x;, X;, ***, x, with n==2 are linearly dependent if and only if one
of them can be expressed as a linear combination of the others.

(4) Suppose vectors X;, Xz,***, X, are linearly independent. If a;, az,***»
a, are scalars satisfying a; x, tasx; ++*+a,x,=0, thena;, az,***, a, are all ze-
ro.

This proposition is simply a direct consequence of the definition of the de-
pendence and independence. Indeed, if the conclusion were false, i.e. we
would have a,x;, +a;x; ++*+a,x,=0 and ¢+ a;,***+ a, not all zero, then by

the definition, x,, x;, **, x, are linearly dependent, which is contradictory to

the hypothesis that x,, x;, **+, x, are linearly independent.

§2.7 EBEELHTRHR
(Matrices and Linear Transforms)
—. KR
Part A Applications of Matrices'**!

In recent years the applications of matrices in mathematics and in many
diverse fields have increased with remarkable speed. Matrix theory plays a

central role in modern physics in the study of quantum mechanics.

Matrix methods are used to sclve problems in applied dif ferential equa-

tions , specifically, in the area of aerodynamics, stress and structure analys-

is*?. One of the most powerful mathematical methods for psychological stud-
ies is factor analysis, a subject that makes wide use of matrix methods.

Recent developments in mathematical economics and in problems of busi-

ness administration have led to extensive use of matrix methods. The biological
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sciences, and in particular genetics, use matrix techniques to good advanta-
ge®*®, No matter what the student’s field of major interest is, knowledge of
the rudiments of matrices is likely to broaden the range of literature that he can
read with understanding®‘”.

In this section we will give some elementary examples of how matrices are
utilized.

The solution of n simultaneous linear equations in » unknowns is one of
the important problems of applied mathematics. Descartes, the inventor of an-
alytic geometry and one of the founders of modern algebraic notation, believed
that all problems could uitimately be reduced to the solution of a set of simul-

i)

taneous linear equations®’, Although this belief is now known to be untena-

ble, we know that a large group of significant applied problems from many dif-

ferent disciplines are reducible to such equations®®,

Many of the applications require the solution of a large number of simulta-

&6

neous linear equations, sometimes in the hundreds*‘®, The advent of comput-

ers has made the matrix methods effective in the solution of these formidable
problems*‘”,
Example 1. Solve the simultaneous equations for x,, x, and z;.
2x+ 3x;+ 4x,= 4,
2ni+ o+ x;=—2,
—nt xt 2= 2,

Solution. We may rewrite these equations in matrix form

2 3 4 X 4
2 1 1||lx|=|—2 (1)
—1 1 2Lz 2

and call the matriz of coef ficients A, the 3 X1 matrix of unknowns x, and the

3X 1 matrix on the right k, we may then write Equation (i) in the form
Ax=k, (ii)

If it were possible to find a 3 X 3 matrix, which is designated by A™' and is

called the inverse of matrix, such that

AT'A=I, (iii)

where I is the identity matrix, then we would multiply both members of Equa-
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tion (ii) by A~'*®  Equation (ii) would then become
A 'Ax=A""k. (iv)
Using Equation (iii), we could rewrite Equation (iv)as
Ix = A7k,
x = A"k (v)
Specifically for this case, without telling you how we get it,

=f @ e
A'=| 5 —8 —6| .
~3 5 4

Using this in Equation (v), we get

T —1 2 1 4 —6
X | = 5 —8 —6||—2|= 24 1.
i —3 5 4jl 2] |-14
Thus r,=—6, x;= 24, and x; = — 14, From the above discussion, we

see that the problem of solving n simultaneous linear equation in » unknowns is
reduced to the problem of finding the inverse of the matrix of coefficients.

It is therefore not surprising that in books on the theory of matrices the
techniques of finding inverse matrices occupy considerable space. Of course,
we will not in our limited treatment discuss such techniques®®,

Not only are matrix methods useful in solving simultaneous equations, but
they are also useful in discovering whether or not the set of equations are con-
sistent, in the sense that they lead to solutions, and in discovering whether or
not the set of equations are determinate, in the sense that they lead to unique

solutions®*'?,

Part B Representation of Linear Transformations by Matrices'**]

Let V be an n-dimensional wvector space over the field F and let W be an m-
dimensional vector space over F. Let 8 = (&, ,***, @,) be an ordered basis for

V and B' =(B,,*, B..) an ordered basis for W. U T is any linear transformation

from V into W, then T is determined by its action on the vectors a;*"'?. Each

of the n vectors Ta, is uniquely expressible as a linear combination
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Ta;, = D, A,B {35y
i=1

of the §i, the scalars A;,+-+, A,; being the coordinates of Ta; in the ordered
basis B'. Accordingly, the transformation T is determined by the mn scalars
A; via the formulas (3—3). The m X n matrix A defined by A(i, j)=A; is
called the matriz of T relative to the pair of ordered bases 8 and B'. Our im-

mediate task is to understand explicitly how the matrix A determines the linear

transformation T. If a=x,a, + ***+ x,a, is a vector in V, then

- Z":IJ(TG_,)

n
Il
] i=1

4

Ta = 7]

Fl

= 53 ap - E[

i=1 i=1

y A,-}-.r,-}ﬁ.-.

If X is the coordinate matrix of & in the ordered basis 8, then the computation
above shows that AX is the coordinate matrix of the vector Tar in the ordered

basis ®', because the scalar

"
Az
j=1
is the entry in the ith row of the column matrix AX. Let us also observe that if

A is any m X n matrix over the field F, then

" "

defines a linear transformation T from V into W, the matrix of which is A, rel-

Ta =T B: (3—4)

il
i=1

i=

ative to B, B'. We summarize formally;

Theorem 11. Let V be an n-dimensional vector space over the field F and
W an m-dimensional vector space over F. Let ¥ be an ordered basis for V and
B’ an ordered basis for W. For each linear transformation T from V into W,

there is an m X n matrix A with entries in F such that

[Tals =Alals
for every vector @ in V. Furthermore, T—A is a one-one correspondence be-
tween the set of all linear transformations from V into W and the set of all

m X n matrices over the field F.
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The matrix A which is associated with T in Theorem 11 is called the ma-
triz of T relative to the ordered bases B, B'. Note that Equation (3—3)says

that A is the matrix whose columns A, ,**, A, are given by
A_,'= [Taj]m- ’ j=11"'vﬂ.

If U is another linear transformation from V into W and B=[B, -, B, ] is the
matrix of U relative to the ordered bases 8, B, then cA +B is the matrix of
c¢THU relative to B, B'. That is clear because

A;+ B;= [Ta,]o +{Ua,;Jo=[cTa;+Ua; Jo =[ (T + Da; s .

Theorem 12, Let V be an n-dimensional vector space over the field F and
let W be an m-dimensional vector space over F. For each pair of ordered bases
B, for V and W respectively, the function which assigns to a linear transfor-
mation T its matrix relative to 8, ' is an isomorphism between the space
L(V, W) and the space of all m X n matrices over the field F*“¥,

Proof, We observed above that the function in question is linear, and as
stated in Theorem 11, this function is one—one and maps L(V, W) onto the
set of m X n matrices.

Z.AESBEER

& (1) Matrix methods are used to solve problems in applied differential
equations, specifically, in the area of aerodynamics, stress and structure analy-
sis. '

A i& applied differential equations K7 i g “ K7 4% 4+ H #"”, stress and
structure analysis () B B &“ RIS MG, 2T FR .

W I 7 v B P R e DR L P A4 i R P B 1AL, R S R FE S 1 22 LA R
IG5 5 Hr U P A A . )

& (2) The biological sciences, and in particular genetics, use matrix tech-
niques to good advantage.

W4 to good advantage fE4E RARIE B use, 73K FMBOR .

(EAYRF R EERZR, EEETTNERAEBAREY.])

& (3) No matter what the student’s field of major interest is, knowledge
of the rudiments of matrices is likely to broaden the range of literature that he
can read with understanding.

1 £H read with understanding BB BE“{E4E”. XA F®K.

[0 % A = B XGERAE T 14 SR, 46 B 1Y ZE 0 0 UL AR AR T BB 3% 58 M B Rk ik
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il r SO D

& (4) Descartes, the inventor of analytic geometry and one of the found-
ers of modern algebraic notation, believed that all problems could ultimately be
reduced to the solution of a set of simultaneous linear equations.

AFEK, E4 5 R ALE AT RS — 4], believed Z J5 B ¥ — . A
1238

U EILESIFLAMHEZRE. AREARRBFASHELEZ — MY HEFE
A R ERAMEBHS I RBR AT EA.]

& (5) Although this belief is now known to be untenable, we know that a
large group of significant applied problems from many different disciplines are
reducible to such equations.

B4 untenable I E B R “WAEME”; reducible to IR B RE“7 LI L
Jlsreser B”. 2HRER.

[BERX M REHRACHIELRATEMNBRITAME, KBEXAARFEH
F%) B 2 7 A (o) RS R T 5 AL G R O B O AL EL. ]

& (6) Many of the applications require the solution of a large number of
simultaneous linear equations, sometimes in the hundreds.

FREREXREAPF TN :— & system of equations; ZRAH sys-
tem, ifii A simultaneous equations, [T HF W IFM “BEL HFRBR”, &, a large
number of M E“N IR E”. in the hundreds BER“HEE N (HRH)”.
ECIDIRE B

UFZRAREERBHRBRNFBRLEMRETBRA At B
A¥EA.]

& (7) The advent of computers has made the matrix methods effective in
the solution of these formidable problems.

#3a formidable B & X EEA “HE LR AT 497 “BEA 0”5 3B L 3Cmil A
FEhREEERBILEANBE LB R TAERB R FUX BN ERE AN,
174 make sther-effective BB R “ffiere-- BR”., £FER.

it 5 AL a0 s 30 06 45 0 5 7 v T LA A 000 A F 4 DX 2 3 900 R B K 0 SR
A8 .1

& (8) If it were possible to find a 3 X 3 matrix, which is designated by A™'

and is called the inverse of matrix, such that

AT'A =1, (iii)
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where I is the identity matrix, then we would multiply both members of Equa-
tion (ii)by A7,
XA R AR LB S BB R R EUEATIRE , IR A B RiE TR EFE.
(i RBAIEBERHBEEAT, EE—3X3IEEHEHE
AT'A=1I, (iii)

Hep I RIESFEMN, BARMNTETBG AR A ]

& (9) Specifically for this case, without telling you how we get it,

—1 2 1
A'=[ 5 —8 *6].
3 5 4

41 without telling you how we get it i A& /EMMBEEE, A BB LL

RHAE®E.

C5e 50 H, fEA B,

—1 2 1
Al—{ 5 —8 S].
—3 5 4
X B AU sk 15 ]

& (10) It is therefore not surprising that in books on the theory of matri-
ces the techniques of finding inverse matrices occupy considerable space. Of
course, we will not in our limited treatment discuss such techniques.

4] it BIERX E K, that 51— FFNMA], HA in books BEE“7E—L&
FH e ”;0n the theory of matrices 2{&4f books;in our limited treatment F§H 2
“BATCRER BN D WA RMES.”

LB I, A — 2 56 7 48 B J A0 9 45 o, SR 58 B 1 O 36 o5 B M Y K AR W O F
AR, SR BRIMNEXEREARMLE A2 HITBXETE.]

& (11) Not only are matrix useful in solving simultaneous equations, but
they are also useful in discovering whether or not the set of equations are con-
sistent, in the sense that they lead to solutions, and in discovering whether or
not the set of equations are determinate, in the sense that they lead to unique
solutions.

A1E consistent K E B R“HAH”,determinate HEER“HAEM”. AP
B in the sense that--#Z 2 #H A1E, 4 i B3 consistent fl determinate fi§ &
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A THERXRK, TIEBEABREESH BTENERAMARBEZE.
B lead to & X ERRE“SH”,lead to solutions # lead to unique solutions A~
HEF RFRAEE. ATHELLEMNR, T useful A,

[EERNATARmEL TR MAEVTUATRAXHAFBETHAHE
HEXNEEMNEARMFBHAER WA TRAXHATBERHE FIEME
X EREMNHRHTRANHE—.]

& (12) If T is any linear transformation from V into W, then T is deter-
mined by its action on the vectors a;.

A] 1 action on the vectors a; N BB IFR“EE T HE a; LHER".

(MR TEVEWMHERHELZR. N THEEAES IR e, LHERF
b |

& (13) For each pair of ordered bases &, for V and W respectively, the
function which assigns to a linear transformation T its matrix relative to 8,
B’ is an isomorphism between the space L(V, W)and the space of all m X n
matrices over the field F.

XAPEHEXREBERE A, BFENEEREEEHEXLR. Hh which 518K
F 1B MW AMEM function, % M A] &1, its matrix relative to B, B'f& assign ) BH 1%
EE.EHGE, MEREH to a linear transformation T & assign f A {EEIE,
assign FORM BB R“HE”, TRERENERHEIE,

S FARIXMMFVHMWHEMAFES, B, 8% ER THRIEXT
B, B'HEEHRBRSE LV, W) 5 F LA m Xn 568 B4 LA 2 6
B EH .1

Z.RAESAHES

1. ER¥ERBERRAT R

1) dependent a. X

linear ~ £ PEAH X B; ~ linear equations fH X & H #; ~ random

variable X7+ & ; ~ variable HZ &,

HEARE:

(i) dependence n. #H3¢, 34 linear dependence 2R ¥EAH X,

(ii) depend v. 5H X, K# T .

#l The chose of the integer N may depend on e. [IF¥¥ N )% B o] g
He AX.]

2) scalar n. Frlk BUE, Wil a ARE, PR, AR

~ multiple 2 B £ ¥ ; ~ product of vectors M EBHWHER (KW H, &
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) ; ~ quantity $(8 , 4 ; ~ matrix bR EERE; ~ multiplication fF B F .
3) hypothesis n. {Hi%
~ testing fRi& &% ; ~ proposition B 5 il .
4) column n, %
~ count Fit & ; ~ rank 7Bk ; ~ sum of a matrix FFEM T ; ~ vec-
tor 3| [a] & .
5 rown 1
~ vector f7[a] B ;~ rank 78k ; ~ sum of a matrix FHEEMITHI,
6) simultaneous a. [AAt &Y, BPES Y
~ approximation BX-& 8 ; ~ equations B3 /¥ #2; ~ linear equations
BRI ¥E 7 8 5 ~ inequalities BRI AR E S ; ~ velocity BIRT 2.
7) consistent a. HEN,LFEK
~ axioms fHEM A ; ~ equations HEMFTE.
8) ordered a. HIFH
~ basis H F#; ~ pair HFA,
MHERARIE:
order n. ¥,
9) transformation n. 7k
linear ~ ¥ AF e ; ~ group P ; ~ matrix LI E; ~ of coordi-
nates é&ﬁ&g@ﬁo
10) isomorphism n. [l
~ class EI# % ; ~ of algebra (LAY R ; ~ of groups M EIH.
ﬁ%*%:
isomorphic a. [AJ#JBY):~ group EI#EE; ~ relation FIHWEXLE.
2. ¥R BAXRAERAER
(D call vt. £ §2.3 B2 Bt ,call TLIHNEIE, BEBEEHHEH, K
Hf - ANMEEREFSHAX, AHER N FHRNERHEE. A, EX AF
) 4] -F
We may rewrite these equations in matrix form--+and call the matrix of co-
efficients A, the 3X1 matrix of unknowns x, and the 3 X1 matrix on the right
k, we then--,
HPH=MWNEE, §—HWE _RERRFE, EM105R Ax k. XB
PSR R -
[RMNTUEXETERE R FERBEERI A B IXI HRAE
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Eﬁﬁ{j} -\'J’E’.ﬁiﬂ 3IX1 Wﬂilﬁ‘ﬁ;}] k!:‘FE """ el
(2) make vt. XA SHAFEN BEF R AT HF 0 — BN AR E N
M., EMUHENEE. B0 make sthe- effective T B & “{f ----o- AHE7L

& (7)), —ftH, i make WAL AR R L. BI40: make use of, HAERI MY T
#hia] use BY utilize, [l make wide use of BRI AT Z M F” ; make sense HEE
“EHBY”;2 and 3 make 5 EE“2 0 3 %F 5”7,

(3) lead vt. 3| %, 40

BeEFEPERAYS lead to, BB R“RHE”.

3. XER.BA. TREE

(1) trivial a. % #, 3% 19

a4l trivial result AT B F N “E LB 4L,

(2) contradictory a. FJ&#

% H be contradictory to eesee FiE. BIFRTHESE 4HS.

(3) be reducible to W] faj 4k, W ¥4t R . #HRLH 3 iR E 44 reduce to,

(4) expressible a. 7| kK

PA-ble G WAL 258 , B B A 18 L0 -~ (7, XK &8 F1E & 156
ANAUEE FERBHAP.CRBTE MRS,

1  Any vector expressible in the form o, x; +ayx; + **+ + a,x, (with q,
az»***s a, scalar)is said to be (expressible as )a linear combination of x,, X;, ***,
x,. DEM avx, tazxe o taux, BWEIBRHEIGEATRRI) 2, x20 oy x, R
HHE HP a, ars e, il . JH B expressible in the forme«+{E vector i
FEEE.

4. RBFYSAR

(1) We may assume i =1 without loss of the generality.

(AR —ftE, RATAT AR i=1.]

X RTE W IS YO B AR 0L B — R ) Y, A T 9 R B AT B A et
HIWE . AXBEBRBENREITENHF —FNE,.ISME5 6.

(2) XFERXEZAFEHBAE, L(DOMS), HXBABHNNE, TS
W §3.8,

(3) This is contradictory to the hypothesis that x,, x,, ***, x, are linearly
independent. [iX 5 x,, X, =, x, BREAH X LW BRETE .Y XA B ¥ HE
RUEEMGHRIE. 2R §2.92Z =9 % F5hia contradict /4.

(4) Each of the n vectors Ta, is uniquely expressible as a linear combina-
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tion Ta; = EA,ﬁ of the B;, the scalars A;,++, A,, being the coordinates of
Ta; in the ordered basis 8'. [iX » M & Ta, PHRE—EAHE—FRARP: B

KHEHE Ta,= EA“B JHPE A,y AR Te, EA T3 B LA IR

o B 7E 43 1] bemg I«J’a‘m_\f_f*ﬁ]&‘ﬂfiiﬁtﬂﬂ TECFE B A X il 18T ) 9 PR RN FE LA .
AXGHEBNE, TSR E 3.1,

& 3] 2.7
1. ERTIIHFERENEGT R -

vector space, row vector, column vector; matrix, square matrix, inverse
matrix, matrix of coefficients, zero matrix, identity matrix; linear combina-
tion, linearly dependent, linearly independent, determinant; transformation,
onto, isomorphism, isomorphic; applied differential equations, mathematical
economics,quantum mechanics; consistent, ultimately,

2. T HEARFEFREXL:

B2 E] AT R B R R R RS BB ER
M AT HI R AR AR R R e B B A R A R A 5 N RS
BBELSK BT H% 5N B&H,

3. DU,

(1) KEHE KHEHXMEKETRBREEE S H PR EERLS,

(2) % iy HE BT BE 51 1) — S B0 A, 20 2R 8 M 9 A7 30 51 30 ],
AT, BTEXNN -7,

Q) HHERNTHXBERETBA METUETHEXATBESTH R
B f A ME—

@) RN BERER T EASCL A TR EEA N TBRO T EY.

(5) XAGEi R w] B R AR F & 1Y, B8 b BT 3IE 1) i BB AR S

(6) XABFERIT B B EGHEERE, WA ASEAHNHEEZT
REBE A Mt A P47,

(M BV EBF L@ n frBERTMWRESF L m EmE2E,8 A
B'FHNREVHMWHEFE. BANVEWHE—KWETHT BT HTT B
B HEREFTHE .

&) ATLIES Nz 6 V B BasE W T A R RARME S
BF EWBTA m X n 58 BT AL A 5E 22 18] ) — — 3 B
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4. TR

(1) H V and W are vector spaces over the field F, any ono-one linear
transformation T of V onto W is called an isomorphism of V onto W. If there
exists an isomorphism of V onto W, we say that V is isomorphic to W.

(2) A matrix is nothing more than a rectangular array (%)) of numbers
(for us this means real numbers). An array of numbers with p rows and g col-
umns is called a p X ¢ matrix (“p by g matrix”), and the numbers themselves

are called the entries in the matriz (JERERIIT). The number in the ith row and

jth column is called the (i, j)-entry. Sometimes suffizes (F#5) are used to
indicate position, so that a; (or b, etc. )may be used for the (i, j)-entry.

(3) A pXq matrix has only one row when p is 1, and is called a row vec-
tor; and when g=1, the matrix has only one column, and is called a column
vector, The case when both p and g are 1 is rather trivial and need not to con-
cern us here, A column vector with p entries we shall call a p-vector, so a p-
vector is a p X 1 matrix.

(4) A matrix with the same number of rows and columns is called a square
matriz( ). And an nth-order square matrix, which is denoted by A,x,,
consists of »* numbers with » rows and n columns. For any matrix A,x, with
real numbers entries, there is associated a unique number called determinant,

designated by | A

. Also, is said to be a determinant of order n.

(5) An mXn matrix has m row vectors and n column vectors. Suppose A
is an nth-order square matrix with real numbers entries. Then the n row vec-
tors of A is linearly independent if and only if the determinant | A | # 0. Fur-
thermore, the n row vectors of A are linearly dependent if and only if the n col-
umn vectors of A are linearly dependent.

(6) A square matrix which consists entirely of Os is called a zero matriz,
A square matrix has 1s down the diagonal from top left to bottom right (this
diagonal is called the main diagonal) and has Os elsewhere is called an identity
matriz and denoted by I. An identity matrix has the property: If A is a square

matrix of the same size as I, then we have AT = IA=A.
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§2.8 AYMMARHRE

(The Concepts of Functions and Their Evolution)

—. HERX
Part A The Concept of Function'**

Seldom has a single concept played so important a role in mathematics as

* 1t is desirable to know how the concept has

has the concept of function
developed.

This concept, like many others, originates in physics. The physical quan-
tities were the forerunners of mathematical variables, and relation among them

was called a function relation in the late 16th century®*®,

For example, the formula s=16¢* for the number of feet s a body falls in
any number of seconds ¢ is a function relation between s and t, it describes the
way s varies with :*® . The study of such relations led people in the 18th cen-
tury to think of a function relation as nothing but a formula,

Only after the rise of modern analysis in the early 19th century could the

concept of function be extended*‘*’. In the extended sense, a function may be
defined as follows: If a variable y depends on another variable x in such a way
that to each value of x corresponds a definite value of y, then y is a function of
x*® | This definition serves many a practical purpose even today.
Not specified by this definition is the manner of setting up the correspon-
dence. It may be done by a formula as the 18th century mathematics pre-
sumed, but it can equally well be done by a tabulation such as a statistical
chart, or by some other form of description®‘®’,

A typical example is the room temperature, which obviously is a function
of time. But this function admits of no formula representation, although it can
be recorded in a tabular form or traced out graphically by an automatic de-
vice* ",

The modern definition of a function y of z is simply a mapping from a
space X to another space Y*®, A mapping is defined when every point x of X
has a definite image y, a point of Y. The mapping concept is close to intuition,

and therefore desirable to serve as a basis of the function concept. Moreover,
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as the space concept is incorporated in this modern definition, its generality

contributes much to the generality of the function concept®®’,

Part B Further Discussion on Functions'**

I. A Set of Some Special Ordered Pairs

We can use the concepts of ordered pairs to give a new definition of func-
tions as follows. A function is a set of ordered pairs such that for each first co-
ordinate only one second coordinate exists. The domain of a function is the set
of all first coordinates. The range of a function is the set of all second coordi-
nates.

II. Inverse Functions

Let X and Y be sets and suppose f; X—Y is a function. If g: Y—=X is an-
other function and has the property that

y=f(x) ifandonlyif z=g(y),

then we call g the inverse function to f. Observe that x=g(y) is what we ob-

tained by solving the equation y= f(z) for x in term of y, However, in the
general case, the equation y= f(x)may have no solutions at all or else may
have many solutions. Thus, for f; X—=Y to admit an inverse function, it is
necessary that, for each y in the set Y, the equation y= f(x)has a unique solu-
tion z in the set X*“'”_ It is clear that if we consider a function f: X—Y as a
mapping, then its inverse function g is just the inverse mapping ',

I1I. Simple Functions and Characteristic Functions

A complex function f on a measurable space X whose range consists of

only finitely many points will be called a simple function*'”’. Among these

are the nonnegative simple functions, whose range is a finite subset of [0,
o0). Note that we explicitly exclude oo (infinity) from the values of a simple
function. If a,, az»***» a, are the distinct values of a simple function f , and if

we set A;,={x:f(x)=ga;}, then clearly

n
f= 2aids, s
i=1
where X4 18 the characteristic function of A,.

—\RESEEES

& (1) Seldom has a single concept played so important a role in mathemat-
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ics as has the concept of function. It is desirable to know how the concept has
developed.

AR E AR so-ras Bl R —NHERIBNE . FAEEIRT, Eif concept
J& B .8 seldom JBU#E B & & 3R VA M9 45 A ; JE 25 18] single &1 concept, 2 HH B0
P . BHR AT R R ok B AR B k.

[fERE S BOARREIHE, M- THS AEEXAETZENEM.
Hik, BALERMEXMMEEERARERMN.]

& (2) The physical quantities were the forerunners of mathematical varia-
bles, and relation among them was called a function relation in the late 16th
century.

XAEEHEBEMBFTR, M ARE them BIRFBOIM R R EE LT
them Z B # among, 454 | F X HEH, relation among them W ERX Y H &
ZEBXR, MARYEBENBEATRZEIRNCR. WiRH N ZHARHES.

[(VEREBFTRMAK  SMYHBZEAXRE 16 HL2FHKNE
L EE W |

& (3) For example, the formula s=16¢* for the number of feet s a body
falls in any number of seconds ¢ is a function relation between s and ¢, it de-
scribes the way s varies with ¢.

4] F number of feet F /5~ % N %, number of seconds F 75 # ¥, varies
with : EER“BEE  MERL".

B, ZR— 1T VEEEE P TEMERKs AR s=160 B s #
t ZEMRBRR,EWMAT s B BB HR.]

& (4) Only after the rise of modern analysis in the early 19th century
could the concept of function be extended.

X ] A B A] only BUEA)E IRIEET(R] . AT LIS IFOR M0 F BER -

[REE 19 LY HBLGE, AR BSA T RREDIH.]

& (5) In the extended sense, a function may be defined as follows; If a
variable y depends on another variable x in such a way that to each value of r
corresponds a definite value of y, then y is a function of x.

HH in the extended sense HiF N “IEBMEFHE L, A that FIRH
AN way 6B AL 18, B B H AR BB A], EiB R a definite value (H 5 £
{&) ,18i& & correspond, Tfii correspond # 5 to #FEH.

[ TG, RBATLUXHEE - ME—-ATE y BT HIFRAKB TS &
B, BINF 2 WBNME, y BAE-IHENESZXTN, N vy R ARS.]
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& (6) It may be done by a formula as the 18th century mathematics pre-
sumed, but it can equally well be done by a tabulation such as a statistical
chart, or by some other form of description.

7% .1t may be done 1 it ##)J2_—4] ) the correspondence, be done & be
set up B REE , NI E# ", presume W IFER“RA”. £ATER:

(e 8 18 2 A8 BT R A B 5 B3R HE , RSO0k 8 37 , {8 [F] 7 s ] X
Fnge it 2R HE A9 06 SR R M R R iy ok E .

& (7) But this function admits of no formula representation, although it
can be recorded in a tabular form or traced out graphically by an automatic de-
vice,

A 4] although Bl — Mk R 1B M A]. admits of no formula BB K “A 7]
fEF/AR”. 5EiE be traced out graphically EB2“HEK B RE#”, 24 7]
A

LA X ERATRAAX KRR  REETLIHERERB P HERN—
A EERERTAEELEE.]

& (8) The modern definition of a function y of x is simply a mapping from
a space X to another space Y.

A FLREGE, BEFRERNARS . TiFER:

[HARMEL , y B WRBAARTRNTE X B 5 —FE Y k5]

& (9) Moreover, as the space concept is incorporated in this modern defi-
nition, its generality contributes much to the generality of the function con-
cept.

AH as 5| R RKHMNE, EAF its $§ M2 modern definition; H B4~
generality R AR¥EA) FRIA T 2 SIS T "R —BiL”.

Lt sk, B FiX A B E SCPRRA T 25 (B BEE , BT L, X F e X o B0 2
M —BIEHRAH B ]

& (10) Thus, for f: X—+Y to admit an inverse function, it is necessary
that, for each y in the set Y, the equation y= f(x) has a unique solution x in
the set X,

AALL it E R A EE that 5 EMA A RAEN EF, RHFEREH
B &M, £anlFl.

[HI, [ XY ARRBNDERER M TRY PHE -1y, T8 y=
fOEE X PEHE—F x.]

o (11) A complex function f on a measurable space X whose range con-
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sists of only finitely many points will be called a simple function.
R BE AR A, 4] whose 5E R E & MM function f, 7] LI
. BIERL.
(AT E X LA R f EHEBRNNEHARS NS SARN, WKZ
S fE R
=\ RiESANES
1. ERABEABRAETR
1) function n. BR¥
~ of first degree —¥K BAY(; ~ of one variable — JGER ¥ ; ~ of several
variables ZJCEEH; ~ of real variable SEAF R ¥ ; ~ of complex variable B 4
PREL; ~ theory BRELIE.
FHEXARE
functional a. BR¥IAY; n. Zeh: ~ analysis IZ E4 7.
2) domain n. X3, & LI,
~ axiom /A HH; ~ of convergence MBI ; ~ of integration F4F X i,
3) range n. {HI, FEE
~ of definition % X i ; ~ of function PR A {EHE; ~ of integration
Bl X,
4) mapping n. BR&t
one-one ~ —— g},
HXRARE:
injection n. B %} ;surjection n. ¥ & ;bijection n.  XEf.
map v. A~ into Bt A ;~ onto Bt L,
5) imagen. 12, @&
inverse ~ ¥ {®; ~ identification F{®iA5H|; ~ processing EI{R 4L ,
6) statistical a. HitH0
~ analysis GEit4#7; ~ chart it E £ ; ~ data i858 ~ table &
it #; ~ estimation method % itfitH #&; ~ hypothesis it B i%; ~ infer-
ence GLit#EMH.
HXRARE:
statistics n. it (2.,
7) measurable a. T {
~ function W] | BE ¥ ; ~ set 7] M| B ; ~ space A] W Z5 ] ; ~ transforma-
tion AJ {YAE
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FRAIE

measure n. W E, & ; measure vt. &

8) characteristic a. FFIEH)

~ function $¢{F PR ¥ ; ~ matrix ¥E{EHE BE ; ~ vector $F{E A & ; ~ pol-
ynomial $F1F Z K ; ~ root FF{EMR ; ~ solution $E{FEME; ~ value $EE{H.

2. ¥AFRAEXRAERELR

(1) vary vt, #5354k, %2 ;vi. 34k

REB BN vary B 5 with 8 as B ER B B4”. Fl0, Varia-
ble y varies directly as x. [ y b x IE%.]

Xif i ) 4 18] J& variation n. 484,42,

fl The second basic type of variation is called inverse variation. [5 — 2
RS HRARE.]

(2) admit vt. RH,BUH, fifF

Bl F W (10), HEE,admit HEEEXWEER RN ARTRE”, ¥ 517 of
B,

#l This function admits of no formula representation. [3X -G ¥ ] fiE
MARkEERR.]

(3) set vt. &, @ sn.

ESTAI Y set EBCERIFRE HAEHFEAP, BARR”: 5 up BRH
T4 set up MEREN". EZEAN set BFERBEPHREHRE, TEX
AYHE”; MAE a set of numbers(—4 £ Z K78 4H 1, set A F MIIE K & ia , 1%
RUE”,

(4) exclude vt. Hl

W4 exclude sth. from sth, BEE“NEY P EWHERH %7,

il Note that we explicitly exclude oo (infinity) frem the values of a sim-
ple function. [ i, RATH B Hi oo (835 ) M T B e BN P HEBR H £ .)

3 EERBR. AR MAEE

(1) proportional % (1E) LR, ¥ £ to+Z iR (R , RR“ G- BIEHK”,

$l The phrase “y is directly proportional to x” is also to indicate “direct
variation”, [RiE“y 5 x MIF LL”H B E“IEAE"],

(2) among f-if ,ZE( =N HELHMNR)IZE ., EEY between BIX .

4, BAGIR SR

(1) ZESd (DA (O, RIMNBB KRR BRBEKTE, B2 51 sel-
dom #1 only B4, # B34, AXBADMBEIXRANEZNR, TS W
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§3.12,

(2) It describes the way s varies with t.

A4 it R, RABRTHR AN AR, W s varies with ¢ 2R ALiE N 4],
4 W85 9 that, 8 way. X TFRMEMECIENGHNR, TSE §3.8.

(3) It is desirable to know how the concept has developed.

It tERER FEBEH AT, AER to know 5| FHEIBEERNERTIE.

It is desirable to doe . [fif-= - HGFATL T .]

(4) Thus, for f:X—Y to admit an inverse function, it is necessary that,
for each y in the set Y, the equation y= f (x)has a unique solution x in the set
X. REXHEIE for £: X—Y to admit an inverse function 4 H BRIE, H £. X
—-Y BRAEXMEBEIE. FaF it ERHERFEE, that 5| B NEE EFEN
A, XAREC LS (10), XTFHARAERMELITR,AISW § 3.3,

% 3] 2.8
I EETHBFEARERE LN

function relation, tabulation, inverse function, simple function, charac-
teristic function, composite function, mapping; directly proportional to,direct
variation, inverse variation; the extended sense, generality, property, incor-
porated; maximum value, infinity, measurable space.

2. BT HEAARFFERIEL:

R KR RS R AR IERB B MM B, & 0 |
W5 MIEH LG IER RE; R RE ERAIFAEFT K,
B KA AT Zs (6],

3. DR

(D EREBBSERETHE,FTUE 17 HE, AMMBANERXRR
R—AAXME.

(2) SIBABAWXRE—TREHERBARBRELRER.

(3) WFLER = WG —ME, WRER y F—WEMMESZ3 5, &
y RAR - MR,

(4) $EREUR RN — 25 18] B 55 — 4> 23 (6] i e 5, 3R SR 8 3 W 1 X
FHET BB BESMRAE A,

(5) IR fRMER X Bl=EY BBk, g BAEEY B2 (6 Z L5,
HATRHATLLEX — N EERE b = g-fHVERMN X B Z WSS,

4. FFEW:
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(1) Functions provide a means of studying quantities that vary with one
another, that is, when a change in one quantity causes a corresponding change
in another.

(2) Tt is important to realize that equations (i) and (ii) are merely two dif-
ferent ways of expressing precisely the same relations, one the exponential
way., the other the logarithmic. Above all it is necessary to keep in mind the
fact that a logarithm is an exponent.

(3) For a function f:D—>R, we define f(D)={yin R | y= f(x) for some
x in D} and call f(D)the image of f. We say f:D—R attains a maximum val-
ue provided that the image f(I) has a maximum; that is, there is a point x, in
D such that

F@O<F(x).

(4) For functions f: DR and g : U—=R such that f(D) is contained in
U, suppose that f: D—R is continuous at a point x, in D and g : U—R is con-
tinuous at the point f(x,). Then the composite function g. f; D—R is contin-
uous at the point x,.

(5) To graph a new function y= f(x), that is, one we are unfamiliar
with, we can use some of graphing suggestions as follows:

(a) Determine the domain of the function.

(b) Determine any types of symmetry that the equation possesses. If
f(—x)= f(z), then the function exhibits y —axis symmetry. If f(—z)=
— f(z), then the function exhibits origin symmetry.

(c) Find the y-intercept by evaluating f(x). Find the x-intercept by find-
ing the value of = such that f(x)= 0.

(d) Set up a table of ordered pairs that satisfy the equation y= f(x).

(e) Plot the points associated with the ordered pairs and connect them
with a smooth curve. Then, if appropriate, reflect this part of the curve ac-

cording to any symmetry possessed by the graph.
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§2.9 TRHHE

(Limits of Variables)

—. HiERxX
Part A Variables and Their Limits**]
I. Limits of General Variables
A quantity that can take on successively different numerical values is called

a variable #". It should be remembered that, although it is common for the

successive values of the variable to be related to each other in accordance with

some law, these values need not have had any definite relations one to an-

#@  As stated before, a variable is commonly represented by a letter

other
such as =, y, or z.

If a variable V takes on successively a series of values which approach
closer and closer, to a fixed number L in such a manner that the absolute value
of V—L becomes and remains less than any finite number however small, then
V is said to approach the limit L*, This may be written as lim V=L, The
symbol — gives us the equivalent notation V — L, which is read V approaches
L as a limit.

I1. Limits of Functions

For a function y= f(z), we often consider the limits of f(x) according to
the changing tends of x. To describe the limits accurately, we use the &6 lan-
guage in the following.

Suppose y= f(x)is a real function defined on a finite interval (a, b). If
for any €0, there exists a number § = 0 (which may depend on ¢ )such that
| f(x)—A|<<g for all x in (a, B[} (b—8, b), where A is a constant, then we
say f(z) has the left limit A at point ¥*“’, In this case we write lim f(x)=A. If

b

the intersection (a, b)) (6—¢&, b)above is replaced by (a, )N (a, a+&),
then A is called the right limit of f(x)at point a and denoted by lim f(zx)=

4
=y

A. For example, we have lim (z?+1)=2 and lim (£*+1)=1.

=1 e

If y= f(x)is defined on (a, ) U (b, ¢), then we may try to find both the
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left limit and right limit of f(x) at point 4. If f(x) has both the left limit and’
right limit at b and lim f(x)= lim f(z)=A, then we say f(z) has limit A at

T=h 1—-a+

point b and denote this fact by limf (x) =A. For example, the function f(x)=
b

SIT s defined on (—1, 0) U (0, 1), since lim > =% = lirri 31:::1 we have
0" =0

lim*E =1,

r—={

According to the definition, a function f(z)defined on (a, &)U (&, c)has
no limit at point b if one of the following cases occurs;

(1) f(z) has neither the left limit nor the right limit at point &, for exam-
ple, f(x)=sin —ijat 5=0 is in this case;
(2) f(x) has only the left limit or right limit at point &, for example,

Flx)=

sin il —sin % has only the right limit at 6=0;

(3) f(x)has both the left limit and right limit at 5, but they are not

sinx

equal, for example, the function f(x)= ol has the unequal left limit and
right limit at 5=0 since lim TLT‘:—I and lim s_-;l'm_.lr=1.
T0" :—-D+ )

If y=f(x) is defined on certain infinite intervals, we may consider the
limits of f(x) as —+—o0, x—>+0c0 or x—+>o0, The special function defined on
the positive integer set N is called the sequence and denoted by { f(n)}, for
which we only consider the limit as n—+co, (Refer to the Exercises at the end

of this section. )
Part B Sequences and Their Limits

I. Monotonic Sequences of Real Numbers!]
A sequence { f(n)} is said to be increasing if
F< f(n+1) forall nz=1.
We indicate this briefly by writing f (n) 7. If, on the other hand, we have
f)= f(n +1) forall a=1,

we call the sequence decreasing and write f(n) . A sequence is called mono-

tonic if it is increasing or if it is decreasing.
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The convergence or divergence of monotonic sequences are particularly easy

to determine. In fact, we have the following simple criterion.

Theorem A monotonic sequence converges if and only if it is bounded.

Note: A sequence { f(n)} is called bounded if there exists a positive num-
ber M such that | f»)| << M for all n. A sequence that is not bounded is
called unbounded®* .

Proof. It is clear that an unbounded sequence cannot converge. Therefore,
all we need to prove is that a bounded monotonic sequence must converge®®,

Assume f(n) 7 and let L denote the least upper bound of the set of func-

tion values. (Since the sequence is bounded, it has a least upper bound by Axi-

om 10%% of the real-number system.) Then f(n) <L for all n, and we shall

prove that the sequence converges to L.

Choose any positive number ¢. Since L —¢ cannot be an upper bound for

all numbers f(n), we must have L—e < f(N)for some N. (This N may de-
pend one. )If n2=N, we have f(N)< f(n)since f(n) 7. Hence, we have
L—e<< f(m)<< L for all nz=N, as illustrated in Figure 2. 9. 1. From these ine-

qualities we find that
0CL— f(n)<<e¢ forall n=N

and this means that the sequence converges to L, as asserted.
If f(n)™, the proof is similar, the Le L
limit in this case being the greatest lower l
N BTA -

) f2) f3) @) ™ iy

bound of the set of function values.

II. Cauchy Sequence'*

Definition A sequence {a,} is called a Figure 2.9.1 A bounded increasing

sequence converges to its least upper

bound

Cauchy sequence if and only if for each e=>0

there exists n*€ N such that |a, —a,| <&
for all m and n=n" .

There is very little difference in the appearance of this definition and the
definition of the convergence of the sequence {a,} given in previous sec-
an

tion However, the meaning and the consequence of the two are quite dif-

ferent. One can see this especially when studying more advanced real analysis.

HE2LRREXH AR N RNESERBEEFEZ /N T IRE), B LUK EM Axiom 10 B g
WREREPFHANHBAAT. FHHMAEHRLUEE, NS mMRHA.
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At our level, that is, in the context of real numbers, Cauchy sequences are

equivalent to convergent sequences. This equivalency will be proven in next
section. Note that knowledge of the limit of the sequence is unnecessary in de-
termining whether or not the given sequence is Cauchy®*® ., We need to show
only that the difference between any two terms of the sequence tends to zero.
It is, however, not enough to show that the difference between the successive
terms tends to zero. In other words, for an arbitrary e=0, even if there exists
n* €N such that |a,+, —a,|< ¢ for all nz=n" , the sequence may diverge. Ex-
ercise 8 is an example of this situation. It is important to realize that to show
that a given sequence is Cauchy, the indices m and n must keep entire inde-
pendent of one another. On the other hand, to prove that a given sequence is
not Cauchy, we need to exhibit a particular relationship between m and » that
contradicts the condition |a, —a, | < **®. For example, {a,} with a, =

(—1)" is not a Cauchy since in the case m=n-+1, for all n, we have
| aw—as)= | ap1—a.|=2.

Hence | a,, —a,| is certainly greater than some positive number &, say e=1.

Z.RREE5\EFERe

& (1) A quantity that can take on successively different numerical values
is called a variable.

X HK 1A that 5] #2689 %€ & M 4 & 1 5 80 0 A quantity, B)id successively 7]
PR HEEE R . MR A TE 517 successive 7E— A L IR R “ELEN”. KL
B E BB ARIE B 2 22 bR B 2 HL " successive function”, Tij I % i “contin-
uous function”,

CnT LB Al it R R 3 AR B )

& (2) It should be remembered that, although it is common for the suc-
cessive values of the variable to be related to each other in accordance with
some law, these values need not have had any definite relations one to another.

fE that SR EBFENAIFEE T HE A, HA although IR ML RIEN
M it EER EiE, forrto be - IERMEBERLHE LW EiBE., MHEE, need
not have done R/R“ARAL"(FEELEXENE . LHRLVAELE)., HE L
TXERBZBOHNE AP H the variable BRIFIRR“HHER”, FEES 43 % .

(RZCE . BRFTRIAANERZFRFTIRYEZ MK BEMUSHAE X
B HEGERER ) XEEZ MERKLEARENHEIXE.]
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& (3) If a variable V takes on successively a series of values which ap-
proach closer and closer, to a fixed number L in such a manner that the abso-
lute value of V—L becomes and remains less than any positive number however
small, then V is said to approach the limit L.

AR EMNE A, K if 5l M FARENTPELE T which 5/ #E
BN EEEAE— U such - that HEFFNLERRFENG, HiF how-
ever small fE R M Y positive number I EE , BEE“A B L A/NDK". a se-
ries of 7E3X B Y T— B EFH, BER“—FRFN”; M series fE N W E R IERS,
HEUR“BE.

Can R 28 B V52 7 A W B — 370 35 (L T X 0 04 LA 0 F i O N ok iR 2
HEF—TEERNBLBV-LMENEEREBRFNDNTEEEELENRR
Z/NHEBMHRVETHRERL.]

& (4) If for any €0, there exists a number § >> 0 (which depend on ¢ )
such that | f(x)—A|<eforall z in (a, &)) (6—6, b), where A is a con-
stant, then we say f(x) has the left limit A at point &.

XEREFAecOBEEXBRY—MEMAEARANE, SFLBR - EBH4EN
B, A FaTE HEE A for, 8RR R i BB HIKFE,

(RN EE e SOMELEERS > (ES e HRIMEHR| f (0)—A| <
X FX[E (ay b N (6—8, bYFHFTA = &ML, HFP A B— B WK £ @
f i b MR AL |

& (5) A sequence {f(n)} is called bounded if there exists a positive num-
ber M such that | f(n)| << M for all n. A sequence that is not bounded is
called unbounded.

¥ & bounded BAEANEF M T X0, BREARN”. B—akEX
“BREOE_AHRARN XIS RAH“TR"NEN. BEALE
] PR AL — B R T S A R O G B X R B B A B B AR, Xt R IR
A] T8 Z BT BB

LERFFI{ SO RA RN RFEEBM FERNTFHRAEMn 8E | f(0|<
M. REARABGFINHRARERFE.]

& (6) Therefore, all we need to prove is that a bounded monotonic se-
quence must converge.

SE VR M4 we need to prove #E4Hfi M H FiF all, that 5| F AN R FRIBEN4D,

R, AT R EAE W . A 7 09 58 51 W8 . )

& (7) There is very little difference in the appearance of this definition and
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the definition of the convergence of the sequence {a,} given in previous sec-
tion.

4] h very little difference EEBE“#f+AARIF”. in the appearance of ++ &
BR“fE--FEL"., BETFER:

[XPTEXHEL—-FTHHNFI (a, ) WHHEXERET LU EFREH A
NG |

&k (8) Note that knowledge of the limit of the sequence is unnecessary in
determining whether or not the given sequence is Cauchy.

B knowledge ) EEF X E“FHR"M“MBE” 55, HREHFEHAIA,
knowledge of sth. EX BN HEBR AN “MEREY”. XNATEH - LGFE,
Cauchy f{# Cauchy sequence, 2] 7] B % “ 5L 8 H &, [l F 5 6 H& R
X FHEAE R FFEEN Cauchy FIRELER VEEHBAFLR

[NEENE HEAETHFIREN Cauchy AT EHEME XTI
4 |

& (9) On the other hand, to prove that a given sequence is not Cauchy,
we need to exhibit a particular relationship between m and n that contradicts
the condition |a, —a,|<e.

A5 to prove H— P RIEBN AW BAE X EE . EXSEHORIE. FE
) that 5] 3 # Ei& M A] i relationship,

(2  BiEH—- B EMNFI AR Cauchy I, AFERBFR m 5n ZHH
—ME la,—a,|<e HFERIFHRXRMT,]

=, RiESAEES

1. EREEREBRATR

1) sequence n. J¥%

~of number (% ; ~ of real number L3 ; ~ of points FHFF;in-
finite ~ F3F ¥ ;finite ~ F R F ¥ ;convergence ~ WHFFF .
2) limit v. R n HRER, HR
~ condition B &4 ; ~ function B RE; ~ of function PR ¥ KR
PR sleft ~ ZE#RfR ;right ~ GRR.

HRARE

limiting a. #&PBH):~ point of a sequence IR & ; ~ value HRFR{H.

limited a. BFRH,RFR K : ~ variation HFHREE

3) converge v. WL

~ almost everywhere JL 3 &b &b 4t 8 ; ~ criterion Y & # B[ ; ~ do-
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main Y& X1 ; ~ in measure #K WS ; ~ in mean WS ; ~ property
W S i ; ~ uniformly — BB S,
HRARIE:
convergent a. Y{SH;convergence n. WS
4) diverge v. KHEL
~ infinite series & TGS & ¥ ~ integrals K HFI4>; ~ series KB,
HRARIE
divergence n. & BU(#) ;divergent a. X HEIHY,
5) bound n., F.B;v. RE
upper ~ _F & ;lower ~F 5 ;least upper ~ B/N R . F# R (ER T
supremum n. F#R); greatest lower ~B AT R . TFTH R (%R F infimum n.
THAD.
HERARIE:
bounded a, H H B : ~ function § R K ¥ ; ~ sequence HAFH|; ~set F
RE.
unbounded a. TR H :~ domain L RIK; ~ solution TR ; ~ function
R RE .
6) continuous a. ELZER)
~ function F#EZE PR #; ~ mapping FELEM ST ; ~ on the left ZEHELEH;
~ on the right H#E42M; ~ at point x, F 5 x, BEMN.,
HXARE .
continuity n. FEZEME.
7) definite a. EH, WEM.
~ integral £ 4r; ~ quadratic form T K & ; ~ quantity E& .
8) increasing a. HIEK
~ function 3 R¥ ; ~ sequence BIEFH); ~ series BIWEH .
HRAIE
increase v. &N,
9) decreasing a. EH K
~ sequence | fEFF%; ~ sequence i# M ¥ 3 ; ~ sequence of sets 38 W
K.
FXARE .
decrease v. W4,
10) monotonic a. BAFIK
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~ function B8 G ¥ ; ~ sequence BLIFFF,
11) successive a. ZHIXHY, BIKAY
~ term A 4B ; ~ integration ZF KER4r,

HRARIE

successively adv. FH4kH , B E A Wb .

12) &0 language -8 &5 CH H T4 o 4 FR)D

HRARE

eN language e N &5 (AT HRARBIIKERRER) .

2. AR MEXABREREK

(1) converge v. WL

HERPBA A X R , converge T7 5417 to B, I converge to 0 Kt F
0. Zh1d] converge 5 diverge v. B AR XiF.

(2) approach vt. i, it

1] #H to approach closer and closer some number R “# e ##EIE T X
#”. approach #Mid 4 tend to [F] X, E &K, tend HA KW hiA.

(3) contradict vt, S+ F &

#l This conclusion contradicts the hypothesis. [X 41 5BEFE.])

contradict £ [A]#R 17 # B A9 40 T iR S AR B i TP R A .

in contradiction to &+ F J&F; be contradictory to 5+ F &; be con-
trary to e f R,

(4) illustrate vt. LB, BOBR , 25 MIEE

HiE illustrate B with A BB E“H A(HZE B F)i8H B”. # M as illus-
trated, B A “ IE T eoever FEmR”, KlHh,as asserted BN “IF ff - ee FT LB ; as
stated BN “IEHM oo eee Frik” .

3. EERBR. AR TAEE

(1) in accordance with ##E; accordance By [ 48 iA] according #1714 ac-
cording to, according as tHE/R“BE”, MEELFEHH.

(2) in the appearance of FE-+-+-- FmkE,

(3) arbitrary a. {EE&EH

MERES any X5, Lk E,any FEBRE 1B 507 ot 75 $ g%
BRI RAERN B HEBIEN T for Z /5, 0 for any point on the plane
i Fm EEEN - RL XA RANE S RIKK LR EE ;T arbitrary
EFEABWEEESE, FE.ETHEAEANA)FH,arbitrary REEH R any,

(i) A is an arbitrary point on the plane. [A B¥H FE&E—5.])
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(ii) The constant C is arbitrary. [ ¥ C BE&EM],

4. WA ETH

(1) Therefore, all we need to prove is that a bounded monotonic sequence
must converge,

A EE W (2). AR H that 3] RN AR RIENE, BT 47N
Z—. XFHENIHARETSN §3.7,

(2) One can see this especially when studying more advanced real analy-
sis. X 4] BB} )R 15 & when studying more advanced real analysis, & —H
FESFEEE. AXRSEEENNMR. TS%83.1,

% 3] 2.9
1 HETIBERBRE CRBA :

variable, limit, left limit, right limit, absolute value; sequence, series,
Cauchy sequence; increasing, decreasing, monotonic, bounded, unbounded;
upper bound, least upper bound, greatest lower bound; approaches, con-
verge, converge uniformly, successively; bounded subset, real-number sys-
tem; equivalent, contradicts, criterion; ¢ language.

2. BT AR THEFRIX

AR RR R AR X E R RS RGBS R
W AR . ERAK; LR BDAER BERXRTHR ARXE.EHFXE.HFRE.
SEROR  ROE O — RO G HI B M B S e FIE 0BT .

3. Wi,

(1) WMR—-FHRER EANLEFTREN URZHRFEB,

Q) MAFEEBMEBN FHRAR #BAE| () | <M, MEFEFH{ )}
HERH.

(3) ME—FF {a, A EBER e FE—NEBE N, E/WNHTE
B n=N,f la, | <e.

4) B f(DODFER ABRRBA HHAY f (OERSRHERRESAHREB
BHEEL_ERET A.

(5) BRE f(EXE(a, +too)HENL, MRIMEE S0 MEFLEERY
K#E®B| (o) —A| <e XA x=K B (P A ZBEE ,WHKY 2>+ ook
FOBHTF A, MR x—>+oobif,g(x)= — f(ORHATF A, FKRY z—~—c0
B (OB TF A, IR Y x>+ oofil z—>—ocolif f(x)EWET A, WFRY
cofif fF()WSTF A.
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4. FEN.

(1) A sequence {a,} is said to have a limit L if, for every positive number
¢, there is another positive number N (which may depend on ¢)such that

| a,— L] <<e forall n=N.
A sequence which does not converge is called divergent.

(2) A complex-valued sequence u,= a,+ i b, converges to L= a + b if
and only if both the real part a, and the imaginary part b, converge separately,
i.e. a,—~a and b,—>b, in which case we have ’

E_Eu,. =3i*ﬂa,+ i ,lrifﬂb"‘

(3) The phrase “convergent sequence” is used only for a sequence whose
limit is finite, A sequence with an infinite limit is said to diverge. There are,
of course, divergent sequences that do not have infinite limits. Examples are
defined by the following formulas:

fo= (=D, fm=sinZE,  fn= (—1)"(1+%), Fay=e¥,

(4) A functions f:D—R is said to be continuous at the point z, in D pro-
vided that whenever {x,} is a sequence in D that converges to x,, the imagine
sequence { f (x,)} converges to f (x,). The functions f : D—=R is said to be
continuous provided that it is continuous at every point x in D.

(5) Lemma Suppose the sequence {d,} converges to the number ¢, and
that d,=0 for every natural number n. Then we have d=0.

The proceeding lemma asserts that a convergent sequence of nonnegative
numbers has a limit that is also nonnegative. It is not always true that a con-

vergent sequence of positive numbers has a limit that is also positive. For in-

3 0 I G
stance, {;} is a sequence of positive numbers that converges to 0.

§2.10 B RISFERS
(Derivative, Differential and Indefinite Integral)

—. WiXRX
Part A The Concept and Definition of a Derivativel>’

There were two problems that led to the discovery of the derivative. The
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old one of defining and representing the tangent line to a curve at one of its
points had concerned early Greek philosophers*'". The other problem of re-

presenting the instantaneous velocity of an object whose motion was not con-

stant was much more a problem of the seventeenth century., At the end of the

century, these problems and their relationship were resolved. As is usually the

case, many mathematicians contributed, but it was Isaac Newton and Gottfried
Wilhelm Leibniz who independently put together organized bodies of thought
upon which others could build*®,

The tangent problem provides a visual inter pretation of the derivative and

can be brought te mind no matter what the complexity of a particular applica-

B3

tion®?, It leads to the definition of the derivative as the limit of a difference

quotient in following way (see Figure 2. 10. 1).

¥y
Tangent line
P
Py
P, ecant line
a
Figure 2. 10. 1 Figure 2,10, 2

Let P(x;) be a point on the graph of y= f(x). Let P(x) be a nearby
point on this same graph of the function f. Then the line through these two
points is called a secant line. Its slope, m,, is the difference quotient

=L T f(x) Ay
! I—x Ax’
where Ar and Ay are called the increments in x and y, respectively. Also this

slope maybe written

mn:f(ru+}2;_f(xr:)’

EIFAMBESTATEHE=ZS4Z ((EIEF50-%D),
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where h=x—x, = Ax (see Figure 2, 10. 2).

We can imagine a sequence of lines formed as A—=0, It is the limiting line
of this sequence that is the natural one to be the tangent line to the graph at
P,

To make this mode of reasoning precise, the limit (when it exists), is
formed as follows;

f(.ru +h) _f(ID ).“}
A .

f'(xs)=lim
h—=0

As indicated, this limit is given the name f'(x,). It is called the derivative of
the function f at its domain value x,. If this limit can be formed at each point
of a subdomain of the domain of f, then f is said to be dif ferentiable on that

subdomain and a new function f' has been constructed.
Part B Differentials and Indefinite Integral™"

1. Differentials

Let Ax=dx be an increment given to x. Then
Ay=flz+Ax)— f(x) (1)

is called the increment in y= f(x). If f{(x) is continuous and has a continuous

first derivative in an interval, then

Ay=f () Ax+eArx= f'(x)dx +edx,
where e=>0 as Ax—0. The expression
dy=f'(x)dx (i)

is called the dif ferential of y or f(x) or the principal part of Ay, while the
quantity dx is called the differential of z**’. Note dy need not be small and
Ay#dy in general. However if Ar=dx is small, then dy is a close approxima-
tion of Ay*®,

Because of the definitions (i) and (ii), we often write

%§=f”‘f) — i ftAD —f) _ . Ay

Ar—0 Ax ar-0 AT’

It is emphasized that dz and dy are not the limit of Ax and Ay as Axr—0, since

the limits are zero whereas dx and dy are not necessarily zero. Instead, given
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dx we determine dy from (ii), i.e., dy is a dependent variable determined

from the independent variable dx for a given z*.

I1. Indefinite Integral
Suppose f(z), F(x) and G(x) are functions defined on an interval [a,

dF(x)
dx

tion (or antiderivative) of f(x). It is clear that if F(x)is a primitive function

b]. If = f(x) for all x€[a, 6], then F(x) is called a primitive func-

of f(x), then G(z) is a primitive function of f(x)when and only when there
exists a constant C such that G(z)= F(xz)+ Cforall x in [a, #]. Hence, if C
varies on the set of real numbers, then we obtain the family of primitive func-

tions of f(z). This family is called the inde finite integral of f(z) and deno-

ted byJ. f(x)dzx, i.e.
-[f(r)dx:F(x)-i— C,

where the symbol J is called the integral sign, the function f(x) is called the

integrand and C is an arbitrary constant named integral constant.

The process to find the indefinite integral of a give function f(x) is con-
sidered as the reverse process of differentiation, As usually, the reverse process
is much more difficult than the process of differentiation. Besides directly ap-
plying the basic integral formulas rewritten by differential formulas, there are

some important methods to find indefinite integrals, among them are the meth-

od of substitution, integration by parts, but they are available only for a
»i8)

smaller kind of continuous functions
Recall that according to the chain rule, the derivative of g[u(x)] is
glu(x)]u'(x). Then we can obtain the following theorem.
Theorem 2 (Integration by substitution) Let f and g be continuous func-

tion and u be dif ferentiable functions of x so that

flo)=glu(x)]u' (2.
Then

Jf (r)dx=Jg (w)du=G[u(x)]+ C,
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where G is the antiderivative of g.
With some complex integrals, like J redx, both methods of inspection

and the method of simple substitution can not be used. A new method must be
derived to handle these types of problems. The product rule of differentiation

is as follows:

[(Feg(x)]) = ) g+ fl)glx).
If we substitute u for f(x) and v for g(x), we have (uv)’'= w'v+uv’. We can
reverse the product rule to be a statement about antiderivatives:

uv=Jvdu +Iudv.

This equation can then be manipulated to produce the following formula,
Theorem 3 (Integration by Parts) Let u# and v be differentiable functions

of x, then we have the formula for integration by parts :

j e - J' - (%)

There are several steps one must go through in order to properly use the
formula. For example, to find J xe'dr, we may let u=x and dv=e"dx, then

v=¢", du=dx, by the formula we have
J- re'dr=xe" — J‘ edr=x e —e"+C.

—\RE58EES

& (1) The old one of defining and representing the tangent line to a curve
at one of its points had concerned early Greek philosophers.

XA AL ETENERENBEANE L LT ER). A9 one B, R
Bai MR E Al 8”7 ; 515 the tangent line to a curve #AR“HMAB N IL”. &
AR -

[(H—Ru@EFERRE LR SHNEX S0, EH R & FE
TERBR.]

& (2) As is usually the case, many mathematicians contributed, but it
was Isaac Newton and Gottiried Wilhelm Leibniz who independently put to-

gether organized bodies of thought upon which others could build.
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A BRI E 4], 8l —4rH) T as is usually the case BIEAE. E—202
it was*~who & #3 & 4], H o which 5| 2 # 2= & M\ A& #ff bodies. 4 put
together organized bodies of thought Bl BMiIFWR“BEH AV BREEKER”,

[(REEWEE B FEREXBEHTR.BREERHT L 4§ G
W.ERERE B ML RS M AVNBRAEERR, A5 H b2 e e Bl b
AT TAE.]

& (3) It is the limiting line of this sequence that is the natural one to be
the tangent line to the graph at P,.

A AR it ise-- that & #) 98 A 7], B8 A TR the limiting line of this se-
quence f& F 1% .is the natural one to be the tangent line to the graph at P, 2 &
FEE ) (to be the tangent line to the graph at P, & E1&, &M one) ., XM
S48, 3 A T] LA R A

(X3 HARWBRBRELKBARBHER T EEE P KBTIL.]

RE
[RE AR, X — S HLMRBH TEEE P, S .]
& (4) To make this mode of reasoning precise, the limit (when it exists),

is formed as follows:

Pz =l LBt ),

A A E X EIEE H 694R 1, mode F precise £ 3117 make B W EE. X
B SIENEHE N EHIES.

Ch T XA #EMBE AR, RIOTE L RRBR CYERFES) i hRA
mF.

A 1

f'(xs)=lim
h—=0
& (5) The expression

dy= f'(x)dr (i)

is called the differential of y or f(x)or the principal part of Ay, while the
quantity dz is called the differential of x.

EERXEWA or AR FHEMPHBERAR, BE—4 or B y M f(2),
A T4 the differential, %8 — 4> or # ¥ the differential #1 the principal part,
R MR, TR .
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[k
dy=f'(x)dz (ii)

Ay BB f (o )M  RA Ay WES, TR dr WFFRHI 2 B .1

& (6) However if Ar=dx is small, then dy is a close approximation of
Ay.

X B small #8R“R/ANE”, T close 5 M R “RITIEM”.

[EE, R Ar=dz B/, 0 dy £ Ay B— M RESLKEEME.]

& (7) Instead, given dxr we determine dy from (ii), i.e. , dy is a depend-
ent variable determined from the independent variable dx for a given .

4] #1 dependent variable #l independent variable 435 2 “ B A& B ” f1“ N 4F
B”, AW instead EXEFEFE L —HHXBEANER., 200 FR.

[ scab, 2 dr BUERS Al A GO BHE dy, BN FHEM z,dy RRH FER
dr FEM —THER.]

& (8) Besides directly applying the basic integral formulas rewritten by
differential formulas, there are some important methods to find indefinite inte-
grals, among them are the method of substitution and integration by parts, but
they are available only for a smaller kind of continuous functions,

X a) i = 18 SR M R OF B B A FE B — AT o 41 A] besides 5| $ 8 1E
YERE B E 0], besides B & SLRR“BR T oeeee BH”., 28R

(BRTHENARESARXKEMNEEARS AR A - BEEN
RRRAERG KO AFEEEFREMNFIBHEIE BARENMNUES T /K
g ]

=\ AESARES

1. ER¥ZEREBERRTE

1) derivative n. ¥,

~ of first order — Ky S ¥; ~ of higher order B S #(; ~ on the left
5%~ on the right 5 5%; partial ~ {§ S %(;total ~ 258, L8 ;di-
rectional ~ ] 8.

AR .

antiderivative n. 5% (B 3 %, B 7638 % F primitive function FRE
B .

2) dif ferential n. 1%};a. AW

~ calculus #f453% , 84> ; ~ equation 43 7 & ; ~ quotient B : ~ of
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a function PRECI 4 ; ~ value 4T-1H.
HEARE: .
differentiable a, A[ #{ ) : ~ function 7] ¥ ; ~ manifold WA W .
differentiate vt. R4+, K FH.
differentiation n. ¥4k,
3) interval n, [X[H]
open ~ JFX[H] ;closed ~ H X (8] ;finite ~ PR X [H] ;infinite ~ LR KX
[] ; ~ estimation X [@ff3;~ of convergence W&k X 8],
4) integral a. B4, BH¥M;n. B4, BHE
~ calculus #1432 ;definite ~ 4 ;indefinite ~ REF 4 ; ~ curve
4R ; ~ constant B4 ¥ ; ~ multiple B ¥ f%; ~ rational expression F
g, :
HRARIE:
integration n, 4, f43¥: ~ by parts ¥ 43 ; ~ by substitution #
JTCBR L s successive ~ RIKE 4.
5) constant n. H¥,HM
~ coefficient ¥ & ¥; ~ curvature B B #; ~ function % {8 PR ¥;
~ mapping H {EH B ; ~ multiple 4 #f%; ~ of integration B4 ¥(; ~ quan-
tity ¥~ term ¥ EIM.
6) independent a. M I HY, LXK
~ equation M 37 7 #; ~ event I 57 BF {; ~ increment I 57 ¥ it
~ solutions LXK ; ~ set LR ; ~ solutions TCE iR 3~ variable HAF#,
XA
independence n. JEX(#f) :linear ~ & T K.
7) approximate a. ifl;v. EIE
~ analysis ¥ {14 #7; ~ computation T8+ 8 ; ~ evaluation I {144
it s~ number T I ; ~ value FTU{E.
8) directed a. 1
~ angle # [a) f1 ; ~ distance & [A] BB ; ~ graph HEE;~ line HHH
£% ; ~ number [ %,
2. RADR AXRAERERER
(1) concern vt. (FHF)HF----FR.MHHX
# The tangential problem had concerned early Greek philosophers. [#]
KBS EHBETERNHRAEX.]
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(2) resolve vt. T Y.L, fELRIL, MR

A4 resolve problem # & BRI, X i, resolve 5 solve X settle
R Lid .,

(3) bring to mind (BN RAAWER—ZWahiE)EARE

H R %ial40 ; call to mind;recall,

(4) construct vt. Er R

i Construct a new function. [¥#& — 1 K%.)

(5) name vt. #-eeee ﬁz($ﬁiﬁ)-§ﬂ ...... ﬁﬁj{l ...... (ﬂﬁﬁg)

1 Here C is an arbitrary constant ramed integral constant. [X B C &
— RN E B AE B K 18 Bt & 48] name 51 % 08B E B B
constant,

3. BB .WR.ER.MIAEE

(1) as is usually the case FR“FHAHNEE—#&".

(2) when and only when 5 if andonly if RI X ,Z W § 3.6,

(3) available a. % &Y, B BB

HVEFRIE, A4 be available for BEE“Xf oo BHHE”, e FHMT

(4) whereas con. 1,3,

FAF 5] 5 5% e B WA B, AT iR AT .

(5) clockwise i counterclockwise BE T 2% 5] , i J& Bl i) , 43 51| o /n 35 Wil st
HHE G "M A ()", W4 in the clockwise sense #l in the counter-
clockwise sense 435 R “ # B £t 9 B S0 “ 8 BT EF AR L7,

4. AP SR

(1) The tangent problem provides a visual interpretation of the derivative
and can be brought to mind no matter what the complexity of a particular appli-
cation. (VIR BB A SFBBHET TREHBE, ME . A ERENHANHEEE N
RS EAEEXAHERYE.]

XR—-PMENE S, EAAFFHANIHFFAIEIESE, fTH provides B E 3
B J# can be brought R H AN A M H3HES (HEARER to mind R
#) ;no matter 5| F— ik RFANG M E —NEESED, HPE8E TiHiE
is(BRARIFBMN AL M LI E G EES AR K. 20 §3.12),

2) AXAEZNERWIEG] (2P R Itis (was) -+ who- K HIR 4] , RiH
BIXTREN ;b (3R Itis (was) - that R FA,REANNREY., HLR
BARKNTR, TSR E3.7,
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% 31 2.10
1. RETIBERENT L RMA:

derivative, differential, tangent line, difference quotient, increment; in-
stantaneous velocity, independent, visual interpretation, subdomain, approxi-
mation, primitive function, antiderivative, indefinite integral, integrand, arbi-
trary constant.integral constant, the reverse process,integral formulas, the in-
tegration by substitution, the integration by parts; continuous function, dif-
ferentiable function. '

2, ETFEMHAREFRIX:

SR UK BN R AT R, T EE R R LR
FEAER D R EEFR OB R BOAR LB FRERS .,
SR AR Ay FEGE SRR W] TR RR K.

3. DLk,

(D AR TFHAKWNZURDEREHNEEENTARFIHT SEES
0 asc

@) LAWAMG W.EHMEXR S B M E# Sy THASOELER, Kb
B¥FEABUEXER LT,

Q) YRR FHRUAETTRANBRE. ERRTAMNESREL HE
R BB BR .

4) MPRY fEEHEXBHESNFREFHNEG - SBE R UK 1
EXFXES,

) MR f(OE—NRXEAAE—HIB £ (O . MAUAEREX f (2
5. :

(6) RERBEARFHMFEIBR, EAXAFH AR FRERD . 248BH
FEBMERAERIWEE K.

4. JEW.

(1) Examples of derivatives

EXAMPLE 1 Derivative of a constant function Suppose f is a constant

function, say f ()= c for all x. The difference quotient is

flxzt+h)—flz) _c—c_
5 = =0.

h

Since the quotient is 0 for all A0, its limit, f (x) is also 0 for every x. In the
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other words, a constant function has a zero derivative everywhere.
EXAMPLE 2 Derivative of a linear function Suppose f is a linear func-
tion, say f(x)=mx + b for all real z. If h#0, we have

h h

= m.

flxth)—f(x) _mlx+h)+b—(mx+b) __mh
- .

Since the difference quotient does not change when h approaches 0, we con-
clude that

f(x)=m for every r.
Thus, the derivative of a linear function is a constant function.

(2) These three numbers,i.e. , f_(a), f'(a) and f’; (a) are called, re-
spectively, the derivative on the left, the derivative on the right of f(z) at
x = a. For example, if f ()= | x|, then f (0) does not exist, but
Fo(0)=—1 and f. (0)=1.

(3) Directed derivate We now introduce a natural generalization of par-

tial derivatives (iR 5 ¥). In the definition of B_ﬂ%yo_)’ the numerator of the

difference quotient used involves the value of f (x, y) at two points (2, +Ax,
o) and (x,» ¥o). As Ax approaches zero, the first point approaches the latter

; 2 , ;
along the line y=1y,. For i—-f%i) a point (res yo+Ay)approaches (xyy y5)

along the line r=ux,.

(4) Indefinite integration, also known as antidif ferentiation (JZi§45) .

is the reversing of the process of differentiation. Given a function f, one finds
a function F such that F'= f. Finding an antiderivative is an important process
in calculus, It is used as a method to obtain the area under a curve and to ob-
tain many physical and electrical equations that scientists and engineers use
everyday.

(5) Antiderivatives differ by a constant If F is an antiderivative of the

continuous function f, then any other antiderivative must have the form
G(z)=F(x)+ C.

This says that two antiderivatives of the same function differ by the value of
the constant of integration, which could be zero.

(6) Often, integrals are too complex to simply use a rule. One method for
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solving complex integrals is the method of substitution, where one substitutes
a variable for part of the integral, integrates the function with the new variable
and then plugs the original value in place of the variable. This is the integra-

tion version of the chain rule.

§2.11 ERSMUERENA
(Properties and Applications of Definite Integral)
—. BiERX
Part A The Basic Properties of the Definite Integral’**)

From the definition of the integral, it is possible to deduce the following
properties. Proofs are given in section 2, 13.

Theorem 1 (Linearity with respect to the integrand) If both f and g are
integrable on [a, 6], then so is ¢, f+ ¢ g for every pair of constants ¢, and c,.

Furthermore., we have
] ] h
J Lo f(x)+cg(0)] d:czc,j f(x)dxr+ ('gJ- g(x)dax.

Note: By use of mathematical induction, the linearity property can be

generalized as follows: If f,, f,,*** . f, are integrable on [a, b, then so is

o fite fo -+, f, for all real constants ¢, y¢z 4+ 4c,» and

r [E“f*‘-‘*) Jdz = Z;Enf;(x)d:.

Theorem 2 (Additivity with respect to the interval of integration) If

two of the following three integrals exist, the third also exists, and we have

rfu)d.r = jrf(:)cl: + Jff(:)d_r.

Note: In particular, if f is monotonic on [a, #] and also on [b, ¢], then

both integrals ‘rf(.r)dx and-[_f(r)d:r exist, soff(.:r)d.r also exists and is
equal to the sum of the other two integrals.
Theorem 3 (Invariance under translation) If f is integrable on [a, &],

then for every real ¢ we have
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J.bf(x)d: - j”"_f(.r—odx.
a ate

Theorem 4 (Expansion or contraction of the interval of integration) If f

is integrable on [a, b], then for every real 20 we have

[scone = 42r(2)er

Note: In both Theorems 3 and 4, the existence of one of the integrals im-
plies the existence of the other, When #=—1, Theorem 4 is called the reflec-
tion property.

Theorem 5 (Comparison theorem) 1f both f and g are integrable on [,
b] and if g(x)<{f(x) for every x in [a, b], then we have

(] (1]
J g(r)dxr < Jl f(x)dx,
An important special case of Theorem 5 occurs when g(x) = 0 for every
z. In this case, the theorem states that if f(x)>=0 everywhere on [a, #], then
]
I f(x)dx = 0. In other words, a nonnegative function has a nonnegative in-

tegral, It can also be shown that if we have the strict inequality g (x)<< f(x)

for all = in [a, ], then the same strict inequality holds for the integrals, but
the proof is not easy to give at this stage*‘",
In Chapter 5 we shall discuss various methods for calculating the value of

an integral without the necessity of using the definition in each case. These

methods, however, are applicable to only a relatively small number of func-

tions, and for most integrable functions the actual numerical value of the inte-
gral can only be estimated®*”. This is usually done by approximating the inte-
grand above and below by step functions or by other simple functions whose in-

Pi3)

tegrals can be evaluated exactly®‘®’. Then the comparison theorem is used to

obtain corresponding approximations for the integral of the function in ques-

tion.
Part B Applications of Integration to the Calculation of Volumet*

Next we show that the volume of a right cylindrical solid is equal to the

area of its base multiplied by its altitude. By a right cylindrical solid we mean a



156 ETE RhESEEDL

set congruent to a set S of the form
S ={(x, ¥, )| (x, y) EB, a<2<b},

where B is a bounded plane measurable set. The areas of the cross sections of S

perpendicular to the z-axis determine a cross-sectional area function ms which

takes the constant value m(B) on the interval a<{ 2 < b, and the value 0 out-
side [a, 6H]*",

Now let T be a box with cross-sectional area function m; equal to ms*,
Axiom 5 tells us that v(T)= m(B)(b—a), where m(B) is the area of the base

of T, and b—a is its altitude. Cavalieri’s principle*'® states that v(S) =

v(T), so the volume of S is the area of its base, «(B), multiplied by its alti-
tude, b—a. Note that the product m(B)(b—a) is the integral of the function
ms over the interval [a., #]. In other words, the volume of a right cylindrical

solid is equal to the integral of its cross-sectional area function,
B
v(8) = J mszdz.

We can extend this formula to more general Cavalieri solids. lLet R be a

measurable solid with measurable crosssections perpendicular to a given line L,
Introduce a coordinate axis along L (call it the u-axis), and let mg (u)be the
area of the cross section cut by a plane perpendicular to L at the point u. The
volume of R can be computed by the following theorem®*™,

Theorem 2. 7. Let R be a measurable solid with a cross-sectional area func-

tion my which is integrable on an interval [a, b] and zero outside [a, b ]*¥.
Then the volume of R is equal to the integral of the cross-sectional area:
(]

v(R) = J mg (u)du.

“

Proof, Choose step functions s and ¢ such that s << mzg<C ¢t on [a, ] and
define s and ¢ to be zero outside [a, b]. For each subinterval of [a, b] on
which s is constant, we can imagine a cylindrical solid (for example, a right
circular cylinder)constructed so that its cross-sectional area on this subinterval

(0}

has the same constant value as s**’, The union of these cylinders over all in-

tervals of constancy of s is a solid S whose volume v(S) is, by additivity,

&
equal to the integral J- s(u)du *', Similarly, there is a solid T, a union of
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i
cylinders, whose volume v(T) = /[ t()du . But ms(u) = s(u)<< mp(u)<<
t(u)=ms(u)or all u in [a, ], so Cavalieri’s principle implies that v(S)<C
p(RY<< v(T). In other words, v(R)satisfies the inequalities

(-3 h
J T gj 2 Gy

for all step functions s and ¢ satisfying s<<{ms<Ct on [a, b]. Since mg is integra-

ble on [a, &#], it follows that v(R) = J. myCu)du .

L}

Example (Volume of a solid of revolution) Ilet f be a function which is

nonnegative and integrable on an interval [a, #]. If the ordinate set of this
function is revolved about the x-axis, it sweeps out a solid of revolution*‘'",
Each cross section cut by a plane perpendicular to the x-axis is a circular disk.
The area of the circular disk cut at the point x is nf*(x), where f*(z)means

the square of f(x). Therefore, by Theorem 2, 7, the volume of the solid (if

]
the solid is measurable) is equal to the integral_[ fi(x)dx , if the integral ex-

ists. In particular, if f(z)=+/r*—z* for —r << x <r, the ordinate set of f is
a semicircular disk of radius » and the solid swept out is a sphere of radius r.
The sphere is convex. Its volume is equal to

J, nff(x)dr == " gt ydee ZKI’(Fz —x*)dxr = %m*‘.
L i 0 :

More generally, suppose we have two nonnegative functions f and g
which are integrable on an interval [a, ] and satisfy f << g on [a, #]. When
the region between their graphs is rotated about the z-axis, it sweeps out a sol-
id of revolution such that each cross section cut by a plane perpendicular to the
x-axis at the point x is an annulus (a region bounded by two concentric circles)
with area ng’ (x) —nf*(z)*"?, Therefore, if g?— f* is integrable, the volume

of such a solid (if the solid is measurable)is given by the integral
h
J. xlg?(x) — fF(x)]dx .

ZRARS5BRES

& (1) It can also be shown that if we have the strict inequality g(x)<C
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f(x) for all xin[a, b1, then the same strict inequality holds for the integrals,
but the proof is not easy to give at this stage,

B & show MR E L, EERFEDE H MR CERRAUEN, MR HE E
TICKRHE ;s B FE Y the proof HlH , E7EX B & L &“UEH” (prove) .

GEATLLEM , R FEBA € [a,b]H B AFER g(2)<f() L, W
M ERSBARAEN L B EERKBESHENIEREAESM.]

& (2) These methods, however, are applicable to only a relatively small
number of functions, and for most integrable functions the actual numerical
value of the integral can only be estimated.

H b relatively small number of functions & B R“HM P BHEH". &
—HEHBRRESNA].

[AR T 5X 46 75 3 OUE R F X D B R eR 8, 3 B F 2 M B R B0k 3, R
{1 5 B X A 0 6 B BB A h A 3. D

o (3) This is usually done by approximating the integrand above and be-
low by step functions or by other simple functions whose integrals can be eval-
uated exactly,

H # above and below {&1ffi 3 4 i7] approximating, Z/R“M\ FFIMN T EiE”.

8 R T W 6 o 280l W7 o 0 R o B 40 9 76 SR R B0 | R T B
HeR%.])

& (4) The areas of the cross sections of S perpendicular to the z-axis de-
termine a cross-sectional area function mgs which takes the constant value m(B)
on the interval a<C z < &, and the value 0 outside [a, &].

4] which 5| 38 E H WA B, AT LLIE L4415 E4A] 5 of S Ml perpendic-
ular to the z-axis #B R i the cross sections, BIiEF EHF BB IKF.

[SHBEHT: NHEBEENEHRAHE THEREE s, EAERXE a< z <
b EBURBIE m (B EX 8] [a, b]Z 5PN 0.]

& (5) Now let T be a box with cross-sectional area function mr equal to ms.

XE box I R“KFEK”, 2ATFRK.

(REZE - NTHBEFREIH m ETF LR ms BKEFET.])

& (6) Cavalieri’s principle.

[FRMNBFEE] HOE, HAREERLLHSENF RSB (Cava-
lieri solid) 4B 45 , M0 & FL 3 B 57 4 35 1 A& 45 1> B8 4K 1 5 2 m U 41 84 57 4K
J& 1 BT 58 69 BT M 37 4K (measurable solid) 2 E W EEH 5 B ~r {4k,

& (7) Introduce a coordinate axis along L (call it the u-axis), and let
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mge(u) be the area of the cross section cut by a plane perpendicular to L at the
point u. The volume of R can be computed by the following theorem.

FE—AP A BENER, E AR EWEBEZ TLNBHNS
. BFENACRAERE B AR EEFBENMER—H,

[RITEEELR LI ARRBRZHN u 8D, 8 me () RZ LR v )
E#HTLMREEAIRA RVERATLIA T —EBEIHE.]

& (8) Let R be a measurable solid with a cross-sectional area function mg
which is integrable on an interval [a, #] and zero outside [a, &].

X B BT R #) measurable solid (R U 37 44 ) 45 i) 2 488 1o 16 B2 pR 3 e D9 W7 3
B S

(& R &2— A8k, B E W8 m R ek me £X B (e, 6] EFATH,
tela, 6]Z5PB{E N 0.]

& (9) For each subinterval of [a, 6] on which s is constant, we can imag-
ine a cylindrical solid (for example, a right circular cylinder) constructed so
that its cross-sectional area on this subinterval has the same constant value as s.

XENAE TR RE s A X SHATNA XBELN &, A EHERITR¥
W% . %id so that 5| — RN 4] .74 the same--as-- BRIFAE, EER

[ESNES s BERER e, b]09FXE L, TTRARECHE XN
FEfR CHCan 2 B R AR ) e 78 3 F X ] b i T LS T s 76 AL BT B 3
fH.1

& (10) The union of these cylinders over all intervals of constancy of s is a
h
solid S whose volume v(S)is, by additivity, equal to the integralJ. sCu)du.

X 4] — A4 — #i81F . intervals of constancy of s 3§ & F— 4] ff
BB RE s XA BEMN T XM, #AE by additivity A 3% R AT
ARG

Kt AT AN, 78 s BUH BUE 89 B A F X (8] b A9 B AR R B9 3 M R — A~ S ik

S, E MK v(S) % T4 J-bs(u}dun 1

& (11) If the ordinate set of this function is revolved about the x-axis, it
sweeps out a solid of revolution,

X B ordinate set A] HiE M “NLRE", HAX M RIERILH, HETIEHE
B, B 53 045 S 4 FE B . sweep out EER“HAH”, X BAFR LR,

[MRXARBOARIFEGEEE . XBHEORRBEEET a8
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8« BilER — A RIE R T — MR K.

& (12) When the region between their graphs is rotated about the z-axis,
it sweeps out a solid of revolution such that each cross section cut by a plane
perpendicular to the x-axis at the point r is an annulus (a region bounded by
two concentric circles) with area ng’(z) —xf*(x).

XA F B, B B 2 X solid of revolution B4 iS40 BB 7% , BiERT H
FAEE, BREA 4. K their graphs BIFH#TE H 2P BBKEE” .

L% 3 B A o B B 22 6] B X 8 = B ME 3% BT T B e S5 4, 76 4 = &b
AEET - #MAOVEEZRN, FEEERE—-TRF(FWAFEOCREFEBRH X
H) L, EMEBRN g’ (x) —xff(2).]

=, AE5E%E3

1. ER¥FERERRTR

1) strict a. =GR

~ inequality T AZR; ~ implication S K.

HHRARE

strictly adv. = #§ #i: ~ convex Z# ™ #; ~ increasing ™ #% % ¥ &,
~ monotone JE#F MR ; ~ decreasing CH& B ML A ; ~ speaking FEREINE,

2) invariance n. AW

~ of differential forms 4R A H: ; ~ principle RAE R,
3) definitea. T, HEH
~ integral 4 ; ~ operator i EEH F; ~ quadratic form F K&,

HEXARE:

indefinite a. AREH), RAHEN : ~ integral RER 4.

4) step n. FrBL.R.FE.EK

step-by-step integration & fR4r; ~ curve B4 ; ~ function Bk
R '
5) cylindrical a. [B&EH
right ~ solid H 37 # {4 ; ~ coordinates HHE 4 ¥5 .
6) integrable a. TIHM
~ function A[ K ¥ ; ~ representation A FFER.

7) subinterval n. T X[d]

interval n. [X[d]:open ~ FFIX [ ;closed ~ FX[H];{inite ~ HF %K [a] ;in-
finite ~ JG35 X [H],
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8) additivity n. W]tk
~ of measure | B B 7] /il ¥4 ; ~ of probability BRI jmiE.
9) congruent a. 2%
~ triangels 25 =¥ ; ~ figures H{IE; ~ with 25T (EFE S
similar H#) .
HXRIE:
similar a. F{ELHY : ~ triangels I =HTE; ~ o HUF.
10) cross-sectional a. (B{) WA/
~ area ﬁm‘mg
XA
cross-section n. () # M
11) convex a. i)
~ set 4L ; ~ space M%5[A]; ~ linear combination 42k ¥ 44,
2. AR HXRNBRAER
(1) extend vi. ¥ &
extendse-toees HLeeeoee | ST .
(2) deduce vt. i, HE
iA4H deduce A from B #mR-“MW BHH A,
Ml conclude (vt. )imply (vt. ) R[] 17,
(3) approximate vt. JE{EL, B a. FALAY, KHEAY
® 5 to A0 ,approximate to #/AR“CGEFE)ER”, “EMF”.
a4l approximate above and below BB R“M FFIMN T EIE”,
Xf B # 4 1) Ji& : approximation n. @i , ¥ {I{fi : ~ by rational functions &
o BB ; ~ formula SERIA R,
(4) evaluate vt. ¥£4r,f43t,i1HE
Xt R By 4 ] K& . evaluation n. W{H, 8 : ~ of determinants 75| & i
K15, '
evaluate &5 estimate (vt. ) J&[E Xid; —FF A, A E B RERHOITE, G
ZEPE MG MEER.
(5) revolve vt. [HHEH: ;vi. HEF:
revolve fY [8] 3L 1A /& rotate, revolve about the r-axis = rotate about the
r-axis 5% r BlES: .
Xt W #4944 17] J& : revolution n. BE¥% :solid of ~ MEFE{K.
(6) imply vt. ZHE& HEH,
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Xif 7 /) 45 i8] & :implication n. ZH 7.

3. BEERA.BR.TREIE

(1) over prep. FE(VE)Z L

— K, “ZEX [A] L7 R A A i & i on the interval kR ; IR A “EX
& @ A 7ef, W A over the interval 3¢ ER, AXHEMAERAGE.

(2) valid a. JELH, H UK

] The conclusion is valid, [iX%518 A0 . YH A valid @ DL ¥ gl true,
#ZhiA hold R FERBAL”, X T A 5 i : The conclusion holds.

(3) applicable a. Wi K, 0] N FHHY

WY to £, applicable to #R“FHEH T -+ 7 “FifeeeriE 7, applicable
it i ) 3l 18 & apply .

(4) without the necessity of using +++ AR oo o

4. ABGFE5R

(1) By a right cylindrical solid we mean a set congruent to a set S of the

form
S ={(x, y, )| (x, y)EB, a<2<b},

where B is a bounded plane measurable set.

#] %l By---we mean- I FH A LHE LR EOBEHE L, T
HER. XTEXMHNMAETSH §5.5,

[TM"ERBEAENRELETNTE SHE.S={(x, y, )| (x, y) EB,
a<<z<<b},H ¥ B BVFHE ELMAFATE.]

b
(2) In other words, v(R) satisfies the inequalities J s(uw)du << v(R) <

b
'[ t (w)du for all step functions s and ¢ satisfying s<<m, <t on [a, &] .

A/ B AR S AT B/ R ok A X 1T B (LR TR 3R N AR R R RS A 1 A
J 5 B T L 4 R DT B ST 4L 4 for 51 R B9 AR IR AR AT .
(BF2Z A EXE e, bR s<m, <t WK B R B s M2, v(R) W

BT R rs(u)du <vR) < J.ht(u)duo ]

(3) X Ehbiz £ mE1E, L (9) . sd(12), HRPEEENNA,
£ 83.1,

% 3 2.11
1. EETIBEAREN S X LN
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definite integral,invariance,additivity, expansion, contraction, comparison,
establishment; hold; nonnegative function, step function, strict inequality; cy-
lindrical, right cylindrical solid, subinterval,solid of revolution;measurable,in-
tegrable, monotonic,congruent, cylindrical,, cross-sectional ,convex, valid,

2. T HEAMAREFRRIE:

ERS A AT nPE o — v BB R B IR SRR K SR VB L
B RS (EE) s PR ARG B R B AR X R R TR
WH . AW, TR 2% REM . L HFRE.

3. DU

(D BRSWHREX TR BB AL R, T H4 X [ 4 5 i f1F #
A,

(2) EERRPHRRERN . ETLHER, RN FEN 2€ (a0 ]H™
BA%ERX g(2)>0 L, W g()FEla, (] EHBSHEKTF 0N,

(3) AT R A i ok 20 o 0 th 1) B R O b B T B B AR R B LAfE SR Y
B it 8 oR B B4 B RU A

(4) MRS EE L 8 ERE— QRS BESE, MENE
B, |

(5) R y=f(OEXE [a, bJHR,PAERBONLIREL » BhkE
R ARRE —FOER R, KB AR «[ /()] #EX El[a, 6]
BaRHRE.

(6) BE s=s(x)RKXE[a, o] LM BEEE 2 =a,<a<a, < <a,=b,
W s AFXE A= [a-1» a; )y i=1,2,+,n FRIFIERE Xa, MERHEAS

KB B 5(2) = Do, O FRBS [sdu= Dleita—a,
i=1 : 2 i=1
4, TEN .

(1) The fundamental theorem of calculus specifies the relationship be-

tween the two central operations of calculus: differentiation and integration.

The first part of the theorem, sometimes called the first fundamental

theorem of calculus, shows that an indefinite integration can be reversed by a

differentiation. The first part is also important because it guarantees the exist-
ence of antiderivatives for continuous functions.

The second part, sometimes called the second fundamental theorem of

calculus , allows one to compute the definite integral of a function by using any

one of its infinitely many antiderivatives, This part of the theorem has invalua-
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ble practical applications, because it markedly simplifies the computation of
definite integrals.
(2) Theorem ( First Fundamental Theorem of Calculus) A real-valued

function F is defined on a closed interval [a, b] by setting, for all x in [a, b],

F(zx)= J.If(t)dz » where f is a real-valued function continuous on [a, &].

Then, F is continuous on [a, ], differentiable on the open interval (a, #),
and F' ()= f(x) for all x in (a, b).
By the theorem, antiderivatives of f always exist when f is continuous.
(3) Corollary The fundamental theorem is often employed to compute
the definite integral of a function f for which an antiderivative F is known.
Specifically, if f is a real-valued continuous function on [a, &), and F is an an-

tiderivative of fin [a. &], then
h
jf(z)d; = Pty —Fla) .

The corollary assumes continuity on the whole interval. This result is
strengthened slightly in the following theorem.
(4) Theorem (Second Fundamental Theorem of Calculus or the Newton-

Leibniz Axiom) :
Let f be a real-valued function defined on a closed interval [a, &] that admits

an antiderivative F on [a, #]. That is, f and F are functions such that for all = in
]
La, b1, F(x)= f(x). If fis integrable on [a, &] thenJ‘ f)dt = F(b) — F(a) .

Because it does not assume that f is continuous, the Second Fundamental

Theorem of Calculus is slightly stronger than the Corollary.

§2.12 RETFIEZRH

(Sequences and Series of Functions)

—. FiER

Part A A Sufficient Condition for Uniform Convergence'**)

Let {f.} be a sequence which converges pointwise on a set S to a limit
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function f. By the definition of limit, this means that for each x in S and for
any e=>0 there is an integer N, which depends on both x and ¢, such that
| fuCx)— f(x) | << € whenever n==N*"_ If the same N serves equally well for
all points x in S, then the convergence is said to be uni form on S*®, That is,
we have the following.

Definition A sequence of function { f,} is said to converge uniformly to a
function f on a set S if for every ¢ > 0 there is an integer N (depending only

on g) such that n == N implies
| falx)—f (x)| <e forall zin S.

Weierstrass developed a useful test for showing that certain series are uni-

formly convergent. The test is applicable whenever the given series can be

dominated by a convergent series of positive constants.
Theorem 11. 5. The Weierstrass M-Test. Given a series of functions
2 u, which converges point wise to a function f on a set S. If there is a conver-

gent series of positive constants 2 M, such that

0<{|u,(x)|<<M, for every n=>1 and every r in S ,
then the series X u, converges uniformly on S.
Proof The comparison test shows that the series X u, (x)converges abso-
lutely for each r in S. For each x in S, we have

[f(.r)— Z"}ué(x)‘= ‘ E u;,(.r)[g 2 | us() | << i}Ma.
k=1 k=t k=t

b ]
Since the series EM, converges, for every ¢=> 0 there is an integer N
such that n=N implies

2M¢ <

k=nr1

This shows that

|f) = D |<e
k=1

for all n=N and every x in S. Therefore, the series 2l u, converges uniformly
to fon S,

Term-by-term dif ferentiation of an arbitrary series of functions is even
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FYES)

less promising than term-by-term integration For example, the series

. o . 1
2 S_InzﬂI converges for all real x because it is dominated by > —. Moreover,
o n

the convergence is uniform on the whole real axis, However, the series ob-

cOs nx

tained by differentiating term by term is 2 » and this diverges when

x=0. This example shows that term-by-term differentiation may destroy con-
vergence, even though the original series is uniformly convergent, Therefore,
the problem of justifying the interchange of the operations of differentiation
and summation is, in general, more.serious than in the case of integration®‘’,
We mention this example so the reader may realize that familiar manipulations
with finite sums do not always carry over to infinite series, even if the series
involved are uniformly convergent*® ., We turn next to special series of func-
tions, known as power series, which can be manipulated in many respects as

though they were finite sums.
Part B Power Series and Its Circle of Convergencet*!

An infinite series of the form

Da(z—a) =ay+a(z—a)+ = +a,(z—a) + -

s
is called a power series in (z—a). The numbers z, a, and the coefficients a,
are complex. With each power series there is associated a circle, called the cir-

cle of convergence, such that the series converges absolutely for every z interi-

or to this circle, and diverges for every z outside this circle*®. The center of
the circle is at @ and its radius r is called the radius of convergence. (See Fig-
ure 2. 12.1.)

In extreme cases, the circle may shrink to the single point a, in which case

r=0, or it may consist of the entire complex

plane, in which case we say that r=+co, The Region of absolute
—— ; . . Region of convergence
existence of the circle of convergence is shown in divcgancs

Theorem 11. 7,

The behavior of the series at the boundary

points of the circle cannot be predicted in ad-

Fi; 12,
vance. Examples show that there may be conver- gure 2.12.1
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gence at none, some, or all the boundary points.
For many power series that occur in practice, the radius of convergence
can be determined by using either the ratio test or the root test, as in the fol-

lowing examples.

n

Example 1, To find the radius of convergence of the power series :' , We

apply the ratio test. H z50, the ratio of consecutive terms has absolute val-
ue&f?!

zn-l—l ﬂ!

(nt1)1 2"

_ =l

IS

Since this ratio tends to 0 as n—co, we conclude that the series converges abso-
lutely for all complex z#0. It also converges for z=0, so the radius of conver-
gence is +oo,

Since the general term of a convergent series must tend to 0, the result of

the foregoing example proves that

lim%==0
n==cctl !

for every complex z, That is, n!] “grows faster” than the nth power of any
fixed complex number of convergence for every complex z as n—co,
Example 2. To test the series 2n°3"2", we use the root test. We have
(n?3"|z|")v=3|z| n+=+3|z| asn—>co,

; L Aok 2 i ;
since n» = (ﬂ" ) and n* —+1 as n—=oo, Therefore, the series converges abso-

1
=

This particular power series diverges at every boundary point because, if

lutely if |z] <%and diverges if | z| >%, The radius of convergence is

|z| ==, the general term has absolute value n?.

3
Example 3. For each of the series Ez; and 2%. the ratio test tells us

that the radius of convergence is 1. The first series diverges at the boundary

point z=1 but converges at all other boundary points (see Section 10. 19). The

. L - . 1
second series converges at every boundary.point since it is dominated by X —.
n
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We conclude this section with a proof that every power series has a circle
of convergence. The proof is based on the following theorem.

Theorem 11.6. Assume the power series 2 a,z" converges for a particu-
lar 240, say for z=z2,;. Then we have:

(a) The series converges absolutely for every z with [z| << |z ].

(b) The series converges uniformly on every circular disk with center at 0
and radius R << |z, ].

Proof. Since 2 a,z} converges, its general term tends to 0 as n—>co , In
particular, |a, z!| < 1 from some point on, say for n==N*®_ Let S be a cir-
cular disk of radius R, where 0 << R <|z,|. If z€ S and n==N, we have |z|<<
R and '

z

Z

<

Z

la.z" | =la, 21|

Z
z

R
=", where rZ‘— ;
Z

Since 0 < t << 1, the series 2 a,z" is dominated by the convergent geometric
series 2.t". By Weierstrass M-test, the series 2 a,z" converges uniformly on
S. This proves (b). The argument also shows that the series 2> a,z" converges
absolutely for each z in S. But since each z with |z|<{| z,| lies in some circular
disk S with radius R < | z,|, this also proves part (a).

Theorem 11, 7. Existence of a circle of convergence. Assume that the
power series 2.a,z" converges for at least one 270, say for z=z2, and that it
diverges for at least one z, say for 2 = 2;. Then there exists a positive real
number r such that the series converges absolutely if | z|<C r and diverges if
|z| > r.

Proof. Let A denote the set of all positive numbers | z| for which the

power series > a,z" converges. The set A is not empty since, by hypothesis, it

contains |z, |. Also, no number in A can exceed |z, | (because of Theorem
11.6). Hence, |2, | is an upper bound for A, Since A is a nonempty set of

positive numbers that is bounded above, it has a least upper bound which we

denote by r. It is clear that » > 0 since r==|z, |. By the definition of r, no
number in A can exceed r. Therefore, the series diverges if |z| > r. But it is
easy to prove that the series converges absolutely if |z|< r. If |z|<C r, there
is a positive number x in A such that | z|<{ x << r. By Theorem 11. 6, the

series 2, a,z" converges absolutely. ** This completes the proof.
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There is, of course, a corresponding theorem for power series in 2 —a

which may be deduced from the case just treated by introducing the change of
variable Z=z—a. The circle of convergence has its center at @, as shown in
Figure 2. 12, 1%,

. REEMEET

& (1) By the definition of limit, this means that for each x in S and for
any €= 0 there is an integer N, which depends on both x and ¢, such that
| fo(x)— f(x)|< e whenever n==N.,

R BR SE I A] TR AR R B S R AT 8B4 B %, P which
5| 5 # HE BR i P 2 & WA AT LUZE$6 5 7, whenever (R B 5| R 8 &4 M A1 AT
RATRZFE,

CRERBAE XX ERE S EME Nz JWUREE S O FEEHEN
(5xfMe AR MRREZNBRA| f.(0—f ()] <e.l

& (2) If the same N serves equally well for all points x in S, then the con-
vergence is said to be uniform on S. .

A 4] Bh 1] serves TAE E i, i8] 4H serves equally well WEEE“B AR %
ER”.

LR AF—A N GBfE LR S R A« —FU8r, 384X RSk ik
NS E—Es”.]

& (3) Term-by-term differentiation of an arbitrary series of functions is
even less promising than term-by-term integration®*'®,

@4 even less promising (8 R 5 im 8 A4 28, ] F 1% 5 “ 5 hn o LA 52
B”., A arbitrary {ERFD EX EWEE L LT any, TLHEB I — K
B o B A OSSN 8 v M VR R OT R B0 AL R — MY SR BT R B, R ar-
bitrary T LAARBEH .

I R %5 15T 9% 50 #F) 3% J AT A4k LR O AT AR O A LA SE R )

& (4) Therefore, the problem of justifying the interchange of the opera-
tions of differentiation and summation is, in general, more serious than in the
case of integration,

A4 LA, than J5 T B35 2 8050 804 8%, BB R E S 405

LR st , 340 300 5R 0 5 3R 0043 38 30 04 T 32 8k ) R, — M 136 5 2 4 1SR A 55k
FRArB ] 38 $ (] BE R METR £ ]

& (5) We mention this example so the reader may realize that familiar ma-

nipulations with finite sums do not always carry over to infinite series, even if
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the series involved are uniformly convergent.

X 4] soe+-that 5| §— A EEREMNAG s even if 5| F—TiEFRENE . 7
4R carry over to I B R “HMAR B L “BHA”; 117 mention R ER“HE
7, XERBAEE.

(RN BXANFF R T iLEEEBARE LM TARMN—LRENEZ
BHELEBHIIEFTEH NEREBHRBAAEHE - BBAHEE
.1

& (6) With each power series there is associated a circle, called the circle
of convergence, such that the series converges absolutely for every z interior to
this circle, and diverges for every z outside this circle.

st 4> iRl 8515 called the circle of convergence R4, T I HEF R E
SEi& ;interior to this circle # outside this circle R G B EiE,BENEE in-
terior AR (S AN H=3M) .

(BN FEREEMRLE R AIYSE R, REEXBANE 1 = &
o X WL B, FE XA B A g — A 2 AR BER R ]

& (7) If z#40, the ratio of consecutive terms has absolute value-+-.

XEREEFZECHER MR 2520, BAEEBAN LEA DT LT

1= CLORLD 7, MK AW . HF consecutive BB AR “ELEN”, M A“HEMN”; It
A4 88 have REER“E”. A F4E.
[0k =0, AR AASEBIIN 2 b A 28 Xt B g eee oo o1

& (8) In particular, |a,zi|<C 1 from some point on, say for n=N.

Z 4] from some point on HMERE“NFK M 2E”, X B #Y some point F§ #Y
BEENMBRHEN,

[F 50, WA BT 282, LN, S B n=N {54 a.27 | < 1.)

& (9) But it is easy to prove that the series converges absolutely if |z|< r.
If |z|<< r, there is a positive number x in A such that |z|<< x << r. By Theo-
rem 11. 6, the series 2 a,z" converges absolutely.

XN EHQEHZFKARGENEGFRER. ER=MFEFLEWHER—
HE.FNEHEGR. ETRATEMRERIE. BFHEAARPHEEX
8 YIRESELE, L Rn FZ KX RAN#H.

(EAEZIEH. X Flz| < r.BEFpEXERN, BLE, MB|2z|<r, 4 A
PEREE-NEH o FHB z<zx<r. TREHEE1L6 A, ¥ Xa.z" 83
L6 |

& (10) There is, of course, a corresponding theorem for power series in



§2.12 REINBIISEE 171

z—a which may be deduced from the case just treated by introducing the
change of variable Z=z—a. The circle of convergence has its center at a, as

shown in Figure 2. 12, 1,
XEAXREEV. EEFR—1T4AF.
(4R, 2T z—a WERBBA MM EHE, RAT0T LUK R A 4 B o 4E
TREHR Z=z—a MFD, XEBRSB L o HEC, WA 2.12.1 FFR.])
=. RESAEET
1. BREZRERATR
1) test n. Wik, H 5%
Weierstrass M- ~ Weierstrass M—¥| 5[ ; comparison ~ H B3 5k ;
ratio ~ H{E ¥ 5| sroot ~ WA H HE:.
2) term n. i, Ri&
general ~ @ ;the first n ~s B n W ; consecutive ~s #4¥I ; term-
by-term #Z I ; term-by-term integration FIMA 4.
3) series n. B¥; B
geometric ~ JLIAJR ¥ ; power ~ FELH; function ~ RETAR K.
FHRARE.
sequence n. JF¥, 8%, 1EX H % FiE sequence 5 series & @ i , H &
RY—ER,
4) boundary n. R
~ points I K 5 ; ~ of a domain K KH R,
5) bound n. R
upper ~ | % ;least upper ~ &/ EF (B supremum F#R);lower
~ T 5 ;greatest lower ~ AT R B infimum FTHR).
MEARIE.
bound v. R5E.
bounded a. 5 #:~ function H R &A% ; ~ above L HH;~ lower THR.
6) empty a. 25
~ set B,
HERE.
nonempty a. JEF M :~ set T ; ~ closed set IS HE,
7) behavior n. LR, ¥R, EH
PRICH the behavior of the series BB R “HERMERRRL”. X457
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BAARRAKENBCES LB BER¥ESLRETEF M, HiE kg
property (£ fR) .

2. AR HXRBERAEER

(1) conclude vt. #HFH 45K

XANFEN EARRNFE A ERHERKR, REEHNEEES LN,
AARE.

1 1  Since this ratio tends to 0 as n—>co , we conclude that the series
converges absolutely for all complex z%0. [ X2 n—coff X/~ HLEBE T 0, FF
RUHE Y, % F B Sl NAEE 2240, BRBE %4 i 8 sg . X

] 2 We conclude this section with a proof that every power series has a
circle of convergence.

ZA 4] concludes+ with -fJE R B LLreeeFEEH oo ve- i

(AT RZA, RATEEY . F— P RERBHA — M2 .]

A

LR ATLLR LU S8 RIEB R WA . §— R RBEWA — W HE . ]

(2) dominate vt. |

& shia) a] i 31, (B £ A3 be dominated by~ , BB R “B - BT
#EH”.

) The test is applicable whenever the given series can be dominated by a
convergent series of positive constants,

XA J7 #05& A T 8 — A WU SUW IE 89 % B0 R B P il (9 R O & 3.

(3) manipulate vt. ¥4, #HFGEH)

A 2 WAk R XA Bhinl ok HAR X B B AR .

#  Power series can be manipulated in many respects as though they
were finite sums. [FFRBAVFZ il 69E 8 0] LHRA R AIREE#TT.)

(4) justify vt.  HEi, ¥ 5

3. EERBRARR. . MAEE

(1) consecutive a. FHARHY

~ numbers ¥4 % ; ~ even numbers FHSB{EE; ~ terms M4BT,

(2) interior WK (FERTE FIE); M interior to+ &7, R BE“FE -
MM EEEEIEM. interior EXZAKERR“AMW”. B exterior (4}
AREY SN EROEBE R B PL T iE 5 exterior to HIE B MYEF] Y interior to 24,

(3) absolutely adv. #453%H

converge ~ #E XA ; ~ convergent 45X} WL LAY .
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MRARE

absolute a. 4%} ().~ value #8%F{H .

(4) uniformly adv. —E(# .,

converge ~ — B8 ; ~ convergent — B,

AR AR

uniform a. —3H, 458 : ~ velocity ¥ ; ~ cross section %) # i .

(5) though conj. B3R .HR

as ~ UF &R even ~ RE,

4. ARG S5FR

(1) Assume that the power series > a,z" converges for at least one 270,
say for z=z, and that it diverges for at least one z, say for z=z,.

X LERBEAEIEH A say 512, BER“HlWm”.

[BERAE Za.z" BELEREN 270, PIINTE z=2, WK, LIREREBE
PR 2 BlINTE z=2, AL EH ]

AXRBABHNE, SN 83.8,

(2) We turn next to special series of functions, known as power series,
which can be manipulated in many respects as though they were finite sums, 7
XAWFZATHMERANEE as, EEARFHENERHMERARR., #linsm
1, 7F known as(FRE)d,as £ Aid , EEE“YER"; 7F as though(RF)h,as
BEBCHAX. XTasWit—BNA,. 7SR §3. 11,

% 3 2.12
1 EETIBFERERFLRMA -

converges pointwise, converges absolutely, converge uniformly (uniformly
convergent) ; Weierstrass M-test, comparison test, ratio test, root test; term-
by-term differentiation, term-by-term integration; summation, geometric se-
ries, power series; general term, circle of convergence, radius of convergence;
upper bound, bounded above, least upper bound; consecutive terms, empty
set, interior to; dominated, manipulate,

2, T EAAREFREL:

SRS 4 X B — B — BOB SR Y 5 Weierstrass M — 3] 5l 5 | 38
FIRE G A B R Bk B BTSSR LT R KRR
B s R WSk R B8 G; LRV EAR BN ER(EBB) MBS E
PR I L BRAE
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3. Wk

(1) FEFFIX 8] Ca,y b) b — BB 0 B 5 6 5E 78 3% X (8] Y 4 — s AR MO
B R7E (a, b) b SCRBCEUN R BT R & — Bl '

(2) IR XEXE D EREF 1) A BT RE f WFER >0,
HEIHMEEBRE N BHELEEN n=N AR €EDHR| f.(@)— fl@)|>e.

Q) A —IMBEE Zax EPER =0 WG MR EEBNE FEK
LM EHRECERR +oo.

(O MTFAERAMN—-LRBHEEIFELRE D EREH EEFRHK
RAEGEZHARM—FREHEMR.

5) BREBEBNERBT O, HEBIRBUAM—-ILERGE. B
BREARESHN, HAEMET 0 HRPRLUES.

6) —NMEHELEFA LR MU ARDER:H—FHE, - PTLBEEARAT
RMLEBRKTR. TR -AAFNECHRERGLHF LA LHA.

4. TR .

(1) This particular power series diverges at every boundary point of the
circle of convergence because, if |z| =r, the general term has absolute value n.

(2) The convergence of a power series at the boundary points of the circle
cannot be predicted in advance by ratio test or root test. We must use other fi-
ner test to justify them.

(3) A series 2a, is said to be absolutely convergent if 2 |a,| converges.

It is called conditionally convergent if 2a, converges but 2. |a,| diverges.

(4) Both the root test and the ratio test are, in reality, special cases of the

Lyt

: 1
comparison test. In fact, when (a,)»—=R < 1 or —[. < 1 as n—>c0, con-

vergence is deduced from the fact that the series in question can be dominated
by a suitable geometric series 2 x".

(5) Now we consider sequences { f,} whose terms are real-valued or com-
plex-valued functions having a common domain S on the real line or in the com-
plex plane. Assume f, converges uniformly to a function f on S. If each func-
tion f, is continuous at a point P in S, then the limit function f is also continu-
ous at P.

(6) Assume a function f is represented by the power series f(x) =

@

za.(.r—a)’ in an open interval (a—r, a+r). Then f(x) is continuous on
n=10
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this interval, and its integral over any closed subinterval may be computed by

integrating the series term by term.

§2.13 ERMSAFE
(Ordinary Differential Equations)

—. WiRiRX
Part A Introduction to Differential Equations™"

A dif ferential Equation is an equation that involves one or more deriva-

tives of an unknown function. These equations may range from the {airly sim-
ple to the extremely complex. In following examples, it is understood that each

y is a function of ¢,

Examples (a) y'=¢ [or y ()= ¢*].
(b) ¥+ y=0 [or y"()+ y (£)= 0].
SN
(c) y P
(d) e y¥ +sin(ty)y’ —cosy=1’.

The order of a dif ferential equation is equal to the order of the highest

derivative that appears in the equation. For instance, (b) above is a second-or-

der dif ferential equation and (d) is a fifth-order equation.

A function ¢ is said to be a solution of a differential equation on an interval
(as @if for each 1€ (a, B), substitution of ¢ () and the appropriate derivatives
of ¢ in the given equation yields the desired equality®‘?,

3

this solution is valid for each t€R'. Similarly, the functions ¢, () =sin ¢ and

3 3
For example, ¢(¢)= £ 1413 is a solution of (a) since (—;—+13)’= t*, and

$, (¢) =cos t are easily seen to be solutions of the equation given in (b); again

these solutions are valid for the entire real line R'. A solution of (¢)is given

by #(¢z)=+/4—1t*, but any open interval for which this solution is valid cannot
contain the points |[#|==2. The solution of (d) will be discussed later.
Example (b) serves to illustrate that solutions need not be unigue (this is

3

; ; t ; ; ,
also true in (a)) since $(2)= E—G is clear another solution. However, if ad-
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ditional conditions are imposed, then in certain instances uniqueness may be ob-
tained*®. For example in (a) if, a priori, it is stipulated that y(1)=2, then

it can be shown that the only solution satisfying this equation (and this condi-

£ 5@
tion) is given by ¢ () = 3 + =

y(n)= 2 and y'(x)= 3, then it will follow that ¢ (¢) = 3sin t—2cos ¢ is the

Similarly, in (b)if it is required that

unique solution. The conditions that we have imposed are called initial condi-

In (d) it is not even clear that there is a solution, much less what initial
conditions would be necessary to ensure its uniqueness*‘’. Establishment of
existence and uniqueness of solutions is frequently of considerable importance.
It is not difficult to see why it would be useful to know that a given differential
equation either has a solution or fails to have a solution. The reasons for deal-
ing with uniqueness are perhaps not so transparent*® . Consider, though, a
differential equation that purports to describe some physical or biological sys-
tem (examples will be forthcoming shortly). A solution of such an equation
can be used to give the state of the system at varying times . If there were
more than one solution to the given equation, then it would be meaningless to
talk about the solution as actually describing the true physical reality of the sit-

&i6)

uation If the solution is known to be unique, this problem does not arise.

Part B The Nonhomogeneous Problem'**!

In the previous sections of this chapter we have discussed the general theo-
ry of second order linear homogeneous dilferential equations, and in the case of
constant coefficients have shown how to construct solutions. We will now turn

our attention to solving the nonhomogeneous differential equation

Llyl=y" + p()y + q(2)y=g(2). (1

Throughout the discussion we will assume that the functions p, ¢, and g are
continuous on the interval of interest.
In modern engineering the problem of solving Eq. (1)is often referred to as

an inputoutput problem. Supposing for the moment that the differential

equation (1)represents a certain mechanical or electrical system, it is natural to

refer to the solution y=g¢(x)as the output of the system. The coefficients p
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and ¢ are determined by the physical mechanism. The problem of solving Eq.

(1) for different nonhomogeneous terms g, input functions, corresponds to de-

termining the output of the system for different input functions®*,

Before considering particular cases of Eq. (1), we will prove several simple
but very useful general results which will simplify our succeeding work,
Theorem 3. 10. The difference of any two solutions of the differential

equation (1),
Llyl= 5y + p(0)y' + gl)y= g(x),
is a solution of the corresponding homogeneous differential equation

Llyl= y" + p(x)y + g(x)y= 0. (2)
To prove this theorem suppose that the functions u, and u, are solutions of
Eq. (1). Then

Llu, 1= g,
and
Llu,] = g.
Subtracting the second equation from the first equation gives
Llu J=Llu,J= 0,
or, since L is a linear operator,
Llu,— u, J= 0,

L 183

which is the desired result®*®, With the aid of this theorem we can prove the

following important theorem,

Theorem 3.11  Any solution y=¢(x) of the nonhomogeneous linear dif-

ferential equation (1)
Lly]l=y"+ p(x)y + q(x)y=g(x)
can be expressed as
$ (2)=y,()+ i)+ c2y:(x), (3)

where y, is any solution of the nonhomogeneous equation and y, and y, are lin-

early independent solutions of the corresponding homogeneous equation.
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To prove this theorem, observe that according to Theorem 3. 10, ¢—y, is
a solution of the homogeneous equation, Thus, according to Theorem 3. 4 of
Section 3. 2, $—y, can be expressed as a linear combination of y, and y,, which
establishes the theorem,

It is customary to refer to the linear combination (3)as the general solu-
tion of Eq. (1).

Consequently, to find the general solution of Eq.(1)we must find the gen-
eral solution of the homogeneous equation (2)and then find any solution of the
nonhomogeneous equation®**®, As we could have anticipated (see Section 3.1)
the general solution of Eq.(1) involves two arbitrary constants, and hence to
specify a unique solution of Eq. (1)it is necessary to specify two additional

conditions , namely, the initial conditions y(x,) =1y, and y'(z,) =y, *9%,

The general solution of the homogeneous equation (2)is often referred to

as the complementary solution and denoted by y.. Thus y. (z)=c 3 (x)+

c;¥:(x). A solution of the nonhomogeneous equation y, is usually called a

particular solution, Notice that y, is not uniquely determined since if Y is a so-

lution of the nonhomogeneous equation then Y plus any multiple of y, or y, is
still a solution of the nonhomogeneous equation. It follows from Theorem 3. 11

that the general solution of the nonhomogeneous equation (1)is
y=y () ty, (). (4)

—\RAESREFES

& (1) A function ¢ is said to be a solution of a differential equation on an
interval (a, @ if for each € (a, @ , substitution of ¢ () and the appropriate
derivatives of ¢ in the given equation yields the desired equality.

X A]if 5l FH RN LK, TR O IE R IR R 30, 97 yield 4
R B EhiE, & RS R (B B R AT R S PR O E MR R R

LR ¢ BRI — NS FRBREKE (o, B EHB, MRS E -1 1€ (a) B,
MO ¢ &L FHRAANZ TR, BB TR NTFENER.]

& (2) However, if additional conditions are imposed, then in certain in-
stances uniqueness may be obtained.

BA{A] impose B & L R“BM”  EX B FRIGR". XFERXTZH A
HX, EFTRBHXREIROFEER TN, 207 FK.

LER , in R 8% — o b b &4, W — E 58 T W LIS B)mE—1 ]
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& (3) For example in (a)if, a priori, it is stipulated that y(1)= 2, then it

can be shown that the only solution satisfying this equation (and this condi-
. — £ 5
tion) is given by ¢ (t)=-§'+-3-.

1A% a priori BERT A X425, AT LA R, KA R “ B i ()7 “HE
HAGlD”, “BER (M) KT, IR, XBEMIFRRAER, 2T
B -

(FlnE S, FFERE y(D=2, W HEH, K2R GERX &

) B A — A, B ¢<s>=£§-+%°1

& (4) In (d)it is not even clear that there is a solution, much less what in-
itial conditions would be necessary to ensure its uniqueness.

A that 5| M5 what ST KA E R ETTE it TREBEMELEN
=, AR EERAERE. A4 much less HTFBEAMERR“ERHIR”,
EEMBIEA not even, KA RRK KRR “E- WA ELAHBE ", 24
CIRz3:

N FFRD.EEEREAMBIOBAFE, EARBELIRAM M
b SUS ZPINT A R |

é (5) It is not difficult to see why it would be useful to know that a given
differential equation either has a solution or fails to have a solution. The rea-
sons for dealing with uniqueness are perhaps not so transparent,

BARFE a WEZFNANARR—"HREE JHELE either has a solu-
tion or fails to have a solution H,a fE AR E v REZIE“ A M LM, A EEF
BE—", W, FRE - REAEE TR S RXRE. &R

(AEER AHATHR-ITAENNSI IBREARIEHERE AN,
17 A At 2 B Ak 2 o — 1 9 2 b BT RE RS K BA MY 55 1l . ]

b (6) If there were more than one solution to the given equation, then it
would be meaningless to talk about the solution as actually describing the true
physical reality of the situation,

AARABPESHA ERERAE - HHEXTAIBEEANLER. A&
3 to talk about the solution as- BB R“f8 P R”. &0 0] FK .

[MRZGTENOFEAS L B 2BRERNM R AR ERDERTHENY
BEpRRE R SRBAEELNT ]

& (7) The problem of solving Eq. (1)for different nonhomogeneous terms
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g, input functions, corresponds to determining the output of the system for
different input functions.

7 /5] 8 44 77 solving Fl determining (¥ 5 T 4 51l & £ — = i& , 40 9 78 24 4] F
B FIBEMEE. BhiaiRA4H correspond to A1 F—~ KW ahid, EEZ“ X T,

DX R ) 9 HE ST I g CRIVAR A BR 20 » % 07 2 (1) Y 18] BE X B T 48 48 S [R] 1Y
A PR BB SE X R R Y [A) A D

o (8) Subtracting the second equation from the first equation gives
Llu,]—L[u,] = 0, or, since L is a linear operator, L[ u; —u, |= 0, which is
the desired result,

& ,subtract A from B ERBRR“BWE A", A F or G AE HER
RO EX BRI IAREN,

(R — AR ESE N ESE Llw ]—Lle.] =0, AN L REHR
FoBrbh Lluy —u 1= 0, X RFTEMZER ]

o (9) Consequently, to find the general solution of Eq. (1) we must find
the general solution of the homogeneous equation (2)and then find any solution
of the nonhomogeneous equation.

3X /) KHR S N A A M JE A R0 B, ROR I & any solution (9%, 1R %
BB RE S SR U R — A TR B8 B0 R, X B MR R
BHPEE A7,

LB, 2 7SR 7 82 (1) B8 % , FATT 281 6 5R 57 5 12 (2) i i i , SR V5 P oK
HAESFR T R EMMEE R . ]

& (10) As we could have anticipated (see Section 3. 1) the general solu-
tion of Eq. (1)involves two arbitrary constants, and hence to specify a unique
solution of Eq. (1)it is necessary to specify two additional conditions, namely,
the initial conditions y(z,)= y, and y' (x,) = y,.

AAJ R W and BEEAPNIHIIMARN ., B—ARENE G4, 4 HH as
5l RN R BELESGE M EM A, E - I A EXNEEREN
RiFBAAREXEERAEFEGREXTR.

[ERIEATTREMI AR 3.1 ), PR MWERLE THRMEEY
. Bk, T E TR (1) B ME — %, 20 T8 SE B A B 2R 44, B0 A 56 &
y(x) =y, M y' (z)= ¥;.]

=\ RESARET

1. ER¥FEREREYT R

1) equation n. FH&,%E=R,
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~ of plane i H#;~ of curve i1 7 #; ~ of straight line H&H
£2,; ~ of higher degree B #; ~ of nth order n IR #; ~ with constant
coefficient H B ¥ J7 8 ;ordinary differential ~ # #4477 # ; partial differential ~ {R
4> 5 #2 squadratic ~ KT &,

2) homogeneous a. FFIKH
~ equation F K/ & ;~ polynomial FK LT,
HEARIE.
non-homogeneous a. JEF WA : ~ equation JEF K 7 #; ~ problem JEFF
K ia)
3) initial a.  WIEH
~ condition ¥J{H & {4 ; ~ distribution $J #8414 ; ~ function ¥ 15 REL.
4) solution n. & .fR:

complementary ~ #b 75 f#; general ~ ifi #f; particular ~ $%ff; ~
curve f# I £% ; ~ by logarithm Xf&ff# ¥ ; ~ of differential equation #4377 & #
f# ; linearly independent ~ ¥ X,

5) uniqueness n. FE—¥
~ theorem M — ¥ EH; ~ of solution R KM —E,
HRERARIE -
unique a. ME—@J; uniquely adv. ME—H#b,
6) existencen. FF1E#E:~ theorem FFHEHEEHE; ~ of solution fRMFETEHE.
FRARIE:
exist vi. TFE:EEHUBAEMT AR, there exist(s) -,
7) input n. A
~ function ¥ A pR¥; ~ data 8§ ABHE; ~-output n. ABL FHATH.
8) output n. %l .~ function % R,
2. ¥ARAEXAERHAER
(1) range vi. 7F{k;n. FLHE.EE

range fI'DITl“‘tO'" }A......@{t%u ...... 5
(2) impose vt. &M
BlFEES2),

(3) yield vt. J=H 851, HEH

AR BT give B X RR“HEH A 5 conclude [ X,

(4) refer vi. #HKk,ZR

MEELUTENRAN T AR : ()refer to BRE“SH” “S£"; 1
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refer to as BB R“FKH".

(5) turn vt. H74

@4 to turn our attention to++ B R“ERNVER ¥R - Ry

(6) specify vt. IRE . HHM R

(7) anticipate vt. Wi, F

(8) purport vt. EHHR,.FE#K

purport toss HEFR e 5

(9) stipulate vt. HE,.BH

TR X iF R provide, prescribe,

3. HBA. WA T iTEE

(1) succeeding a. JSHEM

(2) transparent a. BB/, ZFHK

(3) meaningless a. HE L, L/

(4) throughout prep. #&A----#i6], \LEIB

(5) much less TR EMNNERE“ERHR”

(6) a priori adj. /adv. ERE(H),BEM M), NGB, 7EXN, B
FBIFRSIG D

4. REHMFSRB

(1) Substitution of ¢ (t)and the appropriate derivatives of ¢ in the given
equation yields the desired equality.

EXZERS (), XARAEHBE+E"ZX—FXETE., K4 EF substi-
tution B— N RAMENZE(EBRR“RAR“BEHR”), HEMITR 6(2)and
the appropriate derivatives of ¢ Bl T EH Eif . substitution 548 i & 3) i8] sub-
stitute —#E , % 5 in 2 into FHA, AN AR ERFIRANMVERBEFRBOXR.

(2) In (d)it is not even clear that there is a solution, much less what ini-
tial conditions would be necessary to ensure its uniqueness.

EXRSA), XR—-MHINER, F—T2EARARL, - E R E
BESH - LHRE“EALEENEHR. AN rABHEENESX. XTFEE
ERXWi#—-LTHR,TSF §3.12,

& 3 2.13
. EETHIEERENS L ENA:

equation, homogeneous, complementary solution, general solution, parti-

cular solution; initial condition, the order of a differential equation;existence,
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unique, uniquely, uniqueness; yield, range;input, output, a priori.

2. T EMAERBRIE:

FRFERIBFREEFRE A — M ME— 3 585 T
ROYBT WA 5 B AR AR AN 7 A (B (R e TAGEA B ER
H(HFH) .

3. WK

(D) AR EXHUAEZTBYINRERNFHAH.

(2) WAH BB ELE—, HE, MRHBR - HRIEFREZ LM
&A%, A vl RIS BIME—

B) WA TR FEEESR - WA REEFERN, B LREERE
RAVEE, EH ARG T B ROWS T BAE BE AR,

(L) BRIZHFREEMS T EOER, LA ELERBENRILRELX
f#, MAEMNWREASHEFM BRI ER.

5 EFKRFBRIUEBREANMTER :y =y () + y,(2), KA y. () BH
N FR T BEER, y, (OREFRT B —55E.

(6) —ANEBHEMES A EBE.EMNMMNREEESHEHRE, -1 %
B ES T EBPCIEBHERDEERN.

4. FEFE

(1) The general second order differential equation is an equation of the
form F(x, y» 3"+ ¥")=0. The theory associated with such an equation is quite
complicated. We will therefore begin by restricting our attention to equations
which can be solved for y”, that is, equations which can be written in the form
¥ =flx, 3, ¥).

(2) For the first order differential equation y' = f(x, y)we found that
there is a solution containing one arbitrary constant. Since a second order dif-
ferential equation involves a second derivative and hence, roughly speaking,
two integrations are required to find a solution, it is natural to expect to find
solutions of the equation containing two arbitrary constants,

(3) If the functions p and ¢ are continuous on the open interval a<lx<Zb,
then there exists a fundamental set of solutions of the differential equation y +
p(x)y +q(2)y=0, on the interval a<<a<b. The set {y,, ;) is a fundamen-
tal set of solutions of the equation if and only if both y,and y, are the solutions
of the equation and every solution of the equation can be expressed as a linear

combination of y,and y,.
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(4) Two functions f and g are said to be linear dependent on an interval
a<<x<_b if there exist two constant ¢, and ¢;, not both zero, such that
¢, f(x)+ c,g(x)= 0 for all x in a<<x<h. Two functions f and g are said to
be linearly independent on an interval a <{ax<Ub, if they are not linear depend-
ent. The same definitions apply on any interval, open or not.

(5) Much study has been devoted to the solution of ordinary differential
equations. In the case where the equation is linear, it can be solved by analyti-
cal methods. Unfortunately, most of the interesting differential equations are
non-linear and, with a few exceptions, cannot be solved exactly. Approximate

solutions can be obtained by using computer approximations.

§2.14 B FESHORBER

(Expectation, Variance and the Central Limit Theorem)

—. BIERX
Part A Expectation and Variance (%]

The mass interpretation of probability distributions may be carried a step

further by introducing the concepts of expectation and variance®". These
Yy

play the same role in probability theory that “center of mass” and “moment of

inertia” play in mechanics. Without the Stieltjes integral we must give sepa-
$02)

rate definitions for the discrete and continuous cases

Definitions of expectation and variance. Let X be a one-dimensional ran-
dom variable. The expectation of X and the variance of X are real numbers de-
noted by E(X)and Var(X)respectively, and are defined as follows:

(a) For a continuous random variable with density function fx,

o
E(X) =J. ‘xfx(z}dt,

Var(X) = r[z —EOT fx(D)dt.

(b) For a discrete random variable with mass points x;, x,,** having
probabilities p,=P(X=2x,), we define

E(X) = ZI&JPU
=1
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Var (X) = > [ax — E(X) T pu.

k=]
Note: We say that E{(X)and Var(X) exist only when the integral or series

in question is absolutely convergent. It is understood that the series is a finite

sum when the sample space is finite; in this case E(X)and Var(X) always
exist®®  They also exist when fy is 0 outside some finite interval,

The mathematical expectation E(X)is a theoretically computed value as-
sociated with the random variable X. In some respects, the distribution acts as
though its entire mass were concentrated at a single point, E(X)**’, The true
significance of mathematical expectation in probability theory will be discussed

in Section 14. 29 in connection with the so-called “laws of large numbers”.

In mechanics, a knowledge of the center of mass alone gives no indication

of how the mass is spread or dispersed about its center. A measure of this

dispersion is provided by the “second momen:t” or “moment of inertia,” In
probability theory, this second moment is the variance. It measures the tend-
ency of a distribution to spread out from its expected value. In Section 14, 28
we shall find that a small variance indicates that large deviations from the ex-
pected value are unlikely *.

Although the expectation E(X) may be positive or negative, the variance
Var(X) is always nonnegative. The symbol ¢° is also used to denote the vari-

ance. Its positive square root is called the standard deviation and is denoted by

6. The standard deviation is a weighted average; in fact, ¢ is a weighted root
mean square of the distance of each value of X from the expected value

E(X)*® . The analogous concept in mechanics is the “radius of gyration.”

Part B The Central Limit Theorem'*

In many applications of probability theory, the random variables of inter-
est are sums of other random variables. For example, the financial outcome

after several plays of a game is the sum of the winnings at each play*”. A

surprising thing happens when a large number of independent random variables
are added together. Under general conditions (applicable in almost every situa-
tion that occurs in practice) the distribution of the sum tends to be normal, re-
gardless of the distributions of the individual random variables that make up

&8
&

the sum The precise statement of this remarkable fact is known as the
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central limit theorem of the calculus of probabilities. It accounts for the impor-

tance of the normal distribution in both theory and practice. A thorough dis-
cussion of this theorem belongs to the advanced study of probability theory.
This section will merely describe what the theorem asserts.

Suppose we have an infinite sequence of random variables, say X,

Xz -y with finite expectations and variances. Let
m,= E(X,) and o= Var(X,), k=1,2,+,

We form a new random variable S, by adding the first n differences X, —m, :

S, = D (Xy—my). (14.52)
k=1

We add the differences rather than the X, alone so that the sum S, will have

0%, The problem here is to determine the limiting form, as

expected value
n—co, of the distribution function of S,.
If X\, X;,°+, X, are independent, then [ by Exercise 4 (c) of Section

14, 27] we have

Var ()= D, Var(X,—m,)= D) Var(X,)= D) o}
k=1 k=1

k=1
Ordinarily, Var(S,)will be large even though the individual variances o}
may be small, Random variables with a large variance are not fruitful objects of
study because their values tend to be widely dispersed from the expected val-
ue*'  For this reason, a new random variable T, is introduced by the equa-

tion

S (14.53)

"/ Var( S

This new variable has expectation 0 and variance 1 and is called a stand-
ardized random variable. The standardized variable T, is meaningful even if
the random variables X,, X;, **, X, are not independent. We now introduce
the following definition:

Definition of the central limit property. Let
Xls Xxu Xao"' (14.54)

be a sequence of random variables (not necessarily independent), where each
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X, has a finite expectation m, and a finite variance of. Define S, and T, by
(14.52)and (14, 53), The sequence in (14. 54)is said to satisfy the central lim-
it property if, for all a and & with a<lb, we have

limP(a<<T,<b)=

oo P

) ~2
j hdn (14.55)

In other words, the random variables in (14, 54)satisfy the central limit prop-
erty if the distribution of the standardized variable T, approaches a standard
normal distribution as n—=oo. [Equation (14. 55)is to hold also if a=—cc or
b=+oc0. ]

Laplace was the first to realize that this property is shared by many se-
quences of random variables, although a special case (random variables descri-
bing a Bernoullian sequence of trials) had been known earlier by De Moivre.
Laplace stated a general central limit theorem which was first completely
proved by the Russian mathematician A, Lyapunov in 1901. In 1922, ]J. W,
Lindeberg generalized Laplace’s result by showing that the property is satisfied
if the variables are independent and have a common distribution giving them
the same expectations and variables® 'V,

Fortunately, many independent random variables that eccur in practice au-
tomatically satisfy the Lindeberg condition and therefore also have the central
limit property. Up to now, the theory for dependent random variables is in-
complete, Only a few special cases have been treated. Much of the contempo-
rary research in probability theory centers about the search for general theorems

dealing with dependent variables®*‘'?’,

—. RiE5\FES

& (1) The mass interpretation of probability distributions may be carried a
step further by introducing the concepts of expectation and variance.

X A R B Eh i A, B VR A R A E Bh A, 39S by 51 2 807 AR E BOERTE .
H P mass interpretation ffIRR“FEBEL"RGRBEE",

CEESIABMEMFENRETUMNBMESIANERE XEH—S M
%3 |

& (2) Without the Stieltjes integral we must give separate definitions for

the discrete and confinuous cases.

$ti without 5| R E A HE KN KMRE, X BERETETLUHERIREE
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JRiE ., give separate definitions [ EER“DT A TFTE X,

Ci F 384 RS RO 4 RATH A B A ESEX WA EIE 534
TiEX.]

& (3) It is understood that the series is a finite sum when the sample
space is finite; in this case E(X) and Var(X) always exist.

A4 it B R FiE ., that 5| T —4~FiH M A];it is understood A i ALHH A
BEARTMM R BR”,

L8R, 20 A< 25 Al A7 FR B, R BCH A BR A, LA E(XD 1 Var (X) & &
.

b (4) In some respects, the distribution acts as though its entire mass
were concentrated at a single point, E(X).

A 4] as though 5| R— M7 R FRREFENG, KPHhiERHAEPIER. &
BB 3R] act AT LARE R AR 4 19 .

(EREFHE, 2 HWERAFRELENENRRBEP T -0, 0
E(X)E.])

& (5) In Section 14, 28 we shall find that a small variance indicates that
large deviations from the expected value are unlikely.

XA H—A that 3| R RIFEMNE (L indicate X B 3A)¥E R find M EE,
B A that 5| S EiFE M AJYE N indicate M E1E, deviation from- BB E“W
B IR,

[7E 14,28 57 AP R BL . /N 7 22 22 75 7 K 7T i HY B 4w 8 S99 B I K
iz .1

& (6) The standard deviation is a weighted average; in fact, ¢ is a weigh-
ted root mean square of the distance of each value of X from the expected value
E(X).

E A4 square ZJFH T =4 of M1—A4 from 3 & W A& M » square Z 7
A—TEERANENZEAEEE HFNEEEEFBLRMBERBENESEL
18

[irEZE R DWACEHE BE Lo EAMEEEORE X 8N EKN
BE R A HF AU TR )

& (7) For example, the financial outcome after several plays of a game is
the sum of the winnings at each play.

i financial outcome Fll game (14 25) Il , XM FiL 24 R & 8B
FOANEHE. XOHERASRE MTEXRRFHEARE . BRBE L. 4
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K@ﬁ?ﬁ:

[, PR3 TRERNBESEREEE - REBEPRESGRY
Fi.1

MR, play EXERE VAR BRERR”. EREGH, BATEER:

(B, —KEREBEANKANERELPE-RAERMZH.]

& (8) Under general conditions (applicable in almost every situation that
occurs in practice)the distribution of the sum tends to be normal, regardless of
the distributions of the individual random variables that make up the sum,

FBESPHAAEBTHEAE X RVEAEH MY TEEEE. A4
tends to be normal Z[G]F tends to the normal distribution, Ff X 6] ¥ normal &
BRYEAN". BAHERF.

[ —BAGTXILFIEATFEFREETHEMES , INSHGETE
oA, M SHW AN SRR KNS LX)

& (9) We add the differences rather than the X, alone so that the sum S,
will have expected value 0.

4]t so that 5| FREREBENG, BER“ KR T 7. “LIE”;rather than B ER
RZ“MA”;the differences MR Xo —m,, BN [ — P HBHL,. UESEE
B X, JE AR,

CXEEE X, —m AMWAREREX, . 2HTHEB S, WHEERN
0.]

& (10) Random variables with a large variance are not fruitful objects of
study because their values tend to be widely dispersed from the expected value.

X 47 because 5| F#) R R ERIEMNA] AP iBIES) ] tend R R )+ to be +
Rif, XA MESH LA —FRE", MRAEE WEURKERE. TEEN:

CULRFHR KT 2R BEYLE B E TR REASBBISHRFHBURE X2
EAENGETR AT B K Bl R AR E . ]

& (11) In 1922, J. W. Lindeberg generalized Laplace’s result by showing
that the property is satisfied if the variables are independent and have a com-
mon distribution giving them the same expectations and variables.

XA 4B T IR S A R A ST VR4S

(1922 48, J. W. MREBAME Th SR E R B T XHEMEIER
WRPLOERBER, MREMNBM M HAFEAHARNHBM T ZHR—
i |

& (12) Much of the contemporary research in probability theory centers
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about the search for general theorems dealing with dependent variables.
X ] 69 185 3 1A & center, [ E # AL center about WEB R “EPE",
(R AMOTFEHABEREIRAULHEEXHELERN—BRE
EJ
Z.RESAAET
THEHREMAETHANESBERE, ﬁﬁﬁ#mﬁlﬂﬁﬁﬁﬁﬂ 7 4% 51
BWEAE AEM Rk FeEb N ZEERNEHAR, SHETMA
K FekE TR,
1. BRESARBRRTR
1) distribution n. 4%
probability ~ #{FE434 .
2) expectation n. (FF)OWHE
~ value HAIE{H
3) variance n. FE
~ analysis HTZ43#¥7; ~ estimation } Z44il; ~ of random variable
PR T 2,
4) deviation n. R, B3, EE
standard ~ ¥E¥EE ; ~ from mean FEH{RE
5) dispersion n. W%
~ analysis BSZ 4 #7; ~ method £,
XA
disperse vt. {4 r#;vi. I,
6) mass n. JEE,KE,H
center of ~ Jfi»;~ point Fs.
7) random a. HHHLK
~ variable BEHLAE & ; ~ measure JHLIMBF ; ~ integration BEHLE 4.
8) moment n. ¥
~ of inertia ##£4E ;second ~ — 4.,
9) discrete a. B#HAY
~ random variable BB R ; ~ mathematics BIELEE.
MHEARIE:
continuous a. HEZEM: ~ function ELERE .
10) individual a. A5, MER ;0. &
~ element MEITCE ; ~ ergodic MERFH .



§2.14 HME.SESPHRERETE 191

11) game n. {83

HEARE:

play n. B,

2. AR EXRABRRAEER

(1) spread vt. H(fi . ¥ 3k

il 4 spread out from M HER“H - WIPP .

# It measures the tendency of a distribution to spread out from its ex-
pected value, [E(F2) [ AW E N E R BEHM T BHHBE.]

(2) generalize vt. #J . —R&fk

Bl 7 i (11),

(3) provide v. #f{it

% A measure of this dispersion is provided by the “second moment” or
“moment of inertia”. [“ _Br&E", BI“MAEE"RETHMREXAEZH—F N
.1

(4) account vt. & iAH

account for 8, BLAiK B,

# 1t accounts for the importance of the normal distribution in both the-
ory and practice. [iX B LA IER 2 HfAE B sk LR AP EEH.]

(5) center v. fEthin. >

~ about £ ;~ of circle Al.{>.
X B i & central a. 0B . ~ limit theorem F.OBBER.

MXARE.
concentrate vt. /vi. #BH,ILE&.BHhF.
(6) tend vi. BT .FH- 5im

XA ERFERRERE TR R R R 6,38 % K FiF4H “tend to +
R FEE )R ER; AR EK F“tends to be + MR OIEHFIARIE)"HE
7

BT (8),

3. EEXRA . BA.NAEE

(1) alone BBy ; HA U (ETFEHERRIFZE)

#1 In mechanics, a knowledge of the center of mass alone gives no indi-
cation of how the mass is spread or dispersed about its center.

H, i 4 gives no indication of £ B # 24 F does not indicate, EJ“& A
TR GRED”,
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[ 72 0, UL R B0 B R 1A 19 B B B Sl B B0 R L AR
HEiE %K .1

(2) unlikely a. AKA[RERY

Bl e (5),

(3) normalized a. 1EMALHE

‘E # generalized(J© S, #E)#9) S8R th T F A ¥ A M SR o % 5riA
K.

F R 418 cnorm n. 8, ¥ normal n. 4K ;normalization n. TE#AL .

Xt R TG %97 :normal adj.  IEHA . BELH), ERM.

(4) without prep. I.BH.&#L

without YE41 i8] FIi BT 5| 5 9 A 8 S0 iR B FE R RBE R R EBE—
S TR R ERE, 2 e ((2),

4. REFASGR

(1) In 1922, J. W. Lindeberg generalized Laplace’s result by showing
that the property is satisfied if the variables are independent and have a com-
mon distribution giving them the same expectations and variables.

XA EERSMAE, BRERK. FXLE,by 5IRHMEAEEEIR
R AR R RIE K BB 17 showing H T —NRIFEBNAE, M EH —4 %4
Mal, e B X EH4MEE, XXRETURATANELFL, FXR
&(11),

(2) In some respects, the distribution acts as though its entire mass were
concentrated at a single point, E(X).

PP RORABUES, — M EAERALS FERMR—IHE
RN . AR EXAHEE, B as though 5| S HFRXRENTGHRAT
B HIES %18 as though M EEE“HFER” . “Uith"F. FX RS 4),

% 3] 2.14
1. BB THRERBERS R

random variable, density function, variance, dispersion, standard devia-
tion, weighted average, square root, root mean square, normal distribution;
Stieltjes integral, laws of large number, absolutely convergent; mass point,
center of mass, second moment, moment of inertia, radius of gyration;

spread, dispersed; discrete, continuous, theoretically.

2. T HEAARBFRIE.
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BEOLER EE R . H L RE SREE FRCFS R R VIR VEED
A5 5 30 8 R Y0 Hi (Stieltjes) B4 R BUE A B A RO W SE UM L BEHE
78 BT B GRS R L.

3. Hig.

(1) One dictionary definition of probability is “The extent to which an
event is likely to occur, measured by the ration of the favorable cases to the
whole number of cases possible”.

(2) In the language of set functions, probability is a special kind of func-
tion (to be denoted here by P) defined on a special Boolean algebra B of sets.

(3) In order to generalize this idea so that it could be applied to any set of
data consisting of a sample of values of one variable for a number of “individu-
als”, the following statistical notation is found to be useful.

(4) In a normal distribution, almost all of the population lies between the

values of variable that are four standard deviation (4¢)either side of the arith-

metic mean (#) of the distribution.

(5) In many applications of probability theory, the random variables of in-
terest are sums of other random variables. For example, the financial outcome
after several plays of a game is the sum of the winnings at each play.

(6) A random variable is nothing but a vector-valued function defined on a
set, The term “random” is used merely to remind us that the set in question is
a sample space. Because of the generality of the above definition, it is possible
to have many random variables associated with a given experiment,

4. DEK.

(1) BEWPE EQORMPB E VarOBREX FHVIER X MR HHRE.

) EMRLh, BWEHWEMNEETE X SFRE RBER"A X.

) MFHAHIER, AT LLE X — RV E R, WS MY o m
HEHRIL,

(4) QR Y n—>cobt iR HEBEYLAER T, WA HBTF—MRBEESS .U
Bt % i e B LS B 5 0 R b O R BRI

(5) hr¥hrHr (Laplace) f& 5 — (L AR Bl iF & BEAL I 51 % B b0 4 BB s 3
R, REZ R B B KO FE R SRR BT 5 LA X R R .

(6) EMRRP MEEXR_ERRTE., FEVTUMESHANE N
R ADPAEIm  §io) =F 08
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§2.15 HEEBAI
(Elementary Knowledge of Mathematical Logic )
—. iR |
Part A Translation Sentences into Logical Expressiont**]

In Section 1. 1 we illustrated the process of translating English sentences

into logical expressions involving propositions and logical connectives. Now

that we have discussed quanti fiers, we can express a wider variety of English
sentences using logical expressions. Doing so eliminates ambiguity and makes it
possible to reason with these sentences. (Section 3.1 covers rules of inference
for reasoning with logical expressions. )

The following examples show how to use logical operators and quantifiers to

express English sentences, similar to the kind that occur frequently in mathematical

statements, in logic programming , and in arti ficial intelligence *'V,

Example 7 Express the statements “Some student in this class has visited
Mexico” and “Every student in this class has visited either Canada or Mexico”
using quantifiers.

Solution: Let the universe of discourse for the variable x be the set of

students in the class. Let M(x) be the statement “z has visited Mexico” and
C(x) the statement “x has visited Canada. ” The statement “Some student in
this class has visited Mexico” can be written as 3 M (x). The statement
“Every student in this class has visited either Canada or Mexico” can be written
as V x(C(x) V M(x))(assuming that the inclusive, rather than the exclusive,
or is what is meant here)*®,

Example 8 Express the statement “Everyone has exactly one best friend”
as a logical expression.

Solution; Let B(x, y) be the statement *y is the best friend of z.” To
translate the sentence in the example, note that it says that for every person x
there is another person y such that y is the best friend of x and that if z is a
person other than y, then z is not the best friend of »**, Consequently, we

can translate the sentence as
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VI yVz(B(z, y) A {z#y)—>— B(x, 2))).

Example 9 Express the statement “If somebody is {female and is a parent,
then this person is someone’s mother” as a logical expression.-

Solution: Let F(x)be the statement “x is female”, let P(x) be the state-
ment “x is a parent”, and let M(x, y) be the statement “x is the mother of
y”. Since the statement in the example pertains to all people, we can write it

symbolically as
Vz((F(x) AP(x)— 3 yM(x, y)).

Example 10 Use quantifiers to express the statement “There is a woman
who has taken a flight on every airline in the world”.
Solution: Let P(w, f) be “w has taken f ” and Q(f, a) be “f is a flight

on a”. We can express the statement as
JwVadf (Plw, ANQ(S, a)),

where the universes of discourse for w, f, and a consist of all the women in
the world, all airplane flights, and all airlines, respectively.

The statement could also be expressed as
JwVa3l fR(w, f,a),

where R(w, f, a) is “w has taken f on a”. Although this is more compact, it
somewhat obscures the relationships between the variables. Consequently, the
first solution is usually preferable.

As mentioned earlier, quantifiers are often used in the definition of mathe-
matical concepts. One example that you may be familiar with is the concept of
limit, which is important in calculus®*",

Example 11 Express the definition of a limit using quantifiers.

Solution; Recall that the definition of the statement

limf(x)= L

is; For every real number ¢ >0 there exists a real number 8 >0 such that
| f(x)—L| < e whenever 0 << |xr—a| < 8. This definition of a limit can be
phrased in terms of quantifiers by

VedoVx(0 < |x—al <&—|f()—L| <e),
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where the universe of discourse for the variables € and & is the set of positive
real numbers and for x is the set of real numbers,

This definition can also be expressed as
Ve>0306>>0Vx(0< |x—a|] <é=|f(x)—L| <e),

where the universe of discourse for the variables ¢ and & is the set of all real

numbers, rather than the set of positive real numbers,
Part B The Truth Values of Logical Propositions™*

A simple proposition is a simple statement (i.e. a statement contains one

subject and one verb) which has a definite meaning and it is either true or false,
but not both, The truth value of a true proposition is “true”, denoted by “T”,

while that of a false proposition is “false”, denoted by “F”.

Thus p«sq is true if both p and ¢ are true or if both p and g are false. The
following are English-language equivalents to p«sg: “p if and only if ¢”, “p is
a necessary and sufficient condition for ¢”, and “p precisely if g”*®.,

It is worth emphasizing that the compound proposition p—=¢q and its con-
verse g—p are quite different; they have different truth tables,

Two compound propositions P and Q are regarded as logically equivalent

if they have the same truth values for all choices of truth values of the variables
Py qy Etcl{m

same. When this occurs, we write P & Q. Since the table for P <+ Q has truth

. In other words, the final columns of their truth tables are the

values true precisely where the truth values of P and Q agree, we see that
P © Qif and only if P « Q is a tautology*™”.

We are typically faced with a set of hypotheses H,, -, H, from which we
want to infer a conclusion C**®. One of the most natural sorts of proofs is the

direct proof in which we show
H AN HA-AH,=> C.

Many of the proofs that we gave in Chapter 1 — for example, proof about

greatest common divisors and lowest common multiples — were of this sort.

Proofs that are not directive are called indirect. The first type of indirect

proof is proof of the contrapositive :
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— C=— (H, A H;A--A H,).

Another type of indirect proof is a proof by contradiction :

(H,A H,A-A H,) AN — C = a contradiction®®,

. RAEEEEES

& (1) The following examples show how to use logical operators and
quantifiers to express English sentences, similar to the kind that occur fre-
quently in mathematical statements, in logic programming, and in artificial in-
telligence.

Bhia show AX B EBRR“ER".“HH”., BE LT XAE,FE4A similar
to the kind 8 F) 2“2 M T FE+ K H logical operators and quantifiers e % ik
HENEHHEK”,

[T )7 BB, anfer ) 2 s 8 A B AR R R HIERIB A X 5 MK
HBERFEGT EEBRETHATE B MRSRITEML]

& (2) The statement “Every student in this class has visited either Canada
or Mexico” can be written as ¥V (C(x) V M(x)) (assuming that the inclusive,
rather than the exclusive, or is what is meant here).

55 1 BULAE 4 1A assuming 51§ — N REIFENA, HUA R RAE HEHK
Va(C@O VM) IRE., ZEENGHBENHFaHR, HPE—am8HR
the meaning of V is the inclusive (3£ & 8 ), rather than the exclusive (H Jf
B, HEBE T EEMIEE. B = MHA & or is what is meant here, £t or £ £
& » what is meant here BRiEMN 4], X AT X B or EXHRARXFHER”ED
or WE“FAEM” 8" WA W FAEBRV R L nf K, ik BEE",

ERZEEN BN YEVIAINEARBAF THEREMAAIEN
Va(C) VM) RBRE, BT WEBRERENTARELFH,
mor EXRIFHHEIMBENET.]

& (3) To translate the sentence in the example, note that it says that for
every person r there is another person y such that y is the best friend of x and
that if z is a person other than y, then z is not the best friend of x.

4]/ to translate 5| R AEREIEE B KRB, HPAHBE T into logic ex-
pression, B iR 6 W #b b . 0] 47 4], that it says++ & note B E i P A] , says
NAEBWNHFNHEENG, HPE N EEMNGRZERE . BEMEER
GILakiok: 23~ N
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CHTHARMPHEDBHFEREZBEIX NERREANERE . N TFE
M FEB—TAN XAy B BRGFOPATH, IRz Ry, B4 2
HAR x BIFA K .1

& (4) One example that you may be familiar with is the concept of limit,
which is important in calculus,

HE caleculus FEHFE U HFH, —RB“HE”, —B“BB D% (The differ-
ential and integral calculus Eﬁj‘-ﬁﬁﬁ)o AMELH. FHTER ITENAERARIR
%, calculation, computation, counting %, B I FXHH, X HiRibH
FREAR > F B E & .

[ RPTREMH Y ARG FEBRBRARES, EEMBR %P REE.]

& (5) The following are English-language equivalents to p«sgq: “p if and

» “

only if ¢”, “p is a necessary and sufficient condition for ¢”, and “p precisely if

"

q”.

JE %818 equivalent f5 ¥ 2 to sth. BERI“LH FEW”. 1EL AR equiva-
lents to sth. ¥ Y F equivalents of sth. ,

[FHEILMMEEED Y pog FMBATF.“p YHALY ¢” “p R g B—1
T LERME"H “p BN q”.]

& (6) Two compound propositions P and Q are regarded as logically
equivalent if they have the same truth values for all choices of truth values of
the variables p, ¢, etc. _

AJH truth values B E“EERF WM, H N ZAE A “H (true) "1 “&
(false)” , AHEHEFER“HHE" (SR THZER NFER“HBE"R“BEME";
“they have the same truth values” & B & . %} 6] — 28 & f 3 4~BUE L & 117 8 B
HAER R BURIE. B, 20 R .

(BMESME P E5EQEANEZEFNN, MM TER p, ¢ EHER
EHAKR.P 5 Q BN BB EEMF.]

& (7) Since the table for P <> Q has truth values true precisely where the

truth values of P and Q agree, we see that
P Q ifandonlyif P < Q isa tautology.

AR ifi tautology M “EF R, K ER” . “EHAR”, @4 has truth val-
ues true BB R “BUEBE A", B E NE”, true & truth values i [7 {3735,
BLARTEA] F“A number is composed of digits 2 and 3”97,2 1 3 # & digits ¥ [F
frif—#, AR X E truth values B & FRAE TS E KM true 55 false 5@ %
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A—HME ., X0 F:

[HN P QEEMEMARTRENENNREN P 5 Q ATl ERE
HELFFU P& QYAMNYP « QEHEFH.]

& (8) We are typically faced with a set of hypotheses H,, -, H, from
which we want to infer a conclusion C.

8l 15 typically 783X B A& M4 4], BB A E @ "8 — 8", a0 FWR .

[(RIFELED—HEE H, -, H,. 3t EheN#ER4E C.]

& (9) Proofs that are not directive are called indirect. The first type of in-

direct proof is proof of the contrapositive:

_IC::’_i(H] A HgA"'AHn).

Another type of indirect proof is a proof by contradiction

(H,A H; A--A H,) A — C = a contradiction.

BB BB W], R1E proof of the contrapositive Al R “HE (ArE 1)
HERR” (FE:Z 2 p i /E“ 18 L X A IEBA ) , proof by contradiction H] % B
“RAERE”. XPA]A] A

[3E £ A9 UEBAFR Jhy (A) BEAIE 0 . 55 — 26 1 [ 8 E BA 2 53 75 1E A

—C=>—(H,A H:AA H»D.

75— Fp 18] B UE BH B R UE R «
(HiA Ho A=A HO)A—C=>FJF.]

=. AiBE5RAET
. ERN¥RERETR
1) propositional a. i
~ calculus A EE{EHE ; ~ connectives A8 17 ; ~ function #r T PR 2 ;
~ inference B #EH ; ~ variable #7848 T,
AR
proposition n.  ffi ;true ~ EAFEL; false ~ {BATHE,
2) statement n. &%)
~ function EHA] K%L ; ~ in programming BFEH P KIER; ~ num-
ber iERH S,
3) compound n. E&,.4M:a. HAEMNW,.SHM
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~ function H & R (E % A composite function) ; ~ interest & #|; ~
statement & & 154]; ~ proposition & i,
4) proof n. JEBH
~ by consistency —#(EHEHH ; ~ by contradiction ¥ ; ~ by induction
JAGHUERA ; ~ of theorem i BEUEH ;direct ~ HHEIEH sindirect ~ [A1EEIER].
HXARIE.
prove v. iEHH,{EE,
5) inference n. ¥
~ formula B AR ; ~ of immediate B E:HEM; ~ of mediate |8 £ H#E
B ; ~ procedure HEH R ; ~ rules HEEBN,
6) translation n. V8. 8%
~ formula AR ; ~ invariant AR EE; ~ principle 5 FB; ~
transformation -2 # ; ~ of programs FFF I BHFE,
XA
translate vt.  EFiF.~ from A into B #f A(BHES)BIERR B(RES).
7) logical a. EHH
~ calculus ¥ H ¥ ; ~ combination #EH 4H 4 ; ~ connective ¥ %
1]; ~ expression EHEFTEX; ~ law BHEHE; ~ addition BB M ; ~ op-
erator ZHE T,
2, RAMAEXRIERAER
(1) phrase vt. SRCCIEBE)

W4 phrase in terms of - EER“F - BSRER”.

5] This definition of a limit can be phrased in terms of quantifiers by-+-.
R R 72 ST L P B 35 5 A o]

(2) regard vt. AR

regarded--- as--+ §@------ g veoee ’

(3) eliminate vt. 5% ,HEBR

4 eliminate A from B EER“IE AN BPHBRGER)". A S5 B#&H
7. [R] 3id] & exclude( R § 2.4 Z =),

X R B 4 18 & elimination n. B : method of elimination J§7CE:.

3. EERRARA.NIAEE

(1) similar a. 25009, LAY

similar triangles Il =M ; similar to B R “HKLLF”,“ 5o HEL”, sim-
ilar to B YEM 37 B4 A 5] R 18, B F e (1),
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(2) rather than EXH“TA”. BT LI (2),

(3) other than YE 5, B FEEM BERBRT oo “BRT oo 25070 6
T3,

4. HBGIF5RB

(1) Doing so eliminates ambiguity and makes it possible to reason with
these sentences.

# ] doing so & FiE ¥4, i 5344 i doing FE i & AIBIA so AL ; elimi-
nates Fl makes BB HFNMHE. S8/ FK:

X A AB0RT A3 BRSO 4 3 (848 m] BB A X S TR A R MR HE B )

(2) It is worth emphasizihg that the compound proposition p—»g and its

converse g—»p are quite different; they have different truth tables.

A4 it RIER £iE, RIEM X5 R 3) 418 emphasizing, B —4# that 5|
SWEEBNG, LEATER:

[EBRERANE. EamlE p~q SENNGERZLAFAM. EMNREAR
f R %)

(3) In Section 1.1 we illustrated the process of translating English sen-
tences into logical expressions invelving propositions and logical connectives.

O 1149, RATUERA TR T SGE A MR A & HE 8% F S B Rk
ENITE D |

X 4] involving B B 3hiH] involve (A &) M BLTEDA, E4# 7T EiH MRS
185515 75 Y logical expressions B E 18 .

HEFEERESFARFREMER . 2 ARFLANTMRENAEAE
HFiEt., XTHANIFFAHIEREERXHONA.ATSH 3.1 M838.2,

% 3] 2.15
1, BETHEFEARAENS X ENA:

statement, mathematical statement, logical expression,logical connective,
logical operator, quantifier, logic programming;artificial intelligence, universe
of discourse;inclusive, exclusive, symbolically, obscure;truth value, proposi-
tion,true proposition, false proposition; compound proposition; necessary and
sufficient condition, logically equivalent;tautology, hypotheses, direct proof,
indirect proof;proof of the contrapositive, proof by contradiction.

2, BT HAARIERBIEL .

BEREX ZHER ZERAET . AMS B 50 RFEh EEeE.
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ATEHE LR FAEN LFRN TODEFF BESH AEEN ZHEK
BE ;8 AHaE BaE. 2408 EsX(ELAME, B . EEIEY .M
F2UE B |3 7 A R B9 IE BR L OF B IE B (RGBS .

3. DUEHK:

() EBFRAMSEEE, TUHEZBREARRAELZRANKE
WA,

(2) 28K AT LU BR 8 /A AR08 o5 I A AT BB 6 18 A 3X &1 A1 R 1E
HH,

3) ARFEARREANE ARG P EABEXIME C EMAEEE D +7,

) MBENE—-TER, ERAARENEXEEAREN . ZEA4REMN,
BRARM L ZHEKA .

(5) WAEAME P(x, 5 Qlz, HIRFNH, MRMTER =, ¥
MIEMBEE,P 5 Q RAMRIMEBEHEME.

(6) H— T - HABREHGECNIEREIEY B EHRE-FBRAR
BOE B . 00 TE B 3R AT R PR IE 43 PR SR AU ELHEE

4, HWEN .

(1) Mathematical logic (also known as symbolic logic) is a subfield of
mathematics with close connections to computer science and philosophical log-
ic. The field includes both the mathematical study of logic and the applications
of formal logic (J23 12 )to other areas of mathematics,

(2) The statement “x is greater than 3” has two parts. The first part, the
variables, is the subject of the statement. The second part—the predicate, “is
greater than 3” —refers to a property that the subject of the statement can
have. We can denote the statement “x is greater than 3” by P(x), where P
denotes the predicate “is greater than 3” and x is the variable. The statement
P(x)is also said to be the value of the propositional function P at z. Once a
value has been assigned to the variable x, the statement P(x) becomes a prop-
osition and has a truth value.

(3) Let Q(x, y) denote the statement “r=y+3”. What are the truth val-
ues of the propositions Q(1,2)and Q(3,0)?

Solution: To obtain Q(1, 2), set z=1 and y=2 in the statement Q(x,y).
Hence, Q(1, 2) is the statement “1=2+ 3", which is false. The statement
Q(3, 0)is the proposition *3= 0+3”, which is true,

(4) Consider the statement
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if z>0 then x:=x + 1.

When this statement is encountered in a program, the value of the variable = at
that point in the execution of the program is inserted into P(x), which is ">
0”. If P(x) is true for this value of x,the assignment statement r:=x+1 is
executed, so the value of x is increased by 1. If P(x) is false for this value of
x, the assignment statement is not executed, so the value of x is not changed.

(5) Many mathematical statements assert that a property is true for all
values of a variable in a particular domain, called the universe of discourse.
Such a statement is expressed using a universal quantification. The universal
quantification of a prepositional function is the proposition that asserts that
P(x) is true for all values of x in the universe of discourse.

(6) Many mathematical statements assert that there is an element with a
certain property. Such statements are expressed using existential quantifica-
tion. With existential quantification, we form a proposition that is true if and

only if P(x) is true for at least one value of x in the universe of discourse.

§2.16 HEHMSBES

(Combinatorial Analysis and Numerical Analysis)
—. BiERX
Part A Some Basic Principles of Combinatorial Analysis *]

Many problems in probability theory and in other branches of mathemat-

ics can be reduced to problems on counting the number of elements in a finite
set. Systematic methods for studying such problems form part of a mathemati-

cal discipline known as combinatorial analysis. In this section we digress brief-

ly to discuss some basic ideas in combinatorial analysis that are useful in analy-
zing some of the more complicated problems of probability theory*’.
If all the elements of a finite set are displayed before us, there is usually

no difficulty in counting their total number. More o ften than not, however, a

set is described in a way that makes it impossible or undesirable to display all

&

its elements*® . For example, we might ask for the total number of distinct

bridge hands that can be dealt . Each player is dealt 13 cards from a 52-card



204 ETE RESEHEOL

deck®®, The number of possible distinct hands is the same as the number of
different subsets of 13 elements that can be formed from a set of 52 elements *'*,

Since this number exceeds 635 billion, a direct enumeration of all the pos-
sibilities is clearly not the best way to attack this problem; however, it can
readily be solved by combinatorial analysis®*‘’

This problem is a special case of the more general problem of counting the
number of distinct subsets of £ elements that may be formed from a set of n el-
ements (when we say that a set has n elements, we mean that it has n distinct
elements. Such a set is sometimes called an n-element set), where n > &%,

Let us denote this number by f(n, k). It has long been known that
_(n
fa =7}, (12. 1)

n

L ) denotes the binomial coefficient ,

where, as usual (

=

52

In the problem of bridge hands we have f (52, 13)= (13

)z 635 013 559 600

different hands that a player can be dealt.

There are many methods known for proving (12. 1). A straight forward

approach is to form each subset of £ elements by choosing the elements one at
a time. There are n possibilities for the first choice, n—1 possibilities for the
second choice, and 7— (k—1) possibilities for the kth choice®*”, If we make
all possible choices in this manner we obtain a total of

nl!

n(n—1) (n—k ‘f‘l):(—n'__—'m

subsets of k£ elements. Of course, these subsets are not all distinct **. For

example, if £=3, the six subsets
{a! b! C}! {bs Ca a}a {C! s b}! {av Cy b}! {f! b! a}! {b! /3] C}

are all equal. In general, this method of enumeration counts each k-element

nl

(n—Fk)!

&)

subset exactly k! times*®'. Therefore we must divide the number by
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n
k

), as asserted.

k! to obtain f(n., k). This gives us f(n, k)=(

Part B Numerical Analysis™"

Numerical analysis is the study of algorithms that use numerical approzi-

mation (as opposed to general symbolic manipulations) for the problems of
)‘{ED).

continuous mathematics (as distinguished from discrete mathematics

Numerical analysis naturally finds applications in all fields of engineering
and the physical sciences, but in the 21st century, the life sciences and even
the arts have adopted elements of scientific computations*“".

The field of numerical analysis predates the invention of modern computers

by many centuries, Linear interpolation was already in use more than 2 000

years ago. Many great mathematicians of the past were preoccupied by numeri-
cal analysis, as is obvious from the names of important algorithms like New-
ton’s method , Lagrange interpolation polynomial, Gaussian elimination, or
Euler’s method.

Direct methods such as Gaussian elimination, compute the solution to a

problem in a finite number of steps. In practice, finite precision is used and

the result is an approximation of the true solution,

In contrast to direct methods, iterative methods are not expected to termi-

nate in a number of steps. Starting from an initial guess, iterative methods
form successive approximations that converge to the exact solution only in the

limit. A convergence test is specified in order to decide when a sufficiently ac-

curate solution has (hopefully) been found. Even using infinite precision arith-
metic these methods would not reach the solution within a finite number of

steps (in general). Examples include Newton’s method, the bisection method ,

&(l2)

and Jacobi iteration In computational matrix algebra, iterative methods

are generally needed for large problems. Iterative methods are more common
than direct methods in numerical analysis.

Furthermore, continuous problems must sometimes be replaced by a dis-
crete problem whose solution is known to approximate that of the continuous
problem; this process is called discretization. For example, the solution of a

dif ferential equation is a function. This function must be represented by a fi-

nite amount of data, for instance by its value at a finite number of points at its
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domain, even though this domain is a continuum.

Z.REEMEES

& (1) In this section we digress briefly to discuss some basic ideas in com-
binatorial analysis that are useful in analyzing some of the more complicated
problems of probability theory.

#a1d] digress PN “MRES /", briefly F X “EEHH”,H 4 digress briefly to
HEDRE“ERRE EEER", A FR.

(7 5 0 7 B B R FE R IHE 4 & 4 B — SL B A RRUR, B (TH R 43 17
BRSPS RMEE.]

& (2) More often than not, however, a set is described in a way that
makes it impossible or undesirable to display all its elements.

%1% more often than not BB iE /ERMHEM, ERR“EE". EARMA
HALHY in a way FJEBE“RHA—FJR”; XBKE that 5| F—PMEENA .
ESCIEIRE I

[RT S EER, TR ANHRES A ESART RS e W
FrAaTE.]

& (3) For example, we might ask for the total number of distinct bridge
hands that can be dealt. Each player is dealt 13 cards from a 52-card deck.

Bia] deal ZX BMEBR“KBE)”, B LI PN deal sb. sth, A
BUEBELIAN”. bridge hand BER“—F /", B 13 KK —FE K. can
be dealt EERZ“FIREWBI”, 247 AL :

[, AR BT REMBIM AR —F O BH. MBI SREN—F
B 52 sk Rl B AR BOR 13 K(BI—FHE 13 5).]

& (4) The number of possible distinct hands is the same as the number of
different subsets of 13 elements that can be formed from a set of 52 elements.

X B ) hands /& b & bridge hands B 88 . 4] ia4 the same as-- FEHE
“heeee— 8", XFEF that 5| FHEFE NGB M subsets, AT M.

(B2, RARMERAEN—FROLE,. 5SHIH 2 M TROETBRA
i AA BATENFENNE—#.]

& (5) Since this number exceeds 635 billion, a direct enumeration of all
the possibilities is clearly not the best way to attack this problem; however, it
can readily be solved by combinatorial analysis.

417 enumeration 2 BB “H 27, “H %", a4 to attack this problem
ERERAE(E RO XANEM”, 28R



§2.16 ASONSEEDIT 207

Lo FiX A S 6 350 42, B #5126 th B A vl B4 B 28 R 2 4b 38 53X A ) |
M AT Ik s AT B A A T H R R AES Rk E ]

& (6) This problem is a special case of the more general problem of count-
ing the number of distinct subsets of £ elements that may be formed from a set
of n elements (when we say that a set has n elements, we mean that it has n
distinct elements. Such a set is sometimes called an n-element set), where
n > k.

X ) 5l 4 1] counting & B 5 VE B AT problem BEE, H THIEG X
— M EENE, BB, BTN B . R i BART B4R, HRK
EHESH,

LX A A BRI T E— RN EE B H S n N ERET U
BHEEANTEROAREFEONMEHF n > k(S RIE—-IMEFE M TE
i, M EEA n MR ITR. XHEMEARBRIRN »TH).]

& (7) A straightforward approach is to form each subset of £ elements by
choosing the elements one at a time, There are n possibilities for the first
choice, n—1 possibilities for the second choice, and n— (k—1)possibilities for
the kth choice,

40 one at a time MEER“GIK— 1 #”, B I 217 choosing, H R
AT 22 Xt , 7T subset of & elements ¥ “, T FE”, B %, XFA
A PEAL :

[—FEZNTERELE - RETERERAEN L TTFE. B2, H—-K
PEET A n R THE, 88 RGEEA n— 1 MRl BE, IS8 & WHEREA n— (k— D)
R |

& (8) Of course, these subsets are not all distinct.

] not all distinct B FRBEEER. TR

4R, XEFRIFEHREATR.]

& (9) In general, this method of enumeration counts each k-element sub-
set exactly £] times.

BhiF count EEE"(ZE MR (ZEMIHE”., £AEER .

[, X FPBCZE ik at , B4 k TTFHEBFRT £1Kk.]

& (10) Numerical analysis is the study of algorithms that use numerical
approximation (as opposed to general symbolic manipulations) for the prob-

lems of continuous mathematics (as distinguished from discrete mathematics).

AT BHANESHE as+E L FE" B as EXBREXLERAFIRT
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—NEBET is EIEMNAE] . be opposed to sth, MER“SEHMM”., a0
i%ﬁk:
[B{EA ¥z ABUEEEN T IE(ES — BT S RIES I3 MR E
FZHPFERETFEHEBFH WREARE.]

& (11) Numerical analysis naturally finds applications in all fields of engi-
neering and the physical sciences, but in the 21st century, the life sciences and
even the arts have adopted elements of scientific computations.

A4} arts RREIBZAREH R LT 08K B 69 # 2 2 B0 H S, BT LS 39 2
A X B [FE  elements ZEX B ER AR TTE”, ME“TAHE”, FLUEMR.:

[BESTREABETESYERBEM A SB PRENAH, BHRE 21
e, EmflEEEAIRE WRA TR HTENFEE.]

& (12) Even using infinite precision arithmetic these methods would not
reach the solution within a finite number of steps (in general). Examples in-
clude Newton’s method , the bisection method , and Jacobi iteration.

F— AR ARMIFES even FEX B R 1A, 5 B4 417 & iF using infinite
precision arithmetic —2{E4RiE ., these methods B FiE,.f5p B Ak, it
R ETE . B AR ERE, M E8AKER; BRIFNEFKAER, HE
&M CF . XA AIER

(ENEERAEREEER, ERE (B UARSEARNERPREBER.
AR X 4 R FUHE AT L AR E XA BT )

Z.HESR%ES

1. ERN#RAERATR

1) probability n. HEZH

~ coefficient ¥{ZFE £ ; ~ distribution K437 ; ~ event ¥ER I {4,
~ function HEZ R ; ~ space H{HZ5[] ; ~ theory HE L,
2) enumeration n. ﬁ(#,ﬂ'ﬁ
~ algorithm B # 5  ; ~ problem T% /5 &1, B2 6] B ; ~ theory 3%

Mig.
3) algorithm n. HEP: BN E%
~ algebra B 8: X ¥; ~ approach ® ¥ 8 ; ~ reducibility B k7] 19
k.
4) approximation n. B, L ERUE
~ accuracy i8I ¥FHE ; ~ by interpolation $H{EE i ; ~ error BiHIR2E;
~ formula T 143 ; ~ in the mean SE3 /i ; ~ by rational functions 4 B g
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OB .
5) discrete a. ESHRY
~ distribution B #{ 4% ; ~ topology B #{#i#b; ~ mathematics B #{ %
2#;~ metric BEE R ; ~ space {430 ; ~ random process B L.
6) interpolation n. FH{E(XFKR“WIE”) EHEE . ABEG AR
~ formula {8 22 &, ; ~ condition #& {f & #4; ~ by proportional parts
He B (B 75 5 ~ knot 4B & ; ~ theorem FH{EEH.
7) polynomial n, HMH,
~ equation ZI X, ; ~ expansion LI A, B FF; ~ interpolation £
A G {E ; ~ extrapolation BRI FHE; ~ of degreen n BrEI=R .

2. FADRA EXRNBRHER

(1) replace vt. EH# ¥

547 Bl , replaces+-by-+ ,replace+ with+« R Fo 7% “ Fif ++++++ o »
J H ¥ MBS take place £ [ i), 1 $ 2N F 9“5 K6 3hi7 & “substi-
tute”, i substitute A into B FER“H A LA B”,

(2) describe vt, i

ZshiE s in - way AN EBREH-- IR,

(3) deal vt. /vi. SbH,FR, B8R, 748,08

W IFE AR deal with EEZ“AE” . “IF”.“B X" ;A4 deal cards &N
“EM”,

(4) exceed vt. Hiil, B8

# The speed exceeds the average speed by a factor of 3. 5. [i% 3 B #8t
R 2.5 15.]

(5) chose vt, / n, k¥

[a X 7 & select,

3. KRR RA.NREE

(1) more often than not BliFEE . BN HHERER".

(2) atotal of -+ JSHEIHHEE BN ,a total of 30 FEER“ &N 307,

(3) oneat a time —R— -4, % —H, FFLI(7),

(4) distinct a. AFRH,HERH. distinct 5 different £ R X {7, {8 dis-
tinct ERFEFTBMHHIXMNRZ MM E R, HN,distinct elements E“FHH AR
MICE”.

4. REAFERR

(1) This gives us f(n, &)=

n

b ). as asserted .
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AJF&K as asserted ZIEFR B ¥ E 1B M A (L H 118 is i E B, as asserted =
which is asserted before) ,# FE iR Z FXMATHERH AT —B. &M AF

BGERERBE f(n, 0= (] ) BB RFTERIER ]
K UE BT K (10,

(2) Many great mathematicians of the past were preoccupied by numerical
analysis, as is obvious from the names of important algorithms like Newton’s
method, Lagrange interpolation polynomial, Gaussian elimination, or Euler’s
method.

X A) as 55 B9 M AT e 2 IR BR i 1 8 5B A, (BB M (Rh FE BB MR B A
4],

DEES TS RG] T YRR F 2 KREEREELT TR, XA W4 iR
EREPHHEEZT BE LR AR SEEREM A FRATUNE
Fii.1

(3) The number of possible distinct hands is the same as the number of
different subsets of 13 elements that can be formed from a set of 52 elements,

XA R Wb (4) . the same as+ B& B AR, as EX BN H
fEH.

HXas WHAEMEEN WA BTUS R §3.11 #1§3.5,

% 3] 2.16
1. FEERTINBEEREH S LN

probability theory, combinatorial analysis, combinatorics, pure mathemat-
ics, numerical analysis, continuous mathematics, discrete mathematics; finite
set, binomial coefficient, enumeration, distinct elements; straightforward ap-
proach; algorithms, approximation, symbolic manipulation, infinite precision;
bisection method, linear interpolation, Newton’s method, Jacobi iteration,
discretization, continuum,

2. BT EMARBEFRIE .

BERIE A G A% AR BE T B B AR
AR M ARARTERBE B AEHE. CREE BB,
B ok A Bl i AR R AR B H A 2 ) P T T L BR P OT
B RERT AL B Uik B G

3. WFRHE.
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(D) A RAMHEREN T AEEEBATRINEZENOFTETE.
(2) AF 10N TRMERMBRARM . FFH 7 P NEOTFENTER Cho.
(3) BHEFIRE N — AN ER A RN R AL X AR B4 0k AT, 8

HHE S THEBRESHMFRE.
(4) XA E) R A F S — A7) R B AR SR AR T - TSR ol - S Z BT »
mzZ .

(5) BEA iz ABUEEE N T ERIREEBERNRBEREL,

(6) BARAT LUK A& Wi ok A R 22 RSB 50 a3 B A9 i# , (BT
REERAARNMELNBNERRREARMY—MIEM.

4. HIFN

(1) Combinatorics is a branch of pure mathematics concerning the study of
discrete (and usually finite)objects. It is related to many other areas of mathe-
matics, such as algebra, probability theory, ergodic theory and geometry, as
well as to applied subjects in computer science and statistical physics.

(2) Combinatorics is as much about problem solving as theory building,
though it has developed powerful theoretical methods, especially since the later
twentieth century. One of the oldest and most accessible parts of combinatorics
is graph theory, which also has numerous natural connections to other areas.

(3) An example of a simple combinatorial question is the following: What
is the number of possible orderings of a deck of 52 distinct playing cards? The
answer is 521 (52 factorial), which is equal to about 8. 0658 X 10%,

Combinatorics is used frequently in computer science to obtain estimates
on the number of elements of certain sets.

(4) Combinatorial analysis is a branch of mathematics devoted to the solu-
tion of problems of choosing and arranging the elements of certain (usually fi-
nite) sets in accordance with prescribed rules, Each such rule defines a method
of constructing some configuration of elements of the given set, called a combi-
natorial configuration, One can therefore say that the aim of combinatorial
analysis is the study of combinatorial configurations.

(5) Numerical analysis continues this long tradition of practical mathemat-

ical calculations. Much like the Babylonian approximation of +/2, modern nu-
merical analysis does not seek exact answers, because exact answers are often
impossible to obtain in practice. Instead, much of numerical analysis is con-

cerned with obtaining approximate solutions while maintaining reasonable
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bounds on errors,

(6) Before the advent of modern computers numerical methods often de-
pended on hand interpolation in large printed tables. Since the mid 20th centu-
ry, computers calculate the required functions instead. The interpolation algo-
rithms nevertheless may be used as part of the software for solving differential

equations,



F=% HFHFUVRBERABENFELEH

ATHBEEZFEHFREHEAR RN . FFFEHAORD . AFTR
EHFEEOHLE RN FRBEEFERTHE. RTER, XHHEL
SERTEANTE PRRABATREMANANFEEH R BT ik
AR RIMATRESEAHFREAAH FHEIRALEET(IZP).

AEHBELEAZ T HAMAGIK[4].[5].06].[7].[8].[9].

§3.1 4 i

AT SRR, BERE DX R RS AR EEEK, MERE 3 E.
EREsAQE=MERX. 0 A RMBEAER. FHEMHLE,

SR BARREESE, BRRARASNRANFZRHE, ETRR S8 THHE
VB AR PR A 09 3 4R 24T O, B e R A PR B BRI B Rl i 4 R R TR A
W, BrLL, SR RIEE S EBEERIEMRE, L, EHATHER
B EIE.

SHiA s R BAE AR £ A . —ENXHRK. BENMEANTE X M3hiE
HTHEER - FRME-ing. AEMARRMEMIERLAEHBHRE,
AREARTPRENET L. SEM AN AR BEESHAOTER—H.
BEMRARROEMSIERARINUER. AR EAFRRPERAHFLRE
WA, VIFEFLTHRAZSEEREMASTEM AN ILEEEX .

SRR MR § 3.4 RAVE . T EE Y R R M SRR
BRI R ARE.

—. SANSREEFERE

SRS AR RER L BN KRR RS ENZ8 EERE R TR E
EAL BAEMBAARA B . MY EEAREREN, K BB EELRTRE

ELRAAMGS A RRFRS AN REY THXNHAGENEERFE. X TFRABERSE
ESHaE, EEFEMNETOMEGAN  HBEBRIISHFIEY.
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4315 B T A A6 F I SRR 1R AT R R AT

#l 1 Compared with the infinity v/n (as n—o0), any constant C is very

small indeed.

(5 %57 Kvn (24 n—cofih ) 4 e AL % 3 C F 35 R/ .

constant C f& compared #3838 ¥ i, 2 4] compared & compare i % 4
W, AE R A L BEARRRR YA ER C 5X9 KIERE, T RES
HEER.

&) 2 These points are plotted and joined, thus forming the curve which

represents the function,

(e S kFEE B XHRAR TR RXRBEMML.]

AR BAES A forming MEZEB EFRANEE N FHER forming RF F
HESHE L,

SiAfERIEN A TFAERARE, - RAES 58 F LGB 50
Al FEBZE, XHEFELAES. REAX=MAFELEMNAHFE.

1. SRS AEIFERIEHRETIEIAWNE

FERFEXED, MAEER TN R ARG ERL, FHNFERY R
‘MR HREREH,ATFERBR” BT MANERIELS . EFRBRE
B, 3 AT X EEVEME N GLEE R EAERIER . BUEER W S B R AR B AR R

SR B4 18 A R VR R R B R AT AT, — ARl LUB E A9 & U AT .
BN EEEAES AT LS FARELRER.

#1 3 Based on theoretical investigation and practical measured data, a

new and more effect computation method is proposed to replace the old one.
[ETELHRMLENEARE, AIRET - IFNARN TR ®
KAREHEHMF L]
“based on theoretical investigation and measured data” Jy 21 %15 4E1T R
75 LARiE , A based on ~F| RHXFREER B P RBRIEHE.

#l 4 Beginning with Chapter 4, simple differentiation and integration are

introduced.

DASE M E TR, B R R B RS ]

A A] oA R TR R .

2. SRS REERERBRERDRWNE

S A A R R A ERIEZE, X 5T 5% 5 R E FIENNH
LA,
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1 5 The complex numbers which stand on the two sides of this equa-
tion, being equal, must have the same modulus.

(B TFAEZTFBEAANEREMERN,FFLLERAHRNE.]

2 5] “being equal” &4b T 18 2 (8] 49 5r 17 A 1 , fE IR ARE . being 5126
EEEERERE, T LURERERAK, LE 8.

3. SR 5 iR 4G I 1R AR VR L 2E R R R 1

MBS o R E R RRERR A St — R AR R A RR S R OTiER
“BRBE” DT ER X RE L7, T B 43R BT AR i BL R R 45 R B 1A thus, thereby,
so,therefore %),

#16 > is the Greek letter sigma, meaning “the sum of 7.

[(ZAFEAREEL”, EHNERR 2 M".]

A 27 R meaning B FiE. MAEEHF-LRPTHET L.

$1 7 In these graphs the horizontal axis measures time, increasing to-

ward the right away from the vertical axis.

K73 £ ify 2 1] o oK - 4l 3% 7 6F [, 7 3 0 0 5 o B0 9 el R IO s i L
[ |

) 43 iR SV i — A UL K F 3l R R B B1 89 5 5. Increasing 3F R AL
RE.

#1 8 The function y=cos x is graphically symmetrical at y-axes, there-

fore being an even function,

[R¥ y=cos s WA LT y XK. B EERE.]
)51 “being an even function” K43 5515 . 4b F 4] BAE & B4R E

$1 9 The values of the function f(x)change irregularly as r— oo, con-

fined in a finite interval.

[ z— ool , B PR EH A 1A JE B0 36 25 4L, (B R PR F— 4 FR A IX 1] . ]

A4 43 R 4 0 1 O SR R AN TR AV

4. SRAAWEMMS SEROER

(1) 4rim a8 43 i) 45 5 VR AR B B, A B W) 78 M AL BT 0 — 45 S %CRE B 7
% WAAE when,while,if, though 2 JLANA .,

%l 10 When calculating the weight of a body, we have to multiply its

specific gravity by its volume,
(R EYE G E R, LR H O E R HAER.)
A 4] when 5| 3 4> E/ERT RLRE
(2) G EFR AR A EERES TR &4 8B SR,
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HEIRPEE L ETFTEZRFHARBARE, REER LT SORHB.

—. AN

EHEFA AR REEEREN T, HER T EETRAGFHE
ECANEBANEAMNER. WS RS S EEERER B AFE BRESE
FiE X0 ABEESFERIM EEBCHEE EEAE. XK REERM
“OriR) IR SL ST (LR IS ARG . RS A T iE— MR 2 1A
(AP T AR R EWAER T REEERE, EFREAERTOK, HHE
S5AFa4F. oriEih L S e A Y — S WA 44,

SR LG5 M B R 0k M E AT 1R MR ARGE AR B, B AT RBUBLIE S . — st , i
S5 FPE A E) R B 5 {4 SR B B AT 3 R DUEE B9 R E N /), I BT A B0 4 A0S 2
AR T Y RS WERERR T AR HEFRN, . E 50 FHEERAE
B, W AT i R 37 ] F 5 5 4,

# 11 This(having been)done, the function becomes much simpler.

CXHAEUE, ZRBEREHAELT.]

)9 43i8] done BB 88 3 iE 238/~ 818 this, H & having been Fi ¥ R it
BHUES AT LAERE,

1 12 The integrand being always positive, we see that the action is positive.

(RS ARBAREN, TUXMEAIBRIER.]

A ) 438 3 57 G5 W CEE ) F R iB AT E R AR B, the integrand 29 being #
EBHEE, BENA TUETRETLT,

1 13 The sign of the integral depends on the direction of the path taken,

a counter-clockwise direction being taken as positive.

[R5 75 B T R BUEE 42 0 7 1), BB &1 i LB IE 11 . )

A5 — A" taken” Ky if 2 43 19 B A PR 5 B %€ 1B 4545 “ the path”;“a count-
er-clockwise direction being taken as positive” N 4rial 1 7 & ¥ 4k F 5 BER
W, /A — RN BB .

{EASE R e 2R AR S5 R 3h1A) be A94HiA] being B BEA M. W,

1 14 The two values of the function can be grouped so as to give two

functions, each analytic within this circle.

K% o 300 79 1B P LA 15 — 48 AR SR B A R 30, 81 s e X TR P B A
il |

A< 4] “each analytic within this circle” 2y 43 i7] $i 37 45 #5 , &b F 4] B 46 Mt 38
B . 7E“each” G HI 4 % T 2+ “being” ,

#1 15 This formula possesses a variety of forms, all of them equivalent,
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provided that the proper units are used for wavelength and frequency.

XA ARAFILFIE R, T8R800 o A4 2 X I 050 3 48 1 f B
fEAIE.]

A/]“all of them equivalent” k43 ia] Mt 7 544 , &b 7€ ) R VE BRI 5 B A, 3
fr_E#E “them” 5 & 2 T 4318 “being” .,

% 3 3.1
1. $EFHEFRMDGE , 348 1 o R 343 69 4017 2 4397 468 60 16 A«

(1) If one of the trigonometric ratios of the acute angle is known, we can

determine the other trigonometric ratio of the angle, using the Pythagoras the-

orem and the definitions of the trigonometric ratios,

(2) When proving the fundamental mathematical theorem, we can only

use the axioms and the basic concepts given in last paragraph.

(3) Compared to " with any given positive integer n, the function e* is a

infinity with higher order as x— 4 oo,

~ =k!
(4) Given that the system of linear equations o has infinitely
4x+hy=1

many solutions, find the values of h and &.

(5) The prescribed value is called an initial condition, and the problem of

determining such a solution is called an initial-value problem.

(6) New types of numbers, called complex numbers, have been intro-

duced to provide to solutions to such equation.

2. 4R s 4 i R, 8 54 F iR 3

(1) 7277 B 0 %21 [R] B BR LK B R B BB B T B9 g

(2) FIHBCERGE RIATUGERFZ S HREAE LB HE,

(3) B TR R B A XX (] BRI AAE, T AR E R — .

D BTFREFEOBRAOTR, —NFOHELE — BHLE 19 g
T,

§3.2 x & W

—\ BRI EERIAIR
RIEFHZAAR=MEREHAZ —. ShB AN LLEGH,EXA
A Bhia B FFAE X R EFR 3 & A s EA
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HARSREMRMERTE L B, Rig@E L4 HEh S ES
BERAFFR. EREL . NEZREAFEFERBLFNER, TREMERANG 2E
WEAYFE EH@EFBEERFEEPRE LA MHEREE) UL TR RE
e iE (L F —BD ; M &E 4R B A T2 2 18 o f a8 o, % B T & R,
YA EAEMRBEMEF §3. 1D,

B 4 17 04 3 iRl R AE AR B A

(1) Fe¥yzhial i 3h 238 AT LK 2235 (L6 1610 4 55D 5

(2) FZzhial CF W be) 1Y) 3h 4% 7 o] LAHF R & (LA 3) 5

(3) 2 LLARES ML E 9);

(L HBAFHS(—BAXEZTRDMES(EHERSHEHETONK
a1, Ho— e =X B 2 7 00 sh 48 5 B A B 5 A B (8] 7 BR L L 5 i = 0 38 1A 31 42 18] BT
FR I SE R EEEESARTFRA WEEZ AT, FEREIED, LB E
S E8E W, A0 B — X W, e A R A 3.

1 1 Multiplying a and b together to give e may be written a X b= e,

(o fo HTHB e, TUABR aXb= e.]

HH multiplying Z2— B8 Fsh B, EaF Y TiE,

#1 2 On being differentiated with respect to the variable x, the function

f(x, y) is performed as a function depending only on x, that is, the variable »
is considered as a constant, ;

[FEXTER = KRFH TR f(x, YIWBEMEIX B HER z 8
—REHEAT BNE AR y BRI E.]

] H “being differentiated” Xy 8 Zh B X B 81 4 31, 4FE A iF “on” B B2 1E .

. HEARLEGFES

1. BB RNZREFBENARIT

A FEEN R EENBRENAEE, TERR Mk, XNHLRNEAR
BEA AR iR JE A %,

% 3 These angles are not necessarily restricted to being acute.

[XEHA—ERFEA.]

B4 17 5 18 “being acute”fEA 1 “10” M EiF .,

il 4 We are accustomed to measuring angles in degrees.

[RATIBTF LB R ERMEE.]

E2 AR A ANARREN BN EAT THEANSZAEENHESRRE, MFRBLHS
WA ey B, EE RN LT OGRS S BRSNS,
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“be accustomed to” 2 7] F“be used to”, FH“I BT it 3h & A &5
“measuring angles in degrees”fEf; 18 “to” K B iE; “in"EH R AU . “H" M

“NriEl+ S B E" R A EEERFRBEPHIFME. M by, on fl in
55 5 4 18] ¥ B 84 A 150 S8 15 B RIFE AR B 5 1 A1 18 of , for 25 &% 69 A 381 53 18 W o A
fEE .

(1) by -+l & i, A “Ead "o W

#) 5 By finding two points on the straight line, we can draw the line.

GEMREER EHMWA RITREEXELE %]

A4 A E AR R B .

(2) on/upon—+ B4 idl, & K “IE v eer LG, % — M coenns CBR)?, “FE vones
H‘!’”u m:

# 6 On integrating this equation, we obtain a formula whereby the ex-

ponent of the cosine factor is unchanged.

X FEASE.RNEBB T 12X BT, RZATFHBELEOFR
! 3 |

7] “integrating this equation” 304 17 50 1B VE /18 “on” ) = 1E , ¥ B I A
WA EER ERIE . 5350, K R AR “whereby” 5| B 89 52 1% W A1 i “formula”,

(3) in+ B & 18], R A e BHE G R]D 7 TR oo 0 N AU
FP”-U iu:

# 7 We often group certain terms together in writing algebraic expres-

sions.
[EERUAAN . BRINSFBELETAHE—E.]
X, “in+ 304 38 " R A 18 S EVERT EDR1E .
(4) of +Eh &Y for +B14R, B iR« Beseree?,

1 8 The general method for solving differential equations with higher

order is to reduce the order by substitution of variables.

(BFEMES TR —RTERMATRFLETREN.)

X B, “for +3Z "M AEIEEEE.

2. R R ZRWEBRLHER

HMAFEY FIEN  BRAHE - MESH 6,4 FHIEEDE N AEE
EABRERX. I—K 5HAAEX Y EERNER—HEX.

9 Merely considering r as the real part of the complex number z does

not help in this problem.
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[R{E r BRER = WEHHFAERA B THXE.]

2] {4 30 4 R SR X .

14 R BT it A FIEM AR Y 0, X R B R A mshiE A E R
fip

] 10 Tt is worthwhile attempting to use Lagrange interpolation method

for this computation,
(Al Lagrange #i{A 3 #7 XM E WL ES —K.]
AR E A EE Y EIE.
3. IRAANBAFERERE
sh 4 18 Al i, T FE 46 K ¥y 5h A S AR i,

#] 11 In the following section we shall use completing the square to de-

velop a formula which also may be used to solve any quadratic equation,
[(F—WRITKEFEARFERSFHE - THTFH KT EMNARK.]
A4 B 2 1A L 2 3R use IR,

#] 12 These problems require finding a maximum or minimum value of

some function.

U@ HERERHENT BB B ARERE/ME.]

A ) (1 3 4 17 4 1F 24 3l 1] require BYEIE .

A RGN A YERNIERE RN G EENER, {EEJE%I}E A
19 218 (4 avoid) B3R FH 3 4% 81/ H 5218 , A B 3038 (I attempt) W B 5K 7 30 17)
Vo XAEHEF, A B 3hHE (10 stop) X 13X P8 26 B 6 3k 18 & sh 17 & 0] LU
L HZEREFEXABRAARR . EREEES, ELNERASNGIAELEEN
A il 2 suggest (UL B /R 3 &), finish(5E A »avoid () , require (B E),
consider(# &) ,involve(#¥ & ) ,imagine (X 48) , facilitate (@ F . F B F) % .

4. BB ARZ B AEIER Y RIE

ENZEALF R 3NIA be(—f R i) ZIFHEREN, BARAMELECGE. AEL
W R EREBE AR . XE EBEELEMRLE, I use(IR) , propose
(H &), task ({E55) » difficulty (E ) 48, F Bt th o] fiE 2 55 — 3h & 4.

#il 13 The difficulties which arise in these problems are not merely deal-
ing with the relationship between variables x and y.

(e 2eim b B EEAR NN EFRAEER x 5y ZHEBMER.]

R 2 R A TR Y RIE .

5. I RARFBABERLHIDEIE

B 2 VA AE RN R R A PR Y 7E R S E R I B 89 R 3R call B4 R




§3.2 1) ¥ 3 221

L ERM EIEAARIEZR. .

5] 14 This method of factorization is called grouping terms.

L R K 43 7 R R e L o i ik . D

Ay rh gl 2 R 4R Y B IR AN IR

%] 15 Finding the possible values of the known quantities is called sol-
ving the equation.

R X SR A B BT A AT REE R 8, LR i T . ]

B 2 I RE Y R AR R,

6. BHRAEEF(REEDRRNPLMETNEEE)

SRR RRR—-FMENSAER. KRR AREREHENZRIR
ESZAWHIEARHE IRESAESARAMEZENCRBERXS . MTE
B 42 1] B A R T B B

Working conditions BJl conditions for working T{E&KME“HME"H AL
CLAET),

Modeling fundamentals Bl fundamentals for modeling B 7 # (“ "
HASHHE),

=, HERRLAMBRNEENESEN

A] LB B 47 i8] #9184 R BCE B AT L, MR R B S B IR E A4
. ERFERED . HZFENEREERSEARGEEE, Aot A ER
i (its, their,our %) 3L & H P A #& (Bl & 18 + 7 ) R Fm

$ 16 Again we see a case of the Fourier series having only cosine term.

[(EINHEREDNTHREBEAARZTNHER.]

XA Bl 42 3R B A S VE AN 1A “of " B i, 31 & 17 having B3 RIER A

iA] Fourier series,

B 17 The successful application of integral by part is depending upon its
constructing a pair of suitable functions u{x)and v(x).

KRS R i 43 SR AR A 3k ) KR T — X A BB PR B w() Al v(2),]

XA sh iR E S Y EE, B its (kI 814 17 constructing i 18 #
Fif.

& 3] 3.2

L AW 5T P 8T RG22 AEER RS &1 EE. B EE
R 3E X A RS . R A TR E .

(1) Knowing the lengths of two sides and the measure of the angle includ-
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ed by those two sides determines the shape and size of the triangle.

(2) The translation transformation is achieved by adding a constant vector

to Xx.

(3) The Cauchy-Schwarz inequality is an important tool for proving a wide

variety of inequalities.

(4) Applying this result to f(z), we can deduce the desired identity.

(5) Applying this result to f(z) gives the desired identity.

(6) The new computational method suggests avoiding the operations on

powers of variables,

2. NLFgh4 AR, BT EF IR

(D SRR FBRAKR, TEMEB T8 TFIHE.

) F¥EENFEEERREE BAXROREIRRERERN,

(3) RiXERFHEEANNETEHKEBNITEHE.

(4 BR—ANERHBFHRAERAEKBE T HEERNER, MEEFEHH
WHE .

§3.3 HAFER

—. i R EX 8tk

HARERREEN SFERE/ZIAZ —, EREXEPHAHREE
FEE. ERN—MBIEXE o+ 3hiFEEE”, I to be, to do, to have 2, XHK
to HERRHAREXNHS (RENE), BAE L, Aofol e (LT @
# 22>,

MR EARAANFANSLENER, LRAALE . EFaARBRNER.
A, HAEEER® RBRAEVUREY FiE. . BiE . RES; AT SEE
HAERSIERAETUR Y EEMRE, M AERRTUYE — &8 zhig—
BIEHEE, IEESM ARz L RAXFWAEREESA, ENBTREA
shiRtEsh , HEEA R FR A A FNER, FUsiAAREXWEREELEMN
WA,

i A g XA 3hia B9 BT R4 -

(1) BYshiRm AR EX0 A RIE KEHRIECLE 1.4 18 %),

(2) AR ShEIA R LA RIBELH 9);

E3LRNMABHEAR G MERIFEN. R AAETHAXNNAR G ENMEREE.
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(3) AxERAT LLARIEREH LA 115

() RERANEMESHT EHFREPEY AR EHE.H
B — RSB UL 12) , B R,

Z.HATRERXERRBERHAFHES

1. ABRAEABREBRYEIEF

AERXRLSFENRAR HEHE=ARER.

# 1 To solve an equation means to find the value of the unknown term.

[T B e R R R AT HE .1

A EXHIE to solve an equation 4E £ 18, to find the value of the unknown
term fERE . EFENMAEXREBRB A EX S EMNNEEHNR.

ATHEATFHEE, AREZELT RWHELSFENAEEHERKED, AT
AR EIE " GE it TAEMESOERETE, MEY EENAEXEERE
TR, URLERR.

AEXGEEEWNTH CEREAEZENARPREYTE,

(1) It is(B seems) + RiIB(RIEFH . BEEAWEER Y +EIEHECR
&)

¥ 2 It seems impossible to solve these systems of equations in more than

100 unknowns without using electronic computers,

[CRRA®EFITREN, B8N 100 M RAKK T BACFRATAER.]

# 3 It is our purpose in this section to introduce the basic method of sol-

ving differential equations of second order,
[AGHBERENMARB B T ROER ]
(2) t+iBFE A Ry shiE) + ZiE+ EFHEEDRD
XK K Y ahinl o & # R & take ] require, H K& make,do %,

1 4 It requires three variables to express the relationship among those

data.
[FERA=ZATRERRAXEREBEZRMHXE.]
(3) It+i#E (M HAEHshiED + EiERER)
XA K Yy hia # W4 & remain, help, suffice,occur, work %,

1 5 Based on the calculations above, it remains to estimate the relative

error.

(8T ERHHSE, AEEMA TR RZ ]

# 6 Since the sufficient condition is obvious valid, it suffices to verify

that the necessary condition is also true.
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[(HTESEGEBRBL RERIESDERGRBIRET .1

(4) It B B shiA M #EhiED) + CRF\XFIFFEB) +FEBCR
E L)

X Zzhin ¥ WA desire,find,leave, propose %,

] 7 It is found convenient to express angles in radians rather than in de-

grees.

[(HRMNEAAMEMAHEBORRRAER LB ER.]

A convenient  EiFEF B .

2. ARRHFREBEXEERYRIE

& &YRAE T UESEAAEAERENBEE, o, REAFRE
BEAEANBRANERNE N EREZERRERAAEAN XA #
K.

i 8 You can attempt to show that the two triangles are similar.

LR T LA GE X P A = M T2 89 H 4 . ]

A4 g A MESHE attempt M EiF .

FEHEAERAEAPE find B make EhiE W EEFE. M EAEEIRF, X
Af—EBEHFTALAEE cWaE., KRR,

F+HETEARE t+REBHREFEGFERD,

Hoep § 525 ¥ 2 18 B R AR . i : possible, difficult 25 , & B R “of + i £ 417”7,

] 9 By means of calculus we will find it possible to calculate the area of

an irregular graph closed by a continuous curve on the plane,

LA ARG % RAVEF B, 715 oy % 22 i 22 B s A9 R 30 00 °F 1 B i A 2
IRERY . ]

A4 B ERER it, BiG4MNEF R possible,

3. ARAXHABREERYRIEF

shif AERERENEAFEAEM, B2 FEME, X, AEX REBLLEIES
MEX B, el 1 T .

$1 10 The first step in factoring any algebraic expression should be to ab-

stract any common monomial factor that may exist,

Ox AR B 3 = 47 B =X 40 6 00 58 — 25 7 3% & 4R ) T B 77 7E RO o] B T0 2
HK.]

AR R EEE T RIRIE; B4, “that may exist” N EiENA) B
I T R 45 17

] 11 This mathematical conjecture appeared to be true, but it has been
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proved to be false.

X ECEFRE L EUENE  BERELHMIEVRFN.]

XRE—DHF AL E AP ARER to be true FERHEE, HH true XEAR
Exto be WEIBE, F_A4AHEE it REFHE —AH FEIE, to be false 1

i EBhA “be” T ) BLAY B IR B SR A E R, B “be+ A 27k 7T AR
TR VCTEY CCRE AT A VBT R ERNREZE.

) 12 The following steps are to be taken in computing its value.

(AR EHEN —EBERXBRUTERE.]

4. AEALABAGEERYEIET

AEREREN AL TFHEMAZE . H—RAHERR R EN”, &
FEHCE” BVLVRVIRHER. AR 5EEMIAZ Y LKA =/
BHRER (D EWEXAULH 13,14),(2) SHEXRLE 15),(3) disifik R
(LB 16).

$#] 13 Chapter 1 offers a preview of things to come.

[F-EHMARTEHEHNAZE.]

A AR things BETFEAIAE X RAKWIERNER 18, RN B EE
come K HE , FUARER I EFK.

@l 14 This is the new scientific method to have been used in production.

[XREATAESNHORETE.]

7 43 4815 37 method & 3l ] R~ & 20 B = 7n i shAE 9 2 3 335, [ B L &
BB BNE use WAZE,TLEAERXR AR #EIR. XEXAREAAL
ok A A A 2 A i B which have been used in production,

#il 15 “Weight”is a concept difficultly to define(# 24-F that one can de-
fine).

ER"E—EUE XS]

B8 I, concept B FN1E define (EAMM R ; EiER L, REX to define
J& concept [ EIE, Bli7 difficultly B A ER.

%] 16 The commonly used unit to measure the length of a classroom is

meter,

(CUF € 8.9 4:0k 9L RhE-5 39 |

XA A E 2 to measure i unit HREMNZEEAH FEXEZRHEL
Ry ARABHLE.
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5. FARANFRBAEERINE
ERFEEP  AEAXRLYRIERN EFZERFBHM, TUREGDE GER“H

J mnman By Fpranees §OX- 45 X§> 954 JELLE i A V8 [ s SEEEE XY ¢:3CiF :08 AN
RARGR ER M ee e S &8 ol ")ERAERMEE . AR At E
2 VA 4 A A FE 2R 5, W in order to (do) (R T == ) yt00-=+to (do) (K +ee-e LAE
FAREE e ) ,enough to (do) (/B LA +ssres ),such++as to (do) GXHM L E
Froneone ) BE

1 17 To solve an equation, we must change the terms about until the

unknown term stands alone on one side of the equation.
[HTHRFR RNLFANSTEZEE . ARRATAMBZET BN —4.]
EEAREREEEHBRIE, Hd to solve AT A in order to solve,

#] 18 The limits of integration must be chosen so as to include the entire

[Fri R Romitg it mAaaEts.]

AR A HRERROSROAXHEER, Fetg M thmEBaFits”, mnd
“so as to include the entire surface”fE45 BARIE .

F: TERARERNA & 20RIERAME X 5 R2AR, BiFa o R Ak
AR,

&1 19 All of the foregoing tests fail to establish either the convergence or

the divergence of this integral,
[RT A A R 3, R B AR XA B A BUR BRI SGE B &R 1. )
AERERXMER KW 3hid fail Z 5 ERIE, fail to establish A & 7E— &
BRHIE.

1 20 We must be careful to express the resulting radical in simplest

form.
[RATSH/N L AREE R X RBEANRA.]
AEREEBAET Aid careful Z J5 MR iE, I H “TE - FHEE /DL X

H express 5 must 7[ & FKiEE.
6. AEAMAEXNEERX LI RIF
ARFESAEERFEESEENREAA, REERYSHIAERN, E5H
i FERER) ZE LA EH M FEXRTUREHHRESHAD .

# 21 The new integration theorem allows us to find the integral of such

discontinuous function as Dirichlet function.

U5 89 85 B 32 6 R ATT A T B 5K 4R Dirichlet o 805X ¥ 19 R % 42 o6 A9
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#4ar.]

AR EREIBERIE us BFNEIE “RITBR“KRE -~ "HEBEE, X
) ] MR #% 3 1E 75 : Based on the new integration theorem, we are allowed to
find the integral of such discontinuous function as Dirichlet function. XA E
AREEYEE we HFNEIB.

il 22 Let x be the area of the triangle.

(& BE=AENEA.]

AERXPIEFRLY letGR, 4),make(18), have ((F1§) FFh AN KRB L
Ea, A EEAERRE 10”7, BAERME LB REN to REEEX.

E.HRAFREXESEN

HEAEAFTHACHEBEEN, RAMTEHEER for +B2BEE+
AER KD, BRI ERZFRAFRAFAER, X6 for BRAMME L. X
EAHEDRAREXLSEW”. XMEWEIRT S EHH - BIEERPE
\EER.

FHEAAEXESEGHEATNEEDE, SHEREEELHA, RRAT
LIfERNR ., ERFEREBEP . ZEREER L EE RiBMEE. W,

# 23 1t is not necessary for each root of an equation to be different from

the others.
[ HEABA —EREAHNEN.])
AEXREAGEHIENTFHREIE EiE.

#l 24 Another principal topic for the students to study in this course is

that of finding a function when its rate of change is known.
(ZEHEFRBEZINS N EENABTR NN ELEREH.)
TR AR ERXE SHEMIEEE B, R ER to allow Z 8 EiE the
students F & £i&,

] 25 What conditions are needed for the equation to have solutions

which are positive integers.

(% Z A A& A REAX A7 B A IE¥BU# 7]
XM AEXE EEMEBERE.

% 3 3.3
L B FRERDUE R H P A E BT R S AT R4

(1) This idea is proved to be true by the following Law of cosines.

(2) To solve a triangle is to find the unknown parts of the triangle.
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(3) The aim of this paper is to investigate the situations of mathematical
education in middle schools and give some suggestions to improve the teaching
effects.

(4) It is necessary for college students who study mathematics to under-
stand modern set theory and its applications.

(5) We {ind it is convenient to express subtraction by adding the negative:
—y=x+{—y).

(6) Often one abbreviates the expression a, + - +a, by writing down the
general term a, with a capital sigma, >, to show that the sum is to be taken,
with some indication of the range over which the terms are to be summed (un-
less this is clear from the context).

2. MAAEXEE B THAFIERKEE:

(1) R RARE X BE ) . = A S B FIR %5 F 56,

(2) BESEHXR-FEMXE.

(3) A FXEL0, 1 ]EBREF X[ (—oo, +oo) BRRMRAELH.

(4) A TIEB X Fh o i AT BRIV LA A - F MBS,

§3.4 E &

—. M RIEHERIAR

BERAFH—NES . EEATEHEAMZIAENRF, £XEF, EF
B BB T A E IR — MR B BT BT 8 6 17 2 A, X 5 DUE AL BR
NHTEEE); EEEN O EER B THREGRZE RYGEER).

ERFREEP,EBNEXBUTRHKE.:

(1) A~ Y e ik, o AR 48 2 &8 808 B ARy £ R 6.4
%,

(2) |l A 252, AT LR A R JEF AR AR E B R E
K EFENA [ ENAE,

ETREMAEEBENBELZHEECRAR . AWRY R PR 2
E BRI SR K IR AR 0E T A AN A AR B AR E R R B B
BE. ETANAEZENEL  RIVEET WA,

RE VORI B TR M E T — B R E8E0, EEERM N F,
FACFE B A8 ¥ 1) 22 BT CAN X S BRI BR B ™) . BT A, 80930 TS 4 4 O T B S B R G 2
B TR, R A . T IR A E S R AR
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T NHAEERYER

AAEEN EEREELRE MR+ RIEEPERETUREZ R AF. 312
i# AN AER NARENAD .. RIEEE RN EEIE LBE R, TR
B RTE € E BENN AT B ERE,

# 1 The architect with his scale drawings and the machine draftsman

with his working drawings are the technicians who know elementary geometry

very well.
K A 450 P oty e 5 U R0 42 ] A = 4K 1 L A, o ] 63 R R 5 % 4] 5 JL AT B9
BAR G BB T .1

X B 418 %815 with his scale drawings 1 with his working drawings fE J5
B E1E0 &M architect #] draftsman,

#) 2 The vector represents the velecity of the ball at point A,

[XAmBERRNERE A AREE.]

X B of 5| MR EIE B velocity, &MY b —A)#EERE, BT LL#
EEWEEEE’E

= ERRAEEEER

EAAEEN EFERERR . (DESFE - EEE; (2B ER+HRIENG
LR HBCRIE A,

#1 3 A base of logarithm must be a positive number, not equal to one.

[ EAELBRE—TARN 1 HIER.]

J& %5 1) 6 1 “ not equal to one” M 45 & “not +HIE 1R + A EATIE ", R K
o BEEFRIUEN T EEIS.

fl 4 Another Laplace transform important to the solution of a differential

equation is the transform of the derivative of a function,

(BT RN —FMERMNREREX RN RHTESR.]

JE 25 1A 4 18 “important to the solution of a differential equation”{EJ5 B &
i, FRDUER BB EIE.

E AEEIERIE A G IE A A OL T (AZE there be 4] 2 H) A] R i
EE. Flm,

) 5 In this case there is no positive root larger than 1.

[EXFAERT  BAE—-TEHKTF1.]

XA 1 SO DUIE B3 E A, “IE AR 7 BR R 02K ) R, RS L A EE,
JROCH) & B RE TR larger than 1 A5 2 4] B)FE 847 .
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M., SARHEEEERE

SR8 — i (BP By FH A A A R IR, S E R Y EER B WA+
B R X R RN PO DB, B E— SR E L RA ShEE R -

(1) BMESE—BEA EFHNER, RRP.O0REHAIME, AR SIERE
HATHH .

(2) BYshinlth i 240 —MAA B ER, RaP ORI EZNSIE,
AR RREBIERT R T 1 A K Y 518 #4338 W 4 3L o .0 37 B Ak 69

1. B—M5RERE

Bl ERN, ZHOVHTRE R XN EER R ERUTRFRE L
TE)); B — M EERE S EN RO FIEERE .,

(1) B—p5REWREEN, WEAT M ERFRE,

# 6 The methods of substitution and elimination is the commonly used
methods to solve the systems of linear equations in two unknowns.

[RAEMFECERBE — i—RITENERIT%.]

i 24398 used A WM F L AEEE, BIE I | commonly fEE#HRIE.

#1 7 The continually changing secant lines approach the tangent line at A

to the curve as x tends to .

(%2 8BTF =, if, ABIZBANBRETZHEE A SWTIL.]

A 4] BLFE 4] changing f E 3189 & L MEE B, BIE M L continually #EE
IR IE .

(2) A EpARMEEEEEN  BERASTARZRNIECSLER.

B 8 Check the values found, if they satisfy the equations, then they are
the solution(s).

(RERREBMHE, MRENBELE TR, VWEMNRKERE.]

At &40 found fEE TR, EX BIRE“AIRB” B “R"MHEE L
SE /L.
2. FRABBERIE
SRAEENFEREER  BEMT+RiG, Fx4E -+ EEE. §iF
FER T X RGBT A MM MRS . 1EEIE A EE— R R RiF
VKRBT RERMNH#THE NENESEBHAXRETFLFXRERE
E WFGEE; & #3015 815 1 18] 56 78 B v Mo, ISR A 3Lt A8 8 a4 O 3
¥,

(D) “SEEHRIES A EEEE, THRRGEEE, B AES A+ RiF”
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RRHEXR.

$l 9 A ratio is a fraction and all the rules governing a fraction apply to

ratio.

[HRE—T28. A XA Bz R AR NEEHTHR.]

41t rules B47H govern B & B & , B 418 4818 governing a fraction ¥
BRI BEERE" MR ANEXR.

(2) “ER"HEE/REEETIEN, TFERTEEE. XN‘TX4HE+
MAEE” B R ORE+E7LE 1IOMEX, AR FAFEHEXR. A
EMELE 1D,

] 10 The range of a characteristic function is a set composed of only two

number, i.e, 0 and 1.

[HRFAE SR B A IR 2 — U B P20, B 0 R0 1 A 5E . )

SHREIERAE set TR, XM EIEIEFRRRIEAHIER.

% 11 The special solution determined by the conditions is unique.

D% 2% 14 B o AR 45 i R HE — 19 . ]

“BEE"S5“BiEEZ B LR 1§ X% determined by the conditions &
solution M E &, LA B R—1EiB N4,

Q) FEnHEEEREBESS - 4GB MESEEmER - .00,
BEet N B EERFRHEY SR ERm S En, B AREENE
¥4 .

] 12 We are trying to determine an unknown function from prescribed

information expressed in the form of an equation.

[(RITEBBUTROESRANAERFBRAERNEEH.]

X B, 50 B #9438 prescribed (B35 E M) M J5 B A9 4> 17 48 1 expressed in
the form of an equation #& information By E &, H & 5 E R WRE +shia”
e, B U F BRI+ 2R, BIE“HE W7 2Z 0.

(D) “KIR"H4REEE FHEES N, —BAFRNEEE. EER
EERMEL RS FE BAEIRMEEMNERFEE (BIRLHERED.

#1 13 To prove the sequence {a,} does not converge to 2 we must find a

positive number ¢, satisfying that for any natural number N there exists an inte-
ger n>N such that | a,—2]| =e,.

[RIEBAFS) {a, ) R T 2, BIFRE — M EB e  ERE SHMEEHH
RENFE-NTBBE >N FHB la.— 2|>e.]

JR 3 satisfying A] 8 i, which satisfies, SE T R EiE M A, X B4 A HEE
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PEALAT A, AT B R 3B PR T Rt — R T R R ER e : XHER

f5] 14 Visual aids of this type, called Venn diagrams, are useful for tes-

ting the validity of theorems in set theory or for suggesting methods to prove
them.

(i 2 B W % 46 BY F B AR AR SC IR & T R A 36 42 30 P 5 2 Y AE 9 v s 0
HEBA Y I i s . )

JR3C called AT LABK AL which is called, ¥4k 0 @EM A, X BRHB AR,
PERLM~41 4] s called Venn diagrams i g 55 — 4] ) 1H & 3B .

B BATNAE L SEE A B R 69 40 R R R 25 4018 78 DU A i AR
SEE . Blan, A af a] 48 5ia] 3 4% 1A L Bh iR s H A

# 15 Speed is the distance moved divided by the time elapsed.

e B 25 F 12 5l i) B 8 B LA B 7E i f 1] . 3

2 ) 5 P BT VB TR 7, 48 22 43 1F] divided FEALEN A

% 3] 3.4
1. 8T 5 A FiEmDE,. RPN EEHARMRIEERY.

(1) Then we conclude an important formula E=V + F, named Euler for-

mula,
(2) We treat f'(x)= % as a symbol for the derivative of the function

f(x) with respect to x.

(3) This result tells us that the velocity is decreasing at the rate of 32 me-
ters per second every second.

(4) The procedure used to define the derivative has a geometric interpreta-
tion which leads in a natural way to the idea of a tangent line to a curve.

(5) The quotient itself is referred to as the average rate of the change of f
in the interval joining x to x+A.

(6) We could try to compute the position of a moving particle from a
knowledge of its velocity or acceleration.

2. T FEFIRREE HNEERPEENEREIL:

(D) BN EERBEEHEXHARXE EXB RN ER B EHRA.

(2) XEMEE P AWEREE FTHEZANIL.

(3) MEE >0, R—NMEBMNEM 2a>NHE 2, —Al<e HR/NEE
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N,
(4) XA RBAERE - H A KT 2 BT 5 (A BEBHRKE.

§3.5 EE M @

—. BN AR

EEAEEHXBRRACCARARXRIED ST, BT ERBHR MR
Z 5. EE NSk PR E i A ) R BR 1 2 T )

SE 1 ) BT R4 1 3 ) b i A 2 1 s IR (BR RSB AT RD . IR i
MR S AT 1A 6 B A B R BR A P 0 SR A A, 0 R £ R R R A B B B
A5, B EARSER A A . AE PR § o S 7 A X e AT IR 9 B R B B B BR A
L, REX EERNE BT E 5 ok, A 9 3E BR & 1 5 v B A B i 554718 , 101
Fomg EasRH -5,

Eilt, XA ER G EFEN MR EEFEADEFEE. E85 L, X
X 58 EEhERH TE S5 MR 3 FR & 1 & I A 5 H s i xf R 2 6] 2 A
125 RIF, B S| T A A) A IR 3R] Z BT A — A5 5 5 Tl PR 8 4 i i A ) 5 L 48 it
MR ZEAHEZSRIT.

5l 1 A right triangle is a triangle two of whose sides are perpendicular,

[EfA=-AERERITAMEREEN=MAE.]

JF 3T R0 28 38 43 2Ry PR W 44 58 o D) 3 O A R B AR = AR B B R AE R BR I B
EX=MIEHTEHE .

il 2 We also note the following brief way of describing intersection,

union and complement, which brings out a certain analogy with the rules for

combining propositions.

[(RINMFAFEEI N THRL HMMNEHTESFX, E5IHTXTFHEGE
1) 12 38 3 T A BE A 2l .

JSCT S e 88 4 A A BR W 44 5 1 DA 4], FH SR &b FE 15 B 3 ) A A9 4 1A] way .

5| 5 5 i A E) Y % R AR R 56 2R A 3R] G0 BR O KR, B AT BRAE 2 R )
B FF Sk o L #2 B ] 43 i 4 O A AT) BB A X B AR R, R N AN AN F R 4
(R FRBBF) . RSCBIRX T B3 f 40 2 E e R R KIER.

(D) HHFELTWRFES , EENEE LB XRRE R

that: FIICROBEMHENF RTLURA OHF, ENDPEER Y FEME
i, A B (D WD AE R B (R A R BT AEER) .

which: Frfi RN BEEHN REBEHK ZEAFHEY , AR BaTURENSF4




234 =8 ¥FLWRBEBAEENREEEH

RE—H,EEMNPEERYEIE REANTAERE.

whose: IR BHBBEH M RITURA YRE  ENTREBYEE, FiF
HEHE”,

who 5 whom: FifREZEM BB REAN . FEMNAF who X FiE, whom 1
EiFH N AREIE.

as: IR EBHNREE R EATHEY, AR EATUEEN EMH
K84, as B GHA L, HWIEM EQ-- I, XT as HEMH*F B4
K,A2R§3.11.

#1 3 Such solutions as we need must be integrable and not equal to zero
almost everywhere on [a, 6]

[REMNITEMRIBLARE (o, o] THNEILFLALERETE.]

A 4] as 5| F ) 2 15 WM 8] i £ 4] B solutions, il solutions & such &
Hisas ENB) R FEHEE,

(2) WEXKFEPEBENTE LXRBIEE:

where: BB R RRRH A I5E O FH LA (W place, case, sit-
uation 2f) , where B 8] B in which 0% ; ¥ Wi E D, where K EBWEEE
AMARZIE X where A FR“H P “X B,

when; 18 % 8 % & &R 6 8] 5L 5 B (8] A 5% 89 4 38 (time, moment,
instant, point, cycle, occasion %) ; when H B 8] f| at which & on which 3
RE.

why: RN R FREREHMNLZ A (FE LR reason) ; 4% 4 17 £ reason
&}, why 7] L1 & f by which 8% according to which,

# 4 This is the reason why the arbitrary constant in the general solution

is not equal to zero.

[XEEZGERPREEEBRITARETENER.]

why 5| 5695 15 A1 i reason, {H why Z M /a] 1 B9 B B A & reason, i
& by the reason,

ED (ERWROXRRAEEEN G —EEX L8 FR.

2) BR as Sb, REK A I8 € 19 38) L. X440 A] R4 i Xt R B R SR AL, %
F AR E W B A e R 8 5 56 2R B 3A 40 3R A% AR E X A9 4 18 + which”,
] 38 3 A1 18 A g A 18] (AT i) SRR BLE 19 18 L (S LB 4 B9 UEBRER A .

. EENGNERFEE

W) &F%F.ERWESENDEE, RS ENIRERS FMX
AREVMNBEOE T, oD EENAFER B FLEH, B« B”, B e 4T 18 Z 6
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e B EEf D

(2) %% . YT iF N IBRKRS I BMHERR X R A BN, /2 EN
ABRE ERHFNSABAEETAZE  LENAEFRLPEILLTANE
SRR e X SRR, RIEXFRFA R ETREN"(RA LT
Bl 2 B FEB6).

 BR il 52 1R DA ) 3 R 40 VR L A B R EE T LA U 57 )

#1 5 Now the assertion that n® is even is proved, from which it follows

that n is even.

[BE.XF o BEEBNESCSSPUEN, dkrlfEt » 2EK.]

A4 which 5| R E BN GBI E K EH,

$l 6 The other scale in general use nowadays is the binary in which num-
bers are expressed by combinations of only two digit 0 and 1.

[EriERE S - R E R WP, HRAHOM I XA
FHEMAGRER.]

Z /) which 5| S i) BR i ¥ % & M 0] & 15 32 4 19 £ i binary, B & & N\ 8
K 3K A 43 PRk IR B Ho i S 479) binary (“HERDEE ¥ .

(3) BEZE ATHEXPH EASEBNAHAR, FEAME TFEE
BLEEMNBAERLHE, HBIUIENRENA#TEFIBHEF. Flo,xf
“there be + FifE + EFEMNA)"X — AR, i R XA FE B0 FEEKRE
T &, A EE MR CBRIA 2 H A ELE 7); X0, — s gUR $ 24
BT T SR VE A, R A R (AL 8) .

17 There are some quantities that have direction as well as magnitude.

(HEREEA /DA HE.]

XARABESEIELY BN F—S TR

$1 8 Any triangle that is not a right triangle is called an oblique triangle.

[ T=AFNRRAREA=AE  WKIH=FAFE.]

A SE B N AR R L FT L E R AR AR R EA S AR =
EHRIF =M.

=, BiENGOWE—FITR

(D BEAHXRAREARATUER FHRENTPFLEEENXLRER
) B R

%] 9 We now have half the information we need to describe a vector.

[RMNAAEBI THARRBRATHN—FEFR.]

7€ information 'L [ A we Z[A] A which £ 8%, [N 2% 3¢ &1L which &
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4 W] b 8] need BT TE BT LA AT LA B

(2) =AM FHRFE R EEN TR ERTREAR, -

%] 10 On the other hand, forms like {x | P(x)}, in which the domain
over which x ranges is left unspecified, are best avoided.

[B—FmE. ATz | POIWERY « R PELHEER I REEH,
BIFAERA.]

XE, - EENASER BN EENGHEERE.

(3) EEMNEA B Y BURE N AR R E M AR 8%, — i, T LUR 42
ETFNEBE MBI FERREF W, XBE T ERZHBE. L.

) 11 Any set S is a subset of itself; this is called an improper subset of

S in contrast to the proper subsets of S which are different from S itself,

[(EFfESHEACHFEBISHEAEFE UK F SHETFTE, B
ARTF S WM TE.])

J& 3 Y 5 TR DA ] 3% B R 2 88 D]

(4) & 4] 5 a7 iR 2Z 18] 7T BB R E V8 18 SUH i AR 40 BR F , B 52 A
B RCARA T ENZEBXR,

& 12 According to Godel theory, no method is known by which it is pos-

sible for a system of axioms to verify whether the system itself is complete

or not.

[ Godel i, RABRAFAH AT RN A HRERIEHXAZRE
T&.]

4] E B WA SE1T 15 & method, & 8 E AJ K& is known BT,

] 13 Yet there exist mathematical conjectures proposed by famous math-
ematicians before 19th century which people are unable to solve.

[BHA L, EFE—2H O HEZHMELRERXRENOBFEREER
AARERR R .1

2 4] 5E 76 M\ A B 5B 4T 1R & conjectures, "B 8 24 %€ & i) 4317 48 if proposed by

famous mathematicians before 19th century fgJF .,
% 3] 3.5
L BT A FREIE, EERPEBNARREE:

(1) It is sometimes useful to know the conditions under which equality can

hold in an inequality.
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(2) The adjoint matrix of A, denoted by adjA, is the transpose of the
square matrix whose elements are the cofactors of the corresponding elements
of A.

(3) We also say that P(A)is the probability that the event A occurs when
the experiment is performed.

(4) Its history began in the 17th century when Newton, Leibniz, and the
Bernoullis solved some simple differential equations arising from problems in
geometry and mechanics,

(5) Among these are the so-called linear differential equations which occur
in a great variety of scientific problems.

(6) In this chapter we shall begin our study with first-order equations
which can be solved for y' and written as follows: y'= f(x,v), where the ex-
pression f(x,y)on the right has various special forms.

2. FEBENERT I FERIE:

(1) XHEBOAFTBHTERRGESR.

@2) KBMURAMNENERREIBR, EZERS, REBERN M. .
e BRI iz R

(3) BFE, X TP =AU G EC 218 P K AE, o] #E18 FE K
Zi.ABRCD =42_,

() L —BLBATGIH T LA LR 1, 3 A 3008 A W B F i B T2 57
B¥ERRERXEEN,

§3.6 R IEMN 4

RIENTHFHERE  XERNFBMARERBEIERBAARGHR
WAL BEATR R ARE G B AR B A R BDR B ] 45 R R E N A &
iERBENAL, FEPERBNGHAEAPHCERRE, IALFEAR.E
AP R FEAG ;R A RER ST, AT R E A AN EIES .

Feif MR R ALE B TR R DUE FRE SCRIEN G B RNMEE .

(D) REE A BURE Ja L BCFE A P B0 38 247 B CT w8 ) e £ R AT i
ERR B NARELTANEEHERNEE.

(2) FE—EEOLT , S i 2 17 3% AR DUV B 0 45 B 23 43 45 B (10 when,if,
since SR LFREFE L), A FERH S LE 1.4 10).

(3) A7 PR 15 D /) 22 4 3% B A F i 3L b A 43 3RS R 26 AU 9 43 41 LR 10,
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& 12),

—. ZFHERENT

ERCFRFE P FAREBENDNG] SR FERWOTFILAER IR, KK
J& provided(#) ,unless(B&E) ; Al h 4N F % i7) 8% 45 15 5| % : supposing (R i) ,
in case(fB 1) ;only if (¥ 24) ,if and only if(24§ H{Y ) ,so0(as)long as( H#) ,s0
(as)far as (g -=--- ¥k, P8, in so far as(FL -+~ F i, £ TF),except that (&
T Z A% BN KEZEA 8 L BEEN A P AT Y [ F 5

PIEMAMERIE NG EFE IFRAMF. HADUEMIBREEHRG . RS
WL LATUR G B IR AR ES W RRT . 5], X 1f--- then--- Y 4] Y, A 3% i
e M (L) rorere "R . X FRESCH AR AR (N 2 f) 3R EE
B 2 N K TR , DU ] LIB &4 /5 B .

1 1  An integer is called composite if it has two or more prime divisors

(not necessarily distinct).
[ 8BEAWAHULHERNF(CHERLARD , MR EH.]

5l 2 Thus the process terminates if and only if the set of positive integers

m, my, My, My et is a finite set,

[E&ﬂﬁ%%ﬁ i(lﬂﬁl’!!ﬂﬂ Moy 5 Ny 5 My -"'iﬁﬁiﬁgﬂfﬁﬁﬁ%ﬁm
%£.1

A if and only if 5| I MNA], #R TS D ERMEEEIGEFREHRK
FFig .

f1 3 Unless there is an important reason to the contrary, a ratio should

be expressed in its simplest form.

[EAERFOEARR BREAAXIHEMMOEZERHS.]

unless 5| 5 B I 4] — M i B AT B, L BRAE oo B W o---”, (HAA] un-
less 5| A FAMFEULEH, FFLAR G B .

$l 4 The constant A may have any value as far as the differential equa-

tion is concerned.

[z i, B8 A T RAEM5E.)

‘] H“as far as*-+is concerned” } &R 1E N A] , B EERRLFhoeeeee mie”.

—. BRERIENA

FERU S FE 15 P g [R5 ) 9 % A 51 2182 when(24) , 0] i 40 °F % A 5%
HiE5| R before(FE Z R ) s after(FEZ J5 ) »as(24) , whenever (45 24) , when and
only when(2§ HAY 2 ,till(EHFD) , until(H 3| ,since( [ M) %,

B [B] R 18 M A7) B 3 f 38 % CE E R HTE . when #1 when and only when
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H R RN, 3% R T if M if and only if,

f5l 5 The quadric equation ax’ +bx +c=0 has two different real roots
when b —4ac>0.

(24 6 —dac>0 Bt , K F B ax’ +bxr+c=0 AR RFEALR.]

5l 6 The function f(x)approaches to o as x tends to 0.

[ c&ETF o, RE () TFoo.]

5] 7 Before we can use Theorem 2 to determine whether or not a given

integer m is prime, we need some method for determining the primes <1
where I'<C m < (I+1)%.

[(ERMNEHER 2 KRFE—TARENEBEH » EEARBZA. FTEHRE
I EEBFEST WEH, Kb P<m<(T+1)*.]

=. FEARENG

FERCFEIOE T, 5] T R R RE A B W WL 3R & since (1 T, W 8, BE
B, e BRRm AR E Y ECE2ME(BFECRERSIER) M FL; M be-
cause( [ ) Fl as (B ) WA % H , Ko because £ ¥UH T %F 71 58 V8 I A 1 %
. ZF now that (BESR,H F),in that (HF,EPFOFEELEARAAD . BiF
Je BRIR 1 DA ] 38 SR FH A Bk, (HL 2 DAA) 9 R CHE T 0 45 SR A FE 15 BH L th T SR A
B,

$1l 8 Since a is a vector, we must also determine its direction.

[BFaR—AmEE,FUEEBHENEHHTMN.]

% 9 The measurement of angles is unique in that the unit is dimension-

5 00 R A 9 R O B i R 0 R 0 )
A< /5] 6 JE PR R R AE S T L TR R R A .

f5l 10 Since zero is neither positive nor negative, this will mean that every

positive integer belongs to one of three classes and every positive integer greater
than one is either prime or composite.

[ORAREBUARGE  IREREFNIEHRE FTHAE=M2EPH
—M,FHEHBT KT I HEHAARERBHESE.])

iX 4] since RN LPEH .

E:1. since,because % 5| FFHEANG, AMEIGEES“FrLL” “H k"2 %
R, PR 5 therefore, hence % 3 F (B fI17E 22 3¢ 2 Bl ; B BUFat “ A
R MRS A TA B

2. TEHEIE T, # 1] since, because 55| F i M4 , i i 17 for AT LA 5| &
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FRERBSE(ARNGD,,BES - FHGEEHESSF0) , % 6 m M
MFHGERAMBFFHEAEREEELESHENTTFRIFIIXE.
# 11 From above discussion follows that conclusion is valid for the case

x << 0 and so for all real numbers x, for the case z=>0 has been verified in previ-

ous section,

Ui FRiHE B, 5 TG 2< 0 MFTE B, T X BT A LB = 8
M XEEN 2> NEEELEMNE—NEBKIE.]

W, £RRENA

g5 R IE M A B FH # 1R soe- that (0 - - LL B F ), so that(LAZE F),
such-++ that (X Ff ] --- - PAZETF),such that (XM ZEF,EH)F5F,HP
such that ER A BEHNERGRRBENTFREH.

HERRENG—BRHATFREAFEL.NEREEE. FHREKRKE, #F
% ) & R AR EC e PEF’ZREFX. MERMBRENEL
. '

1 12 Suppose f(x)is a function on a domain D such that | f(x) | <M for
all x& D, where M is a constant.

[BE (DRKED EHW—TRBEBXFA €D, AFR [ (0| <
M @L, At M 2 —A 53]

4] such that Z F RERRBENA, FREFREEAZ/FE. &4 such
that IR “EEH"  HhRaTRREMBER, 0, BE (DORKXE D EHXHE—
NERBCHEIEBMAFAE 2EDHERAERX | ()| < M,

$l 13 The use of logarithms has decreased the labor of computing to such

an extent that many calculations, which would require hours without the use of

logarithms, can be performed with their aid in a small fraction of that time,

[ ERBTENS BBV B XFENEE, NS Z TR YRS
R T #E S BN /e L T BRAE B8 F 18 Bh X 4 R B R OR s 1R 24 — 7 4 1 ) R
AESE . ]

A4 H “such--that”5| RN B ERRENTD . A TFEWES.
which 5| & iy M 4] £ 3 BR I 44 2 15 W4 , B 5 “ many calculation”,

A, L FRIENR

R T & FEEEE T 215 RE M A calthough( B R) , though( B R) ,
even though & even if (Bl {f§i) , no matter what = whatever( #4114 ), no mat-
ter which( 75 i, 9§ 4~ () ), no matter how = however (& 1 il ff] ) , no matter
whether(LIE BB . iEFRIEBNAFERIGESG —RITE.
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@il 14  Although the intuitive meaning of expressions may seem clear, in a

careful treatment of the real-number system it is necessary to give a more precise
definition of the positive integers,

[ERAXERENERNERUFRFEN, BREANALHEIBREN O
MGEH—NTBEHEROXTEEBRNEXL.]

X A3 8 although 5| F—NMiEBRENE, R EGF it BIERX EE.

#] 15 No matter how small is the positive number e, there exists a positive
number § such that | f(x)— f(x)|< € for each xE€ (2 — 85 2, +&).

[(ERER: ZAN, BFAERSER| () — flz) | <eXMB—FIzE
(xe— 8 o+ B ]

No matter how 5| @ #iL B RIEN T, EX BiIFR“LHRE"HEHE 4.

“% 3] 3.6
1. B FHaFERF X EEHEPRIENADFES.

(1) When no confusion may result, the expression “line segment AB” is of-

ten replaced by segment AB or, simply, line AB.
(2) A set A is said to be a subset of a set B, and we write
ACB,
whenever every element of A also belongs to B.

(3) If a variable y depends on another variable x in such a way that to each
value of x corresponds a definite value of y, then y is a function of x.

(4) In any sequence the essential thing is that there be some function f de-
fined on the positive integers such that f(n)is the nth term of the sequence for
eachn=1,2,3,-.

(5) The concept of a set has been utilized so extensively throughout modern
mathematics that an understanding of it is necessary for all college students,

(6) Although these special tricks are applicable in relatively few cases, they
do enable us to solve many differential equations that arise in mechanics and ge-
ometry, so their study is of practical importance.

2. BPRIENAE T 548 F R 3

(1) BRIE z=y, BMEAFXPHESBEA R BEBR L .

(2) HEHX TR y=2x+CHHHERC,HBZRELRET K, 2),

) BAXNZRKFE (=0 BAZR,FUER y=Ff(OMERS =
A,



242 £=% RIFLWRBEBEENFEEH

WD AREBAZAK, SHFEBRNER [a,| ZAXNE—1 n>N A

§3.7 ZRAUNGS LBAE

A EBNBLAENT, BYH B L 174N RA i A58 X a5
(EBFRERFURMBATERNA e A%,

§3.7.1 ZBAMNAE

—., BAMMN AN ERRE

AN RS TR REARERON D, B EIENT.RIEN
(N ARIE A KB N G MEAENE, &N B %R H S
WX R RS EMHAGTHER.

XEMXRAFA =K. ANRER ERRAREERRE. S0 AR
AN

1) MBI M R R EEE RS . K,

that: Z & Fif X, R B M.

whether: ] i % “ & & ” (i . whether 3| § ik £ R iF N 4 Bt % & &
“EH") . ‘

if: iR BB GEif 51 5 HRIE WA EE R mBE) .,

2) HERAREERA FEENDPESGFRSY. Kb,

what: BB E“4HA7, 00 B (A" which: BER“E7, “Hiss”,
who/whom: % B & “#E”; whose: BB R“HEMN" (X B FIFIE EREHIE
FAHD

3 EHEBWAAEL, ENP—RIERE., K,

how. BB “nfa]” (LA 4 #8187 =X S8 1T Ff LD .

why: BEE“AMtA"(EHAEEGEEEH)).

where: BB R“ZEME”(EMH21TH).

when: B 8 & “f i " (FEH A BHE]D .

VEBNAHABEEARFEE

wEEEAR S, FIENGDE TFIRESAZN, XHEIES AL N REE =
ABIER.

$i 1 How this kind of equations is solved is the central task of the subject.

CinfR X R T BEREM P OES ]
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BE, FPRMNBFAKREH, EE¥HMNEEAR t(CLiESOEER TE,
8B IE M B e B N A B 3hiA G @ (sh A A i AR R iE Rt A A L
W), SHEMATUGEN TERERE BJT . BR“LENR . AOETPFLAETN
R, HHEBIBELSMNMNERATHE, XA LT HEAR LEX, Kb
F-FHRBETE,

(D It +FRahiE+FEGEER/ AW/ REE + EFHNA

Hep , RiBUERANERERL M INEEE EEE A5 FME
B HERSRT - EERRE 4),

$] 2 It is clear that the sum, the difference, and the product of two poly-

nomials are polynomials.

[(BR.FANTEZHAZH. 2. B NHAELHK.)

% 3 It is not difficult to see why it would be useful to know that a given

differential equation either has a solution or fails to have a solution,

[(FHEFER A ATHR - TAEHNMITBETARERAAN.]

& 4 It is of interest that every function can be approximated by simple

functions.
[(E@MRE. SR TH - SHARBEEMER.]
H:+ of interest = interesting,
oAt H FH & B0 .
It is necessary/essential/imperative thatess QA% -+e - T AT e
It is important that--- B EF -
It is possible that-ss BB oreee ,eore- BRR[REH

It is impossible thate»s ZRGEME reevee, oor e BR AT BE
It is likely that:s fRA] §B-e----

It is evident/obvious/apparent that-= &R+  BiFEE-.----
(2) Tt +BENIES (be/get Z+3t £ 4D + FFEMA
5 It can also be shown that if we have the strict inequality g(x)<<f(z)

for all z in [a, #], then the same strict inequality holds for the integrals,
GE AT LHER , 1R % FEB A 2€ [a, 0]ABAZFR g(0)<f(2)BOL,
Mt FROEAETRAFRXRL.]

ey w A6 o .
It is known that---  FAT(KF) HE -
It is well known that-« AR B &1 --- -+ . & 3151 RILRLD

It is said that-er  AfTiere e  HG B oor
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It is reported thatess HEHEIH -»» oo

It is believed thatess  $E{F e -

It can be seen that=« B[ LAF -

It has been shown that-+ B ZFEHH.er

It has been found that--  Afi1E& &3~

It must be remembered that--+ AL +ew -

It must be pointed out thatss AZH13E i ++e -
It should be noted thatsss [ 245 B «veeee

(3) It +A& B4 3hia (i follow/happen/appear/seem/matter/occur) +
A

] 6 It may happen that numerator and denominator have a common

factor.
(g EEXHENER . 2 FTASBEE—-1TAEF.]

#1 7 From the discussion above it follows that (x-+ 3)is the highest com-

mon factor of f(x)and g(z).
(mtmﬁﬁﬁﬁ<x+m%fuﬁmgﬂ%ﬁxﬂmﬁl
() It + (D EYshim+ %5+ EBENG

#) 8 It makes no difference which integral variable is chosen in the definite

integral.

(EERGH, BEBRISBEBHERXF.]

Z.HtRRAENGEN

EEA—BERERYHARNEYSAEERT, SAREENHE
Bt a AR XBEAENMBCEEMG FATR L3112 M4 100, FPEMNM
RIVEAE § 3.8 A4, T T2 O 5 BA SR AE M A R ) 2R A

(D) RIENVSERBREFANASAEH,.BELHBN CEXNIERAEE
BRI

#%] 9 The importance of this theorem is that it shows that any analytic func-

tion can be expanded into a power series.
(X EENEERETEIEATE-BRITEREFHFTURTFRELL.]
A —A“that"5| FRFAACGEXHAY TR is BRETF,.H -4
“that” 5| § R W4T H A 18 M 4],

#1 10 The most important property of the continuous function f on a

closed interval [a, &] is that f takes every value between the values f(a) and

f(&) when they are not equal,
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A that 5] § B R RIE M, BATEK, IR RE 45 N mZ R L
HS.

[AXE (e, p]EMBELRE FMBREBEEHRRE. Y (5 F(OFRHEE
A, f AT ABCEI X P MEZ B & —1ME . ]

(2) M EE MR B &5 0 T8 JE 0 4w E, — Bl
R A 1R AN B 1A AR E S E FRA LI R .

#] 11  The definitions of the left-limit and right-limit of a function f(z)at a
point x, € (a, b)are not different in their fundamental property except that the

sign of Ar=x— x, is negative on the procedure where left-limit is considered and

that is positive for the right-limit.

(R f(DER € (e, HME HFBRBEENEFRTK EBAAZH], R
RAAZELABRBHEIBEP Ar=x—z, RAME, MEL B LHREBH Az B
EE.]

] H that 5[ 7 1 2= 1F WA E S 18 52 8 B H3E H F 4118 except il in,

$l 12 The integral of any continuous function on a finite interval always ex-

ists, regardless of whether we can find out its primitive function.
[(ERXEEREMEEZRBHRIEREEN, AERNEBTREEH
JReki%.1
“whether we can find out its primitive function” 37 “regardless of” i 4} 17l 58

i AT
§3.7.2 ItWA&*E

it REASYRERZ - ERFREPTEABUBEAE  ZEALEH—
£TH.

1 L EEEARAHEE

KEBEMEARAWREERNGRIEZLAR, EEA t 4 FFE, FREK
SLBHE]VEER S HALFES,

%l 1 It is about two kilometers from our school to the library.

IANRATH ERBIE B KLY 2 TX.])

X it is XA AL, RREH .

EHFEREPROHA ARG, XBEFH, RENT SR FIEE
LB,

2. R EEEATEMRARIE

it AR AFEN ARG, EEMEEEERADAR AR EEMN,
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At Az ZEI(L §3.2 61 10), AFXATMBEFGHERAEXMEEN
MY EERER, ERELTLRETHABRAE FFURMNEESLENNEL
BEREAAMNAFRESMNEESSIMIZTLINE., AFETHNEE
e T

TEa#A—20A it EEEARENFE.

& find, make % — 0] LA W HE K 38, M — NI\ KK, AT LA
tEEABRERER A EBZHN AR AL _EEZEHHAENE —E
W, t{EREAEBNEAR, ALiFE.

il 2 The development of electronic computers made it possible to calculate
the integral values of many functions according the specified accurate degree.

(B FHANNERESATERBREEHNMBE TR FZEHAR
4HE .1

A4 it (ERE X EEBAAES 1K iE possible Z i, EIEMNEFREEM
AEXEE.

$i 3 We find it easier using the differentiation method to find the maximum

or minimum values for this kind of functions.

(EAVAR, AP EERXILRBWBEREXBRNMEEERS ]

A4 it R R BERES - N EE easier ZHI.AFWEERF TS

EREARENAR, AEMNEERTURZEND,

3. 15| RERAAB _

XA RRREFHMBRANMZ -, AEAB L

It is (B was) + B RIBA R (FEY) + that(F which) -

It is (B was) + B 3% i 9 R 4> (A) + who( whom) -

BECTE R Ttaeeaee 7o E A LR A 8 EiE Bl EURE GRERIE
B ZH that),

%] 4 It is this type of correspondence between the geometry and the algebra

that gives rise to remarkable geometrical applications of complex numbers,
[(ERNLMERBZEAB XM, A=ETERAELMAONEKX
ISR |
Z=4) this type of correspondence between the geometry and the algebra 2 4]
TEBRBE RS . AMRENE FIE,

Ed4:-F-HERANBEAMNEEE. 2R 83,12,
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#1 5 It is the set theory that mathematicians use to establish modern proba-
bility theory.

[(HERNERAAESRERETHRAEELH.]

7 4] 3% 8 the set theory, that 76 4] o M iFE , BT LA, A IR B B B =8 .

MR N R R R AR A E R, TR T I E A WX R
FREMAFBERNEIE B tha 5| FHTFEREFNG,F that EHF R
HEE,MBEEERH ha EHPREYRE, WRFEE,

Bl 6 It was in 1900 that D. Hilbert, the greatest mathematician in our
times offered the famous 23 mathematical problems,

[5E7E 1900 4, BN BAHE KM EXK D. Hilbert £ T FH/K 23 THF
EF9 |

A H)3R ¥ in 1900, 3R 98 4 2R A .

XAGFIELSHE— T, 8L a LIS EEREIR.

%l 6 It was D. Hilbert, the greatest mathematician in our times who of-
fered the famous 23 mathematical problems in 1900.

[E R 4B KB B ¥ K D. Hilbert 7 1900 £ HE T EH K 23 T8
.1

A 7] 58 i D. Hilbert, the greatest mathematician in our times, 3& if 4 &
Fi&.

4. It{EAH AFKRET

it ERARNRFE IR EE EBREGR, T LUUT EUHE AN Bk,

(1 AFRAA it TR H T R A EY, B REE.

#) 7 A variable is very different from any. constant, it may change its val-
ues continually.

(ZEEAETEMER, BT UAK B3 EHE.]

) it ANEFRERRENZFA(ERLTFEENREREN DR IO,

B 8 The straight line does not have a definite slope since it is parallel to the
y-axis.

[(HAZELXFITT yM. U ERAHREMME.]

A S, FENFEERENDSE AKKREA it i ic 7R 84L i
straight line 76 £ 4], i FIUFN T EMRZRIENE . FUE e BERHER”,
Tl Bk straight line R EMR“E”, E—BEHR T, it IABH LA RLERF
BUE”, MR2ETEME. '

(3) it ARER M EY SRR ) FRf, AR ERRX” . “X— &%,
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#1 9 What does an imaginary number mean? Historically, it had puzzled
the mathematicians for a long time,

[BEROEXERAA? XPEREERE LR BN —-EEKE
BEFRAN ]

XBEM it RBAXBANEDS  REXLH XERFR“XEE",

FXTAHFRANLELRAFE . E—FBE LOEH T ENRF its,
their 2§,

% 3] 3.7

1. HERAENG LB THaFRERIGE EEHPLENGR it 7R H
&E‘ :

(1) This is a good place to explain what it means to solve a differential
equation, to explain the distinction between specific and general solutions and to
describe and illustrate initial-value problems,

(2) From any two objects x and y we can form the sequence (x, y); it is

called an ordered pair, and of course is different from (y, x), unless z=y.

(3) The last example makes it clear that the notion of bijection is too restric-
tive to account for such simple functions as x%.

(4) Further we note that if we had written mappings on the left, (2)would
read: (fglx = g (fx). Itis to avoid this reversal of factors that we put map-
pings on the right of their arguments.

(5) On the other hand, it takes a little time to familiarize oneself with the
abstract notions; here the (more or less concrete) model on which the axiomatic
system was based will help, although it is not strictly necessary and certainly no
part of the theory,

(6) It can happen that an examination of the characteristic values of a matrix
will not reveal whether or not a basis of characteristic vectors can be found.

2. HA RN it 48], #8F 36 F iR R 3KIE .

(D) HNEEEH 2-0=0 XA = WiL. (#R:[A It follows from-=
GE'N

(2) ERHTEREARETNEFEATEARAENRBH M CE,

Q) EENREEE(OHFEY c RN FR(EFHWAURE -8,

() XIEATHAMBHEEA K" . ANBHE“A”; MAEXMHESLT
AANBR“R”.
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§3.8 FUiESAAIE

§3.8.1 RNESFEAENR

—. BE4riE

B 67 B X — ZRE L M A R a FRS. EERMNTRHREAANAZ
HWZE. 5% - BRER—FYRE TN, AP A EEERMERK
EPXRESEEZRMERXS) . AREXEP . FAUBEFEHLHE
FRER) (A A EE AR M E A E N FE Y, BT LR £ 43 5 19 R K 17 iE
—EYFRMERTES 2 . ANOAEERAMAEAMELYERME. X
{0 F 52 v A A [R) o2 e 43 O R i ¥ TR 62 3 15 A PR Aol T 2 375 5 I BRE il #E IR iz
FEHHRANZ AN XRBAEY . EMNZEEAEHESRIT.

AR RECER, TUHRBERAEANAAZE REESH
VAR ZAZEMEEHTS . B5 . 25 H5 HiAE, REEXNMTEAR:

(E#8)+R{iE g D
+#HT S+ FALE g O
BHB K ZE+E S+ FEAEmE 2)
+i& S+RAEE 3)
+ 51 i [ AL 15 1 8 358 7 + @ A2 iE Cn il 6)

(D UERI=#HEE. HAURASEXEAENEIFRIGE. W

1 1 The functions f(x) and g(x) have a common factor (z—3).

(R (R gOF-T2EK(2—3).]

ERXF, (x—3)RER factor WAL, FRERER" G @8 R AL
B, FI¥, f(x) and g(x) & the functions & [ i & , I iF A B AR R EHE
BiEXR.

#1 2 We shall be interested primarily in sets of mathematical objects: sets
of numbers, sets of curves, sets of geometric figures, and so on.

[(RITEBEBRMNEBREBEMNRBRANES . MME HLK.JLTEE
%£%.1

FEXEBES2Z/EHESE sets RALE , FRFPXHMBERSZ/E, 7L
EYm T,

(2) SN AR ZEHAESRFWRAE, £ R TR & %R OE,
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FRHEEHE.
@i 3 Arithmetic, the science of numbers, is the base of mathematics.
[BEARER—IXTHORYE, EREFER R .]
[E $ii i& the science of numbers 1 B arithmetic, 3% 30 4 4] 43 B ¥ 4 3 51 &)
Ay 40, FE S — ) b, B U6 B B9 0 iR R R R RRLE R AR

| 4 Now let us learn the other algebraic method of solution

that of
addition and subtraction.

[RELLRIEEI S —FARESBE — muik.]

X 4] that &AL, {LF method, B 5| T K F L& %} 7 L8] method, B T [F
CLER ARG, FERNHZRAER TS B FEXABTS B CHER
AEinSEs.

#1 5 The derivative x’ (2) of this function is the velocity of the particle, a

quantity usually denoted by w.

[XTRBHFE L ORBRERANEE, XTBEXH v RR.]

[F1 i #& a quantity usually denoted by v i} HH velocity; H # denoted by v &
WESAIEIEEG B E BB quantity, EXBBEMIEEEFERERT —1IF
5 #5347 .

(3) FALEBAES e RS E R TR, %0 LR S R SR
KIFRIE .

il P g A AL 01 34 18 B9 2 namely, ie, , that is 5§,

#1 6 If x, is a zero point of f(x), i.e. f(x,) =0, then x, is a root of the

equation f(x)= 0.

[#FH 2 B (DB FTAH (()=0,42 2 BFRB f(o)=0 #—
™.

XBRELie FRBMATLLT .

. FIiEAA

HFEMEHAFREYE RAIFMENTD. EF AR R HE LA
MEXPHEFMNENDEZBBES ERECREMNENZIEN“ZEN”, d
REB, SN ZHRAAALYHENE E, MEMENEREUTEENG
(RTmEGHEH 9,

EREFED,FAAENDPRREANHRZEE LKA fact, state-
ment, requirement, idea, B . #h3F % suggestion, assurance, doubt, advantage,
evidence % . [A] i M /A) — M A that fE R 5] F i, X BT that #R b AR %17,
ENE AR F RS A 5T X,
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KEBFE M EN D SHEMIFAN KR E N =FFE.
(1) 4 FFBE . 6 40 356 P 3 22 4% 1) B LA PR 2 B9 [l 6 38 A 40, BB
MEMRLZEARME SHBEHR S, HERMENDHOANET; BESREHSHEA
DA “ B BRI

$l 7 This equation has the advantage that the proportionality constant is

equal to 1.

[XAHMFANKER - LAFEHET1.]
17

XA EXA MR EHAERET 1.]

(2) ¥ RLTE & - 24 [F) AL i W A X 848 16 1 3 R 42 8 5 B B 1 18 i 4 R B
AR R E R, L EM AR E N X " BT — T

] 8 An equation is an algebraic statement that two algebraic expressions

are equal. :
[FRARR TS RBEEE" N —MRBBERE.]
# 9 In this case, the condition that the function must exist is not satisfied.
(EXHBERT RBLAFEX - RGHREHE.]
Q) FEHEXR . FRMCENDGRANMK LA THEIENEL, —&
AT 4% 4 18 9 B 3 iR L 48 [R] A7 1 A AR AL B B IR A
f# 10 The assumptions that p* = 2 holds leads to the conclusion that both

m and n are even,

(BB p°= 2 WL, M BB :m A 2 Y HEE.]

1 & 2 1] assumptions & F FHE K F L, BT LB E — M RALE N A FERE
B HPRER P = 2 Y TF AL, EAAPEEIE E-IEMENG
that both m and n are even 48§ conclusion I N % .

=, XFEAENAOH#—FITR

(1) 7 there be 1A B, that 5| R R EMNGE UM T =ZFER
&ﬂ:

I. There is evidence that- R R . “F UWEHE FBH oe-er”,

A Bt evidence 4E 5 15 H Bl T -+~ have/has evidence that+,E5:F | .

[l . There is no doubt that--- i % . “ZE T EE[a] -ev -+ ” .

[I. There is every possibility that--- &l :“5ZSH A RE. STLREGE - "

(2) A ENGAENEAH“BEHS +thaa”" KB F S5 H(RHB
that), #n,

Finding the solution of systems of equations by graphical methods has one
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difficulty: the results are usually approximate.
[HEBRERTEANRSER —MEE. HEREFEENW.]
(3) FALE A H B ARBEH— N F.

2x — y=1,
#] 11 The system of equations _ has no solution —— that
: dr—2y=35 —

the lines 2z—y =1 and 4z—2y =5 do not intersect on the coordinate plane.

2 = =1,
[ﬁﬁéﬂ{;_zj:S Tt B 22—y —1 5 4z —2y=5 IR P

EAMAE.]
7] that 5| 3/ R A U6 B BT T — A3 .

§3.8.2 HEAIE

BABERA TR —FMIL RS, E50F I REEMEELELR R
REFM I, A LB THRER, WEARRREENEEMEES. A
WAL TR A P E A R R R DUE B — AR B A ) T A B E G .

1 BFEXRBFPEDLHBNENER

1) ¥ 2E|iH . however, therefore, thus, though, then %%,

2) H B EE M A4 15 in fact, for example, for instance, of course
%%,

3) /B E i 4 : generally speaking, roughly speaking( KK ) ,to be-
gin with, to be exact(exactly) &%,

4) B 2518 (— AL F R H ) : true, more important 2§,

5) MHIEA R~ BA EIRGEWAEIE (BKREAD”) say (LI HE) =
let us say,remember, we think, we hope, he notices, you will remember, they
claim, it will be found, it will be noticed %%,

2. BAENEEHAN

(1) FEEAET LR FRAEF RN AR &R,

%1 1 A Boole variable, say A, can take on only two values.

LEf — R R B A, RRER M3 . ]

# 2 Moreover, as the space concept is incorporated in this modern defi-
nition, its generality contributes much to the generality of the function

concept.,

Cute5h » o FBUAE B 5X AN SO AR BE T 23 RIS, BT LA, 2 0 o 4 o o6 0
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SR A RKITR ]

) 3 The six trigonometric functions of any acute angle in a right trian-
gle, as A, are denoted as follows.

(E—EM=MEH E—8MHA,.00A XN =ARBERRUNTF.]

(2) £ Soif AE B AT 42 34 o SN ) 9 FF 3% .

] 4 This, it will be noticed, is a real function due to the fact that the

time function is an even one.

AR R, By T 6 6] sR BRI ek 2, BT A R — A 3E R 3.

%) 5 In effect, then, the vertical line in (1)is read “such that”.

O 2., (1) 9 R 2R 72 S5 B b B 83 4E “such that” ]

%l 6 Determining the indefinite integral is called integration, which we
can see is essentially the same as finding an antiderivative,

CRAEBR MR AR . RINSFD, XAXR LSRR FHEEMHR.]

XA A HHBFE which 51569 3k BR ) ¥ % 15 /A o, B8 B 44 AR K
fE AT FF 3k .

51 7 The mapping concept is close to intuition, and therefore desirable to
serve as a basis of the function concept.

3 o e S5 B3 60 T L, B AR E & 1E o R BB & i — 3Rt .

(3) A Bl A8 B T ARAE T S A

f5l 8 On the basis of these two examples, one may be tempted to believe
that any arbitrarily drawn curve, which of course determines a set of points or
ordered pairs, could be described succinctly by a simple equation.

CREX AT AN FSREHE LS — R EE AR e 4R
MRE T — s E A FE X 8, SR — A A R RIS R . )

1 A i of course MR G BB A IE 5 , B J5 1B X W18 e I 4] B9 3117 2 /T .
P Sy TSk ) F B9 45 9 A 180, BT LAFE X S M A] BYi SCIRERE 5 R

Bl 9 Geometrically, these three cases, respectively, arise according as
the smallest angle # between the plane IT and the line PQ is <, =, > qa.

(LT B X =FE I 8 B HIBGR T 0 5 HLE PQ BB/ f 0
RANT FETERKTF o« X =FiT#.]

1 A iF respectively B/ #AE 5, X BiE R4 FHRIE.

% 3] 3.8
L 3T 54 F IS0, T R R IE | [RIALE /) AdE A B9 3% -
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(1) For example, if f is a linear function, say f(z)= mx+b, then the
difference quotient (8. 4)has the value m, so m is the slope of the line.

(2) Thus in 81=3*, the given number is 81, the base is 3, and the log-
arithm is 4; that is, log;81= 4,

(3) This terminology originated in mechanics where, as in the above ex-
ample, the prescribed value represents the displacement at some initial time,

(4) Unless otherwise specified, all sequences in this chapter are assumed
to have real or complex terms.

(5) Ordinarily we do not talk about area by itself, instead, we talk about

the area of something.

(6) We might, for instance, consider that the sentence “In a year from
now I shall be in Paris” is neither true nor false and has a third, undetermined
value, which can be symbolized as “1/2”,

2. FIRMLE (FALEE AT EREE AGE B T3 F IR a3 3 .

(1) BAEXFHRBHEBFIISARARFEN.

(2) EhE L MBEXNERABRL AR ARATHESE » BHH. X5 FENR
wFE.

() B ZEER L, B (O REZENX —KGFRERENSHT AR
M.

(4) I NTFBE S XEREFRERGEZANERBR ZHMNA.

83.9 B ES

—. LW IESHMR

i PHEES (NAREIBOWRAENFREMNEENZRENERZ
—. BIEREEEREEBD TZRUSCRE LM M 7, RT3
BRI R E, NEXMZHF L EZE XL o B HEER TR R TR
MERE,RERLHEMASB AR, HLwzhiEEEREEEPHBITZHN
ABABRBRENERERZ—, IGENESNER Esa, MAOEHHED
AL, AR FERBET KBBFZE B INES ; R, £ DFN BE RN Y
B, 20 B i $8 3 T A9 B 347 IE B 1 iR DR ) 304

RIEBBHESR AR HREHR L

FiE +be & Fpat BT X+ 3£ L3R KX 4R (+by i) .
RIERMR, (1) RA XY A Y T XY 3h i8¢ 4805 3h 7 4 A F 8938
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B, A AT REF R BB A (2) Hb be S BhBhiE , Fo AT e 38 S5 8 3 =X i A
524 be MIBT AN, W They are used Fl It has been used 43 5| F R — &
B BT M BLAE SE BT 5 (3) Ry by B3, Bl “by +3IfERME". EHEAH
BEAT.
HHRBRAEHHS EERFREFHRBEATNERRA—BA
A B, A B th A 3 B AE 52 AR B AN 5 1 25 3h 9 B A A9 8 3h 1B 25 (2 it can be used
%) . (BTEST BHE Py S FR0AE 3C B (R R 60 1 PR B, 0 T AR 48 SE PR R BRI &
.
— RBEIHEANHEE
FEGHMIGEA B E O T NAERY.
1. B NENEDT
Kigwsha R E A, ¥ WHH FILMFEE.
(1) FEAFHEBDREREE.
LM EIERTE A FEBARH R by +3E R K E"E, T LR A X
Fik AR E A Al R X E RN, B AL IFEHETF
#il 1 Since the existence of the solution to the differential equation has
been proved, it remains to prove the uniqueness.
[E A ZMS FBROFAAEESHC SN, REEERE . ]
2) R EFFFREE, MBI R ERERYL TR EARNNHEE
B EE.
1 2 A knowledge of statistics is required by every type of scientists for
the analysis of data.
MREMMBRENSERERETERARITEMR.]
AL by ZEHAT R EERFRT £iE.
#1 3 Recently, The International Congress of Mathematicians 2010 was
held in India.
(&R EREREMT 2010 FREERFEREAL.]
AN A EE India R T EiE.
E: T ARG RANFEXCHEH XA B A RAEEFHRG O .
FiF 4+ FESESEE + by HiE + REEE KR,
#1 4 You are told by this formula that energy is proportional to mass.
(X AXEFR ERESREMIEKNY.]
A rp that 5| RN AR R EEE, FREE.
(3) HIFE MM il RN KE%,
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#) 5 The Riemann surjection has not been proved.
[LAfZE4S % & UE Riemann J548.])
EICHMAAAMTIE IR,

il 6 It is well known that any equation f(x)= 0 of degree n with real

coefficients has n-complex roots.

CARAE 0 n FERBITBEA » TEHR.]

FEXWEmME it FEXEENHEI N, FR—TENOEH KREEE
), MR R H EiE N ERER.

MRAFEHES AP REHFMERN RN E, B EB>ZHEESREBAEM
B X3 (30 need 45) . 555 X 51 R B9 N A A $2 B BB & CEE, W AT i3 AL
ER AR, 0.

f51 7 What additional conditions are needed to make the solutions of the
kind of equations unique?

(FREMMI 2K G TERLTBRAOBREE—K7]

#1 8 Account should be taken of the relationship between the variables

and parameters.

[NEEZEBAERBESHZEMKXE.]

BiAl A 1E take of B BNIBRE R LA FIEHEE, Al RREAKRA: X TFH
feshid @ ER#EES, TS R FEAH 14,15,

3. FRNEMATRR

58 ¥ of B2 sl A S B BB AT AT R AR e e Jeeeeee B R, — SB35 0 B B
AT LR A X A I ek R .

51 9 The area is measured in square centimeter, but not in centimeter.

L AR LW 5 R TH B, WA R LK i . ]

A< /4a] 4B 438 measured BRI &1 .

%1 10 How are these values of the polynomials computed?

[ 2 50 =X 60 33 S {f R an o] 3+ 38 HH ok 9 7]

(] ) 72 S o SR R B D, TT R IR IR

4. FRIENEDR

REWE T RAES O EM B A, TUER ¥ RERH LR =F 7R, 5
PRIUERSS A, HR RV ER B FREX, AT HERHER, KA
CHTVERT VLAY SR e BETVCEET VIR VR S B B B3 BB BB K
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$] 11 Matrix method is used widely in various fields of science and tech-
nology.

UEREg Zm A TREE RN &)

#1112 The definitions of the trigonometric functions were given in Section
3.2,

(= MMHE X B 3. 2 TR,

=.PiRgEnEzsaai

XBEHSHEEEEOREH SR+ MR HEEE BB HBIE, SE
A LLE 8 — A~ B Yy shim e, 0 T LA HY B B0 35 A 5 10ORE 4 A 6 8 3 X0 E ) o B
Ml S8 BN RO TERHET.

1. “ARWHA+ MR (HY TFRWHA )8z

FiE + be WA + FE4E + iRl + KSR D) .,

] 13 The topic will be dealt with in the next chapter,

[XTAEBET—FiRR.]

A AR BT E A AR EE (D RO EiHF B 5, HIE be dealt with
BB R,

2. "R F+2R+HA"(HMETFROHA)OEHAR

EBFEE WV EIED, B WA R make use of (B FEABEHR, HIK
J& pay attention to(FEEIM K. ETEFLLIMTFELHB.

FIEMHBAGEPFHLZITATLY) + be BTE + S E4E + HiAEE
( + HAS) .

F¥ 5 #b , make use of BB X RE be made use of WILA; REES
B be made of (“Hj+++ -+ W™ RRE S —RBHXH.

4 14 Full use must be made of the computers available.

[RATHFES R ARE i EHL.]

XA RAT T AR BT AR

f 15 Attention must be paid to that the function is defined only on the
domain where the corresponding series is convergent.

AR ZR B R EH N R BB EEE XL.])

R E A TR ARR A ; 44 3F 48 IR 380 9 18] 52 38 6D i R
TEIf.

% 3 3.9
L BT 58 FREIGE, FEEH P ESIBESHEE %k,
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(1) There are many ways in which the xy-plane could be transformed.

(2) The points A and B are represented by the complex numbers —1+1i
and 4—3i in the Argand diagram respectively.

(3) The vector equation of the given straight line is given by r=a +
t(b—a), where ¢ is a scalar parameter.

(4) The signs may be determined by setting up a chessboard pattern with
positive signs separated by negative signs and with positive signs along the
principal diagonal.

(5) We have seen how determinant is used to represent the vectors prod-
uct of two vectors.

(6) when a coin is tossed twice, the outcome of the second toss is not af-
fected by the outcome of the first toss.

2. FBahiEds, BT IAFiIFREX.

(1) BRI K IFRE, WA R DRSO 7 KT R,

(2) RBFEC L ZHh TR S5 NARENE N .

Q) XTELERFEAENRFHBVELRBIEXRT, FEERREMNA XY
BpwT,
(4) HFFEERENRERBRME FIHHEINTIZNA, TAREEHRT
B RFRFEMTTREILMIA,

§3.10 HEBRSEHER

BOEZETR R R 2 W B B LA e, K i B R R L AR O
B, FRRIERN —RRE SRR B KRES, RAT/E B M8 Ea 24
A E 3 o A X 51

— RTBBREARLEBRNT &

. REYB AR HE

FR K BIFA BN, RS B & 6 A [F ik 8 A F 68 &5 80RA .
W IREI G

(1) as +IE 2 +as+Eia] + v

(2) BhiAl+ as + @A)+ Bia + - eee

HH AT A1 K large, many, high, heavy B , 53 H AL “ KB -oe oo, “ %
B eenses® " PGP e e & Lot "o B Al 2 R A0 R A R, B AT 8RR
M.
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#1 1 The temperature in the room is as high as 35 C. .-

[ZHBRERIL 35 T.]

f] as high as 35 C ¥ &iE.,

%] 2 The artificial earth satellite travels as fast 7900 km per hour.

A3 3R T2 652 17 3 B R A & /et 7900 FK .1

45 travels as fast 7900 km per hour %iRiE.

2. ATo RFEBIRME,By RTHBER

(1) “FRBBEANEF + to(AH3E) + HERE"MSEHATRRBRE/L
JEikBIME.

# 3 His debt amounted to 5000 dollars,

[t ity 2 8 2 &35 B 5000 &JT.]

417 to J5 T A BE °T LA RAE 3. 2 O | S 3, X B RO B AL R A B A
B.OAMAME SR,

(2) “TARBBBLKSNE+ by(HiED+ ZHBRRETHOBEES.

# 4 He is taller than me by three centimeter.

(bR =JEX.]

XA M . “He is three centimeter taller than me. ”

#l 5 After some exercises, she lost weight by 1.5 kg in one month.

(@K — A5 ET 1.5 Af.]

EXERRANESOATLURESBA TR BERAEEFE. 20 TH
5 10,

T RTRYRAERN A E

L. "B B . B8 +R2RA"4EN

X EHRK REKER R -

S¥/EE/EaE + the(EY ERFAD + 417,

Hrh“the (4 EMED) + 417”7 LA AR “that + of HiE"W “what KA”., X
MEHUEREERE T “+"SHH GBI ZAE ET as large/great/ -/
as(ZULTFHEMH 6).

1 6 The mass of the moon is 1/80 that of the earth,

[AERM BB R HERE 1/80.])

JE 4] A LA 2 5 K “The mass of the moon is as large as 1/80 that of the
earth. ",

2ZARBM n B —MRTZE

RA—TBAQIPDEKE TR IRF—NTERBEnfFERFIH
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BELLUUTRM)ED A BEn—1150F, 0T RISRHLA T =Fh45# .

(1) A is n times as large as B;

(2) A is n times larger than B;

(3) A is larger than B by n times,
k& large AT B BT EXBREH ML A, 21 many,long, high, fast %,

BN ZESNE, M TFEROMCOXHEBEANEZLERX . AERUN
RALBE af&”. AABGXPER A E TP DUEEM—F.7
2%, EEMEESEEAL . AERE. KL, dE—-FAN6FEE—14
I .

# 7 A kilometer is one thousand times longer than a meter,

[ ABETF-FTRIBEHEFR: —L2BHKER KB —FHFD

8 8 The mass of the earth is larger than that of moon by about 80

times.
[HERBEREKYEHARK 79 1F.]
i I FET R A is AT AR,
3. HAscas B Again RTRAZRBRIA M —F ¥
XRE AR _
(1) A + #hisl+ as many(+ S+ )again as B

B
A +3hiA] +again as much(+S8+)as B,
RAANEYDE BRBMHA"H " AMWEY) L B X7,
(2) A + zhidA] + half as many(+ S+ )again as B
=
A + zhidl + half again as much(+S+)as B,
FRARAEYDRE B —FE"H " AIREY) I B M7,
E LR SERAKBAAE BRGSO MREBAANEFCEEBEE
A, M(+SHAFHIOLE 10), HHAE S Bl Z N, FH many; 24 S
AT ET , A much, many 7] DUAR 3% % B s ¥ s H b T2 %598, 0 large, long,
high,fast %,

#1 9 This year the school has as many new students again as compared

with last year,

[54 . XTEBRHFELEFLZ—F.]
@] 10 The length of line segment AB is half as large again as that of line

segment CD.
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(%8B AB IRKEHEE CD K=/ 2Z—.]

4. RTFALBDL—EMNHFZE

AN, “ABL—E"HFALBL_42Z2—",B“ABRBMN—%",ATLLH
EFRRM A is half B,fAREKEFAFMTHMHEHATHERERAITER:

(1) A + zhid] + half many(+S+)Yas + B(+8hi7),
b many ] DAgc# K 2 2595, 0 long, high, fast 5§,

(2) A + zhia] + twice less than + B,

f 11 Bus A takes half as much time as Bus B to arrive at the terminate

stop.

[E+ ABREQHEEKE+ B2 —%]

] 12 The distance of points A and B is twice less than that of Points C
and D,

[RASBHEBEKACSD NMBERL_2Z2—.]

S RTEEHMNE RN -G E

EENMBRAEBOEMAB LR —BAE  FERTEBETERNH. NE
BXERFBESPLXAERET.

1. ZREME n FRDEM e —1 BRI E

XA FAREHNHAEEEWAE AM. (1) increase n times; (2) increase to n
times; (3) increase by n times; (4) increase by a factor of n; (5) increase
n-fold, X B 517 increase A LL & ¥ i T 89 & a8, i exceed, set up ¥ FE xR
TV E R BhiE .

ENMERXBRRE, BHERE—NEE, FL o, k28N FEEK 7
5 B n—1 1%,

#1 13  Consider the furiction y=#kx, where & is a positive constant. If x is
increased 5 times, then y is increased by 5& times,

CHIERE y=kx, Hh ke RIEEFH. W0R o 300 4 6%, 0 y M bise—1
i |

#l 14 I the radium of a sphere increases 3 times, then its volume will in-

crease 27 times,
0 SR 2R 6 2 42 18 i 30 IR 19 3 A%, 0B B PR BUKE 3% I 3 IRk /9 27 45,
1 15 The area of new garden exceeds that of the old one by a factor 4. 5,
(R EAA T HERmBR =]
2, REMBEEVIERNG n F2Z2—MH%E
HARZEHAE £#: (1) reduce n times; (2) reduce to n times; (3) reduce by
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n times; (4) reduce by a factor of n times; (5) reduce n times as much (many)
as; (6) n-fold reduction; (7) n times less than, & reduce °] DI E# i de-
crease, shorten, cut down ZFER“W 47K [E L7,
XEFEMBRRFA—TEE B BEXY n 32 —HBL T n 2
. HE..XEMELEM) (4 by 43 HIEE n times Hl a factor of n, &
XELERFETF—RFER, BARRZRGUEH 13.15.16 54 4.7 I .

$l 16 The computing method introduced here will reduce the error prob-

ability by six times,
[XBEAENHEFENRERRERERASZH.])

#] 17 The main advantage of this project over the others is a five-fold re-

duction in expenditure.

[FMHEME T ER MR EERCERABLSTHESZN.]

A, RREBENZHTSE — Double i A%

HEMZIARNINHRAFEANBRFEEH -SRI ERFTE. W
n, =42 —M42Z —a] BL4 B B half #1 quarter # 7R ; twice Hl thrice 43 5l
ATFRAWKM=K. FH,%£xXnRFEH, A double, treble fl quadruple
SRR EMBIBE. =FAMMEME. BT double i FIM B 1B & , treble 1
quadruple W4 A, T il R & ZE A4 double BRI,

double A& 5 BE R &7 . @ 7 . & 38, X & 3hia (v LL R Yy, o] I B AR &
Y. #r— A EMIN—FEEAERSREER.

% 18 That ten is double five is the same as that ten is the double of five.

[+ ERAEFHE" TR EMFAFZ"REFAEMNEE.]

H— double RIEFH“FEM"; -1 double RZFA“FAE”.

$1 19 You must pay double.

[RE AT 4.

X B double £ &E“PifHL".

il 20 1f the traveling speed of the car is doubled, then the time will £~

duce by 2 times,

L4 2R /2558 47 6 o B 38 — 4% , Wz 47 B (] SR A — 2 ]

X ) double f& R ¥ 5hiA), A] F R A ENER , Rm o — M — 1%

# 21 The amount of the bacteria is doubling every 10 minute.

[HEN SRS 10 8 n—4a%.]

X 4] double A XY 3hid , ) F R A BLAE #E 47 B, 2% 7% 40 8 2 o 34 oo 3 [
* P
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A, RSB S BARNTTE

1. ARTHENDARTANNEIENEL

LA B RP 4 M R B3R R B U B B, R AT HOE IR ROR B B R
h SCBEHT,

(1) increase(=X decrease)+ to + aU FTAR“WM KA B al”;

(2) increase(@§ decrease)+ by + a% TAR“WMGEL)T a%”.

7 % 6 X SLE F 4018 to(BD M by(THHMAR . 18 aX% o HeH 15—
¥E. 1A increase fl decrease &S LE =FMIFE.

# 22 The selling price of this type of computers reduces to 80% of the

marked price, i.e. the discount is 20%.

s F 256 B A 1 B AL A4 45 A R AR B4R O 1Y 8040, BN AT 418 20%.)

# 23 This year the number of books in this library has increased by
15%.

XAEBEABBRSFEHMT 15%.]

2. AR oMAA S BiER

REFLBEAKBE XA AHAEUTESHPRARRREBE NS
%;EU%E&: )

ERFEHBE A + a¥% +BiEa% RS BEHETE—RE, TR 0E 6).

il 24 Mr. Zhang deposits a sum of money in a bank on first January this

year and will get 112% the sum one year later.
[(ERESFLBEE—-FBOFA-ER, —FREMLBEBIREEN 112%
(2 ARE K 12%4) .1

% 3] 3.10
L £ FHaFREIUE, HEBHPEBOERABIR .

(1) Suppose that 2 times x is subtracted from 200, and then the difference
is increased by 20%. If the overall result is equal to decreasing x by 40%,
find .

(2) After a 10% discount, a pen was sold at $5. 4. Find its selling price
if the discount changes to 20 %.

(3) The weight of the old model of a mobile telephone is 132g. If the
weight of the new model of the mobile telephone is decreased by 10%, what is
the new weight of the telephone?

(4) A shopkeeper sold a calculator for $ 330 and the profit percent is
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10%. What should be the selling price of the calculator if the shopkeeper

wants to increase the profit to three times that of the original profit?
T : _k : i i
(5) Consider the function y=7 where £ is a positive constant, If z is in-

creased 3 times, then y is reduced by 3 times.

(6) The amount of cereal grain of this year in this province exceeds that of
the last year by a factor 1. 5.

2. HEF 5 4] F R AL 30, 1 R L A ORR SO 1 e Y R T ik

(1) REMBITEEREG/NE 120 TXK, HREG/DAR 40 TXK.

(2) XFARMFILHEM BB AREN 1.5 65, YEMBAHRN K 70260,k
BFWAESL, BMEHEEELHSFZIL?

Q) MRELRZP—-FEEN NWEES 8 /r8iin 20%, W) 20 44
Ja BRI — 2 LAk, 30 2-2h 3K BB K B ORI B AT .

4) AANMEHAB,C, D, KPP ARB WAMHE,CEB WK Z=,TM
DEB5CZMW=442—", R 1# tk (continued proportion),

§3.11 ERSYER

RIMNEZLESS. 1. 2HENRT LR it, AFTHN G as M that XBA
WHRKZ IR M A% SR,

§3.11.1 22 IhEEE As

AWFRIEN ,as WABFE. HT s @A N BE. EEEHRER. @Y
—AF as MIBMIE PIFEELEAREE as (1738 S, SR MR E
HE. Eil, TREZREP s EALWHAERBALEN.

as ERFEFBFB P HEN A NEE RN L ZRAMBAGER. T 45
t4AR.

—. As fi{EfriA

as fE R4 A A 5 23 18 JJE & 8] 43 1Al DA B E AT 69 548 R 5 i AR A iR EE,
WRERYER” R (B 2.3.5), HETEIER“RRAFH LA 1 =6 4),

as 5| RN FEEIEHK ST sy iAER:

A B ¥y shid] serve,behave,act,function, be %§;

B ¥ 3018 define, express, classify, regard, consider, describe, know, think

of,look on,represent, use %,
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as 5| MRS EAED TR LI YEE . RERIE RBENEBENEE
AHRIEF.

1 We consider the L.” Hospital rule as a useful method for finding the

limits of functions.
[RIVARB L EENE R GBEBRAEB .1
A 4] as 5| RN FEEIES consider BE . ERNFHFRYEEHHLIE.

] 2 Geometry as an old mathematical branch treats the properties of

graphs,
OLFER— T ZREES L R ZEE A E.]
A 4] as 5l RAEIE L EIE.
#13 The earliest use of a computer was only as a counting tool.
[HEIRENAZERRENTHRTIAR.)
Z /] as a counting tool ¥ FiE,
1 4 The conclusion is accepted as (being)true,
(X5 AARERMN.]
AH) as 5| FHEIEY EiEHEE.
5 As a tool, mathematics serves all sciences and techniques.
MERTR . B¥BETHRAMBEMER.]
A4 as 5| R M IE SRIE
T AsHEMNREZER
as fE N E AN ARSI RREBMNA . AT F LT LARE N4
1. As 5| SR ERIENRA
X as PERL Yoo B T E BEE " (B E ) P RR B ALK B .

#1 6 The area under the curve in this interval approaches a limit, namely

1, as xr became infinite.

(Y FREF K, ZMETHAXXBANTERBTF-1RBAE,
Bp1,)

“as"FE LT FEFRPRIE N KA G HE LR Yo BB

2. AsS|BEEEARIENA

XE as BB T RHA7,

17 The proofs of these are left to the reader as they follow simply from

the properties of series and limits already outlined.
sk 20 P 75 6 U B B9 45 3 3 4, PR A 3 40 R v 5 48E R A 4 0 R B 1
BRI E 5B H.]
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as FEMCAE I R EIR 5| B IRBREN AL A RS T AR EE R AW
FHEFUEER GEXHRERE.

3. AsSISARRENT

X as AR M F " GX B FE as A% O A %R B 89 Bl just, exactly,
much, somewhat X BT, HE EAFEM so AR .

4 8 Just as various mathematicians specialize in different fields, so are

computers specialized for operation in various fields,
[EMENBERMEKOOBEAREE . SXTENOSFHEHTARE
HritE.)

A as 5| FHFRRBENEG, Hd aseso- HEEHRAA, BEH B AR
 SRTLRLE W= R T I3RES  FE N AR AR E%,
iE fE“not--ras-"RUH AR EMN BT ,as W IFRR Ao AEE", W,

#19 These functions are not limited in the values they take on, as are
the sine and cosine functions.

53X 225 0 80 ) BB AR IE 5 AN AR S SR BOIR B 2B 3

AAENRRRAT HE,

4. AsS|SHEBRREBLR

7t asas BEP E— as BAELFE -4 as BER IR TEARK
AMSEEROEBENG FEEEFR - AREE”, T 4B SRR T 75 %
AR,

1 10 The function f(x)approaches zero three times as fast as x (ap-

proaches zero).
[(B¥ f(OBTEFHEER » 893 £5.)
RAE A as FHERBOR”.
5. AsSIRiLHFRENY
XAt as BB R7.

# 11  Useful as the method of substitution in solution of systems of line-

ar equations in two or three variables it is very difficult to solve a systems of

equations in four or more variables,

(BRAARLER — SxmktthB4et BE AK 82 €M1 R ki m
THEETHNTEA.]

A 4] as 5| Fil H R E N ATET, W A) oM R IE B 298 R A 1 A9 42 15
F,—FTEMEUETE as ZH.
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=.As BEXER

as fER KR AN AR FEEN, EBMEXZNAR, AT wiEXREH,
AR IE N -ee - X AR RER” “IXFE(FP) " 4R ee e ZHHI"E,

1. AsS| RREEEIFNG

X Bt ,as F 5 such,the same #EHEH .

#| 12 Such number as is produced by the quotient of two integers with

nonzero divisor is called rational number,
[XFHEBREETHR NI BROE - EROBRIAELK.]
KEMRE as EEFAPYEF, XEIE as 51 F 0 B € iF M0 1FERE
B, X as BEMAELLTF which,

5 13 A vector multiplied by a positive scalar quantity is a vector in the

same direction as the original vector,

5 1E (R Bt 44 1) R — 4 5 D 1) 2 U] ) e ) L

iX 4] as X R EE, HAEA M TF in which, 5| §—/MEH direction &R
il ¥ B A (LR A g TiRESED .

#1 14 A more general problem consists in that of joining two fixed points

in space by a curve such as will make the following integral a minimum (or a

maximum).

[ S — AR i () B R S RE ST , B b BB b & (8 4 F Tl M By B B B /ME
(ER B R {ED) i — Rl R 18 25 [F] I B S AR SRR T ]

“consist in” 3 B FIFAE, @A LT, “B"; “that” 2 94817 , 4 “prob-
lem”,“as"fTER A S F ) “such” /R, 51 F— 1T BREEEENG, BHi“a
curve”; “as”7E M A HFHEF1E;“a minimum(or a maximum)”7E W A] o 1E 18 b
2. AsSIBEERBIEENT

Xef, AR FARR PR - N BHERE, K P E A%
— B RR4Y

# 15 This integral can be transformed by integration by parts, as was
done in a similar case in Section 2,

X AN R4 a7 LR A 4 3R AR A0 it A ZE 3, IE AN 58 2 45 oh— AN 20117 O BT A
HIARHE D

A4 as 5l FHAERR B tEE B MG BT £ G B F 4, as A
FIEEE,

¥ 16 As described above, this kind of differential equations is much
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more difficult than other ones.

Lin Eprd, xR B MRS T REESE L. ]

A4 as 5l RAERRBEEEN R B XA, EREAE ZNE EFER
as, Bl 1A is WA B .

m, As @ &MEERA

as A EMBEIEHABRE , ERFHEPHERNEA .

as follows(#I'F),as long as( H &) ,as soon as(— H.),as if / though (¥
%) ;as for(ZE F),as a result of (HHL) ,as to (LTF,ZETF),as well(#) ,as well
as(PL R ) ,as a result(JA k) ,as usual (B4 ,as a matter of fact(FL L),

§3.11.2 K IhEEiA That
that 9] LLEME JEEH . BERZERER.

1 1 Up that time the imaginary numbers were still considered as the ob-
jects which did not exist in the realistic world.

[EBIARE, BBNABANRALH AP AFENRA.]

FEAA], that fE R 4K 7R T 25980, F Ok 46 1 A1 BR 1 42 18] time, X R AR FNIY
HEHEIL AU TEARE RXAHE, RNA that SEHFEEFEPAEELERR
KR K RBHEARERNEE.

—. That B{EHERR R

1. That KRB AR B Z AR B ARG

# 2 In the formula, the unit of length is the centimeter, that of mass is
the gram and that of time is second.

X 8] P that B EACR A8 K & unit, 25 5 ol 48 5 0 0k
SUER I MAE . DUEE, that BFEREFRARK LA

XA A, 1 BE B 8 O R K, 5 B A% B8 07 2 5, TG B ] B9 B L . )

XFHEXRELRGPHRE R, HRE,that EHE R R those, KBl # T
YRR A FRE RN, E KA those,

%) 3 The solutions of the new equation may be different from those of
the original one.

(BB REFBROBAR.]

A % those Bl FE T £ § 3.12. 2 fH 1.

%14 To draw a geometric graph in a plane is much simpler than that in
space.

X 4] that fL R RTH RYIEI4AH to draw a geometric graph, I % 2 3 17 1% 1 .
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s 3 i@ JLTE e il 2 m LT BB A 5 H £ .1

BR, BT IENFELERE, B ILAEE XL FRATUAER, M
B - |

(¥ EEJLAEERESHPESEE.]

2. That K RATERIGF

5] 5 The progress of mathematics has led to the development of electron-
ic computer and electronic computer has also helped mathematics to find some
new directions. That is why both subjects have achieved great results in the
last 30 years.

FE_ah R that REMEE—NAFHER, XEKATH that @ H F 8K
o

(M RB TR FIHENLN TR, FE, B Fit B E BRI
WERAFH. XEEXHMERHE=1TEXBBERRRENER.]

Z. That A{EX R KA

ERXFZAFAM that TSI FEFNTGERF BREER)  ERETAET
DRASY. EENGAILUS EMEREESFRS 3.5,

ff 6 What is the mathematical model that describes the sound waves

travelling in this medium?

A] e that 5| RARHEEEENNBREHES RAEE, TLIRAGRE,
EEFENEREEEE.

CHR A A X R B P R R B R R 4 7]

$1 7 The straight line in mathematics is a fundamental concept that can-

not be defined or described by any other concepts.

A that 3 RREHEEBENTBRAK BERASBERESHREFE
. XA, EMNEERR S that BRCE7CGE . AELXMAOM T, AT
that iF R E 8 ETH) .

[HLAER¥EPR - EA#ME, EAME ALl e Xai#i.]

=. That F{EX R R

YR X R RiA , that 7T LAF| 3 3 WA, i that ZE 4] R VE AR 2 T4
) + which” B #/R & FoRiE .

#1 8 This section is the right space that we introduce the new concept

“differentiate”,

A 4) %€ & ] B 64T 1) R space, that BOfE I 24 F in which(FE3Z4D) .
[(AFIERTIAMPENHBRENEESE.]
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FE X 260 B i, 35 58 18 W ) B9 S AT 18 O R R B (] B9 42 98] , that HBE A E .

5 9 1t is time that we prove the main theorem.

XA]#Y that A7 KL 45 BE , AE A It is time we prove the main theorem,

ZEE FEERANET )

M., That A {EZE A

1. 5| ®BAENA

YE R 18 #4 that 8] LL5| 5 & & 8 M6 N A) , 048 218 N A) (B2 1/ ) LR iE
AT AL ENG] . EZEEOLT » that R0 iR s A WA T 38 SCRIKTE MW, 7T 76
F a5 MW a2z En i s S S .

f) 10 These examples show that the non-measurable sets and non-meas-

urable functions are far too complex for our comprehension.

A that 5| R BB KM EENG, TEEGS5NEZEMNEES,

5 2451 356 BR , A W] 0 4 5 R AT 0 o i) 5T 2% 8 O i e i R ATT A LA )

AXRABFAENGWEEZARATR §3.7.1 ME3.8.1,

2. 5| SR BEERENAMBORENT

FERCF L L 3 0E P il WA X 25 B, A such that 5| 5 M 45 R RN 4]
(%48 such that PR “{#48”), LA such--that--- 9T 2 H I 045 2 F2 B A (A]
PR ANt +ee oo LLZE Foee oo ") FILL that, so that 3] 4 H #R & M A GlCE A K
B H PR LA B A ) .

] 11 The functions considered must be smooth enough that it may be

the solutions of the differential equation,
LT 2% B8 f) o 8000 200 2 S8 63, A BB AR R i il o T R A i . )
AXRENTHEFREZHRTR § 3.6,
3. ATFaEAaR
FERA AR it is (was) --~that--- (W 3. 7. 2), FRIFK TR ERIE, that
B R .

%l 12 It is because the Riemann integration is applicable only to a small

kind of functions that Lebesgue developed the new integration, named as L.ebe-

sgue integration.
[iEA A Riemann Fi4 B3l H TR/ — LK k¥, Lebesgue A FF & T —Fh
BB BR A Lebesgue #4711
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b, %37 that & AT #4518 % B8 52 B9 R 41, 61l 40, now that(BE#R) , but that
(=except that) (B&3E), assuming that ({B &), suppose (supposing) that ({§&
%), provided (providing ) that(fi{ &) ,on condition that (ZE =+ FETF Feeeees
)&%,

£ 3] 3.11
1. BT F 4 FFERDGE, EEH S as 3 that KA.

(1) The universal set S can then be thought of as the collection of all con-
ceivable outcomes of the experiment, as in the example of coin tossing dis-
cussed in the foregoing section.

(2) The event A is called more likely than B if P(A)> P(B), and at least
as likely as B if P(A)= P(B).

(3) In particular, the empty set & is not the same as the set {Z}. In
fact, the empty set & contains no elements, whereas the set {J} has one
element, &,

(4) Moreover, as the space concept is incorporated in this modern defini-
tion, its generality contributes much to the generality of the function concept.

(5) These objects are not to be regarded as real, but rather as abstract
models of physical situations.

(6) The slope of the line AB is greater than that of the line CD.,

(7) The probability is the set function defined on a Borel ring that satisfies
the following conditions,

(8) The volume of a cylinder is proportional to the square of the radius of
its base provided that its height remains constant,

2. FA® as 3 that BiBAE T 5l 4a F R HE

(1) WIRY n—oolit FHl{a,} BT +oo, MARKRERAZK, AEARK
n TR Ke, BKFA,

(2) EATFRAT LR AR 2 i ik RoR 88, EaTmE 41 2 BTy AR e

(3) BRI BER R EERAES M.

) BMNBAE . FE="ABRALLORERERANTFLIREREREE
MAD .

(5) FiRAMFRGLARTESN . ABRIEXNELS T BEEE—R.

(6) 3 3 26 A WL L Bt ) AL 4T 0 E g Bg /N 20 Tk, T 6 B E (LR
=0 .
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§3.12 EE.ARS5H8E

§3.12.1 FE

RIEMBEEAEMHE GEEMERBFTHESIEARKES. AR
MFERIREEEMER LREEEN . RZ,. AW FERX LREEMELR L&
B E B RIEE E 8 E 0 E SO B A R B i A 1R AE ) R R R R R Y
FEHUEATEAR FEEREWMEHN S BAREESEE. Nk, E/E
MBEE E RO, F O8N A% EA KB,

—. BHEESLMAENETERE

EREZESHFELEP. B - EEMN, ERAMERTREREEH 2
HEE, BEREHROWEE I,

1. £ EENERSME

#m % W7 B 4 none, no, neither, nothing %8 “ MR A9
BE A,

#l 1 The equation has no real roots.

XA BREER I BHEREE L RBEAE .

2. BOBENEERRFI

24 all,every,both ZiAlZE A 5 not E R, —MBERBIEE. FRNIHF
FEH” , %% F not all,not every,not both & % . i,

#i 2 The solutions to all these problems may not be so easily found.

(53 B A a3 S fia] B3 ) % 460 BE 40 16 28 55 bR ik .

N B X not ZEA] P S5 BN R FE — B, T all 5 not X FMBHNIEE, A
BERUNBREHEE.

T EXESXRFEEESNEERS

S — 1 BEAE  EFRANEERARESEEH 4. YESHEN, KR
—MEE;NBEHMASH  KARERE. KENTERRAAELLSE
fr ERIA—B, EEERBHB”. BRNTETRETEIRHBEEZ
B HAT R B '

1. EXEW—REE, XERENEETE

(D) FFFA B R AN R” B “BEA” K 8 37 (0 : think, feel, sup-
pose,expect, believe,image ) % £, 3 br E R XM H BN E E , B %0 MR
WP XHREIBR LR EENHFERERR.



§3.12 BR.ABSHE 273

#l 3 We do not think that this mathematical model is available for the
practical problem.

[RATA XA EF R AR E B FiZ kbR &, ]

X LT EEENG,BEX EEE think, B) N & #8015 ; BiEn
R PE B [ 5 18, B0 3% SK B 75 € MR E B8,

(2) B L REBH, EREEEHIIEE.

1 4 In ancient Greek, Pythagoras did not consider irrational numbers to

be realistic existence.

KA A B AR BF R A IRA ) R BA B LRRFER ]

B3R L& E consider, LR E EiE RN E1E , B F A realistic existence,
BRRET XL

(3) B E®HERE EHEEFEBENG.

7 it fE i K E WA, 38 1F seem, appear, happen F A K& ¥ 8 17 i % € , 3L
FrERXMEENGHEE, BIEREEXNEE.

15 At first glance it does not appear that this integral fits any of the

forms presented up to this point.

(MEEX, UFXPTROGHAFEED BRI EMER.]

R A _ERE appear, LR L H & EEMN A K fit,

# 6 It did not seem that such new geometry could have any practical
value,

C4EE, R F X R R LA REA A AME.]

2. EXEMIHERE, XRE—MREE

] 7 The basic system of Euclidean Geometry has undergone no major
change in over 2000 years.

(2000 4% . BRILEBILMMEAKRBRAREEMEREE.]

JRICLBR £ & %€ 1818 undergone, ¥ B /T X L& E K iF change; B F 0 {E
TRE¥%,

S EXELEEMEXLER

L. EXELHMBRREERTEE

Ao TFEEXERTEN HENFEM EFELRE,FRY LEETFA
EMEE MNMERTHEMEE., ¥ LARE nothing like(BHEHAKE L),
cannot--too( B E AR Ad4). 8 cannot---too F# i impossible**+too,can
hardly-:*to0,can never--+too % , th HF R U EF R,

#1 8 We cannot be too careful in doing computer programming.
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[ 130 DL Fr e B 0 B 4 ]
AT R R G AR T I AR RER /L.

$1 9 It is impossible to overestimate the value of the contribution of the

ancient China to the development of mathematics in the world.

oty £ i B %o e 58 02 11 & R T A ) Bk T 18 B At T AR 2t & .

2. NEFERTRENSTE

BEHWNESEMPGELEM AP HAANBERRRAEENER., HE,
RiEABH Mz S, WERENHLIEXD . BH - BERR“TEEH
2 i B iR 2O 2535 CRL B 10) 5 i 53 A6 T2 20 A — R 7 E 18 4 ) 7 E )
FHIA R RS (LB 11,

] 10 The measurement error outside the indicate range are not unlikely.

Ll Bt Y % 25 B o 48 R IR E R A AT RERY ]

J3CH not il unlikely #4 B 55 16 X E & % , K unlikely 32 % & & 5T &
IR, A ] ] PR LI Y 1 S ) - R A R 22 A T BB L 48 E VR L.

%) 11 No modern scientific and technological branches could be regularly
developed without the application of mathematics,

L0 SR A B B AR BACRL 2 BOR 53 SCERAS vl B Bl IE W HY & e . ]

/] 1 & %€ 1] no I without 5351 & E A [F] X £, # SR N EE E B K.

3. RESEHEERENHMERAETE

(1) cannot but + FFEJFIE , BN “AB/A”,“ HiF”,

% 12 In this case we cannot but determine & first.

(e X R OL T, TRATT R A7 S0 E R (B BUED .

JRCH BB BRI E EM B e,

(2) not + Bhid + until, TH“FLH - Aeeeee”, X BHE B SR M.
leave,come,go, receive, finish, stop % ; H:th not #l until 8] HE—iE.

%) 13 This fundamental equation did not receive an adequate answer until

little more than a century ago.

(XM EATBEXEI - IMHLUMARBTAENER.]

BT ESSERE

1. BEEE

H1 & E i@ B _E at all, whatever %5, 8 % not 5 nearly, half, possibly % &
FH » AT I 3K 5% 8 75 € . not nearly 1 not half BB R “WAR"HK“WH ", not
possibly I BB E“ LI I A" “ WAL L",

#l 14 The convergence rate of series A is not nearly so fast as that of
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series B.

(% A BWSGE EIE AR g% B.]

# 15 The function cannot possibly approach a limit as r—+co.

[ x— oo}, XM RBRARATREH TR ]

2. ¥WE/RE

L4 F LA BT B, B ) FOR B A e i B, ] UK P A
—HEAEECEXMFARFARERBTENER, IHEAKRAITEETE.
St FaX A K, B AT I BB B B R B BRI .

(1) —szhimatin d B/ HEME XL, @ fail, lack, refuse, protect *+
from %,

# 16 The method fails to be used to deal with the infinite series.

OX A A GERRAEEES B .1

3hid) fail A1) CE“REE”,“ WA D7,

(2) —8a3% 2518) Bl A B ia 4 B A & & 09 8 3, 1 little, few, short of , hard-

ly,scarcely,no longer %,

# 17 In 1850s few people understood non-Euclidean geometry.

(7 1850 4E R fa , JLF I A B % dEBK LA . )

A few RABEHER.

f] 18 In this case Eq.(5) no longer has meaning.

[(EXAHERAT . XGOEAEAELT.)

(3) — 464 ia  fria4iE B A & E M E XL, I above, beneath, beyond, by no
means,in no way,at no time,in no case,on no account,under no conditions 2§,

$i] 19 The discussion on this subject is beyond our course.

[XTFEXMTREX TR EBHBMNMHIRELE.]

(4) —S67E R R F 4G 8 R A B € M X, 20 rather than, but,too«-to %,

# 20 The meaning of the logic conjunction “ V ” is assumed to be inclu-

sive rather than exclusive.

[EEE, ZREEA VRS LELQETNMAREFH.]
§3.12.2 #&HBEE

R TRGANE B EEERNGTHEEE LM AR, FEEL4"HNE,
AR TFHEENAREENAERE RN BXHARNAGELELES LT
XBMAUHARAERE., TANMABFLEEDPE RN ILAERELR.
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—  ESRBo0AR

1. #IEEAPHERE

EHFNE AP, LA B 54 R4 B 4544 B 5 A 7T BB 5 — A 40 ) it
1THER.

# 1 It is customary to consider r-components which are directed toward
the right as positive and those toward the left, negative.

CAXRIEEFRAAN - S BRBEHIE, MERHELZAN - SBFE#MR.]

EEEN SRS, LB IEFECERHHI L.

f] 2 Let A be a closed subset of [a, &] and X, its characteristic function.
(it A H—AH%kLar 6], iR y, JEAHE RN,
JRSCHISE 4 Let y, be its characteristic function )5 B .

2. (EBNAIPRE S HIERE

Hi than Fl as 5| T HLBORE WA — R R A AR AR BN BN E
A LLAeg), .

#1 3 This computer works better than that one.

(X EHHEIMERELAR &5 .]

M) B T works,

#l 4 On the moon you can jump about six times as high.

[L/R7E A Bk L BT REBK B @& BE , 20 R TE b ER b S 6% .1

AP T B HLBKE M 4] as you can do on the earth, BXTE LT
X HF .

3. Rt AR R 5 0o & B ,

B as 5] %/ 7 R E M ) A B o A eg =, Bl dn,

Bl 5 The cosine function varies periodically as sine function.

D4 5% R BUR IE 3% R B — FEVE R AR 4L . )

MAFE BT varies periodically,

Mas 5 R REEEENTEEHERX, FHNRYES the same
such AL (B §3.11. 1 f1 13),

Z.RHBRANNER

1. No matter, However % 5| S/ RIEMN AN A B

no matter, however 5| RH) LRI\ N RS T H M LIFE,

il 6 Every measurement, no matter how carefully made, is subject to

experimental error,
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[(B—FE, RRHTEHNEFR, WFELERE.]

XA EERAERIEMN G H no matter 3| 5§, FRTENE, HBET it
is/was; W15 15 2 & B, B B they are/were; 7 B 43 0] LA {604 & 24 30 17
A& be, M & may be,

# 7 A constant number. however large, is never spoken of as infinite.

[—TN¥BARAEEZRKEAEHEKR I LT K]

Ri&E M AT H however JGHETE 2 1A, HEE T it is,

2. Hence 3 Thus 5| SR TRE RN TN &R

| 8 This chapter is almost purely mathematical, but the concepts intro-

duced in it are essential for the understanding of Chapter 9, hence its inclusion

here.

[X—-FBWILFRAHFAE . HRATEMMANBENERE I ERIE
B MUEKBRATX—E,]

XEAFH A RHEEIDE,

3. MR That )& B

IR EIFENG RENE FAERXEE it 0 F BN FELLRIFENH5]
Fi8 that(E 35 3R A A B P Y that) 4 B 1 & 4 #% ,

= REEAENSHFHARER

i if, when, whenever, where, wherever % 4 5l 5 necessary #l possible )
BMAE UK any(INRABIE, BIREA L oeeeee ) if soCHI SR X HEHIE) ., if
not(ZRAR)E, Lhr b B MR EHRENAE B EFEFEEE -8B NS
R o,

#19 This differential equation, if necessary, can be converted to a simp-
ler algebraic equation.

[ ER X0 T IR — BRI RN R TR.]

HAp WA LLFE R if it is necessary IE R,

§3.12.3 @3k

RiFMFEROEERAEDEDTRAE EMUAM R, XEFEFESPE¥E
BARIMR. Hilt, ARG EREEE P EAOARERERE, BRNRE ¥
EhMLAEM,

—. EWMERSPIEE

RBENTF—-BBRAARIFBE, P EEE . EEER; MiIBETRH
ZAWAAR., MRENFEZTLSREH, MRSV, R RE —WAFE
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(B shia , & 3hiA be FH) AT, AR NEBABE. O FHRER, RFHTHEEL
B B2 (4N BE (A] ) 8 e LR SR 2R 4] 56D BE B T R A F 3R R 8T
XHHE BENMYSBEDFFH LY. BRNAKEXZMEBE, RINAAN
PBETEBFEEPELHER,

—. 2EmeRnEr

1. 5% 413! There be 1 There exist(s) 7= 4% g8l 3

B 1 There exists at least one point x, in the interval (a, b)such that
f(xq)attains the maximal value,

(XAl (a, Y WEDLFFE R xo 18 f(x) X BB AMHE.]

A 4] FiE & point x, . IHIE & exists,

2. REBFWMSZEXFZNBETENAR

12 A variable yis a functior_‘x of another variable z if to each value of x
corresponds a definite value of vy,

Canmxt i » M ME, 2R y B -1 HENES Z MM, IBABEHK v
B x MR¥.]

A ) F 1B & value of y, iHiE & corresponds, X B AT HIR y BB« T
& XN {H , B a] F 2 5% .

3 ERMEBABE NI R YIRS ERER

il 3 It is to this equation that Schwarz inequality is now applied, and
thereby results the conclusion.

[iEZ1E Schwarz R EXN AT XA HT B ABHXNEE.]

“It isee«that” Jy 38 8 4] &Y, 38 IR & B9 /1 18 5 1% to this equation; “thereby
results the conclusion” B F“IRiE (Bl iE) + A XY shiF) + £15 7 X b 4 35 H 2%
Gk

4, FESAAESEEANARYHAS I EHBE

1 4 From this condition follows Euler’s Equation.

(X —RGRH TR FE.]

X 4] follow BA K Y 515, from 5 follow B E & B, BB b “H 0]
UBH”,

= BoRNER

WAEREEREHFUTRAFL:© HIEN B MEFETAH 5.6 ;0
BOR R B B R A R R (LB 7.8) . FHEEJLARE RAESEI2.

1. REXER(EEF)FLNUVFIENTHBE

XA E R E ST R never, seldom, not only, not until,not+ 3R iE,
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& no FIRIFEE.

fl 5 Seldom has a single concept played so important a role in mathemat-

ics as has the concept of [unction,

[ROFANTESGRBOXH  ERFTRENEEZEMNEH.]

7 4] seldom 5| & )& 2+ B1% 4 F 4], a single concept i F ;T as 5| FHY
M AT R A ER R A

2. Only + RiBF(HBA.MAEERENA)ETFAENEE

$l 6 Only when the two quantities are equal can the inequality become an

quality.

[REYXAANBEHEFN, ZAEAABERER.]

F A)d can B FE EiF the inequality Z &7, (H R4 B EXK, BAW L
N

3. Rt B @B R~ ER MBI R

B A B3R 0 A4 (R B R SRR E R A iR ) T BB T .

#1 7 Such a set, with its associated rules of combination, we will call a
mathematical system.

(R R XFEER KA XWB S AN A EERE.]

] FHYE 8 such a set |FTR a5, LIEIR

4. ATEAFEHmM LMD ER

FIERFEAFVIE . RE EHERRENRSITE. BELHEREEIRE
HOEHBILNEFFR as MR MRIFE(—BRENFE B REBRKNE
THH

#1 8 This method of deduction helps to make evident the limits of inte-

gration.
[XMEEFEATHEESRESEHE.]
AR EEH B iE evident £ 5| % iE the limits of integration Z /f .

% 3 3.12
1, EFAEFERDGE . EELDER. G S5EEMIFE.

(1) However, there may be events with probability zero that are not im-
possible.

(2) It is possible for a set to contain no elements whatever. This set is
called the empty set or the void set, and will be denoted by the symbol &.

(3) There exist certain subsets of R which are distinguished because they
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have special properties not shared by all real numbers.

(4) The old computing results were not nearly so exactly obtained as the
new ones,

(5) Not specified by this definition is the manner of setting up the corre-
spondence,

(6) A set, in this sense, is no more and no less than the totality of its
members; no considerations of order or multiplicity enter.

(7) Similarly, the relation “x has the same remainder after division by 2
as y” on N groups all the even numbers together and all the odd numbers,

(8) Vector carries the idea of direction, scalar does not.

2. AR FENMEIEN LTI EFERIEE.

1) —ANEFEARBEL/N ELRKFEMGE.

2) BT a, #BEH —AJG 8T (successor)a,.. , B AGEHE“BG
7 m,

(3) MR AMBEXANEPE - NREET - TRRTFHE-ITENTE,
R NEAHEEHICHE A#4B,

(4) RERT 19 L MBS0 7™ £ 20, MBS A TR DI,

(5) FFAERT A WIERE AR A B AE R .

(6) BHHEAEHE M LHHN y FBRBBIE, MTLE T HH y A REMA.



FUE HFFWNEIRFES

AFRANEEREHFTORGARENMTIRANAEMFALELR T H LR
PR ARM ARAEKFLRGRR T E. hBEARBE ARG RAF
B HRIZ-F, ATHURLEEHABLES A F IR R EHABEP
ZrRHHRREAFRATEF _FRLARAMNRERA, FAA—TRANR
W 5 HhREREGOTAN UM EZEFT P TR EAY MBI,
MEEREBRORT LR BHRLKR.

FRANZPMFTHFN(EFLLERB)THELTH LI ERM TEHIMIKF
EMFRLIK  ZEEADABMCZEBR A - S U O (A EEHFHT
“tA"EREAARNEM) AT REANAEFRFEAAARARF LT
R ERMHMAOHBELXSHBAGEM (LA =) o a A
PN FELLEIRSRARNERMGFrHROFLAAL,

B AESRS Y. RPI1ER T HEIYA HEZFE6 L8 HHX
— .

D ALEABRIREGFEL(RHARL”, A “OUFEXY S H X L, B
AHEFXNFTHESIIRTA@ H R ERX S T AR MR THREFY
5,0 ® . ® %),

2) AT BEERINALEN A BREL . RELEBANAY
BX(RASL, R OUEXYVHHA LA FA#HEF LN FHTIIZHA
@FR; AL TN  ERNTHREF2, 2@ .@: F).

3) L EHEMWEEEZRE" GFHELE M.,

4) BAPTHARERAE TSI A ERBERANESPALHLL
U ER

FLYLIFSAMAF(ETEMANEFA T MBSV RENE 2§31 &
§3. 6(B R, E/ATF MR CFEEZ S RAHFECLHRER . mP DA FE Ta L,
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FOFRANTHHANREHTHR VMR —F 9047, FRBH EH
ROEFHA E, AL EREFERBRFFHRGZEEE AEHS
NFERB-AREGFHIAE.

ATRTFEEOFAZ AEMALITEIARALELE,

*xTEEHINR

B AL BN, RA M EREMFT B THREF, 22
AR B AT iR B, R LR RIESFFE; MR AR TR R 0 i
B, X2 . BBRUAEESHERN A,

B FATR A EFORGRE, MALEFETEA TR PHEZN, 4
RNENME-THEORMGFAARABFRRHGEAAR,

HAEERNIELR20ELM EFLOBFEPLALE(RRRITH
“BH TSR EF A AE R B, RAGCXRL RAGELRE, ZRBRR
BEMNEAHRKBAR B AR BRANEARNEBFHRGEN, &
“BRURABFABIHROREAZR,

REABRORAFLELETRAL  FL AR/ RESH ALK AL
MERBEL; " A"HELRARLHARSEHAE, AHRTFTRIHX;
“BBORFLERAAREFS Y RPN, BAKE,

HBROLFE BFLFAALASRABFIAAREEN KL, “K G
REAABFRAKE S AAEVAAHA, RHAG—F. LB FER £,
Bln—ALE25E, ERHE AERETUADE , FHRAR, LEFR, -4
FRABPBEFRABTEOR - NETEABTHAR, LA, LB
W'~ B2 L QAHE RRHEBRZ K . WHHAH,”

ERMAG LB, ERRERLTCBFHLRAAT, R
HERGACHAER AP HFR TGS L, A RAFMER . FHREH R
S FTREFLEENHE AL L R RTH B R FIOLTH,

XFEEEMNER

AEHGERGIAR FTEFHHM M 4.1 28§47 3284, REXMN
HEFZL REFSTHE-AFHOKE, BAAMNLE T &b 5
B MALBFRRARRME ;AR  wRELEFLOFIRRM, £
RARALD EE5BMEHHEX, NEAFHARAEREG; EE2HR,F4T
REZFZHRXTER RZATHAEIZIRS. RALTIRAFRK
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kA Lk E AR — AT IR R U A fo b ik R B — R
$— A mARBRL(TAEFR AA R FAANEL. AP
WHIAEHN) REFARBACHARE BEL,

$o FARBTHBELERIARKRERAAHNREREAL) ,AAT
S0 5 R — AE 0 MR R — M6, i — AT AT AL R A AT AL A 4
BEKE S B WA AR Ao T, BB 28 AP 0RO AR B R A 4,

P PN CHELRABAPLE REE AR (ZRA AN 8
#i), BAAECHBIRRLEAIAH 2R —Hthy , Fit—FH#H 2
AL AIRAEHEN" AR LELERXA R LK ESE,

Fo,FAREAGHEAS(ROH TR, AALTHHELSATR
ROBEFH AR Z A, WA F oy 3 A2 § AU Fit—F 8
EHCABENEITHAR R EHLARE, A REFRFHCHAE,

$E,. 348 FREACHEL, PREFAREHAELEAIIEM B
BRARE RS EFHELREFRANK,

P HGRE TSRStk P AF, ARMKFLARD, ZFL
BrARrA R AR S R EFAA AR LT W) Pt MR (RE 243
— SRR ),

HTOFE CTARRLE S RBFF T, AL, BRTEL S
o jast BB RRARERT.

$4.1 HFEHEMFENZRIFOITH

AT LAt BUTE P A OE BP0 — A BOb 0 B AR T o i S L SR IR )
Kl A EIEE T R B R SR IS O AN S % E 3,

§4.1.1 Prefacel [BI= 1)

RS EENMBEEREH(AMBER) - BNHC. SHESEMR B
B R AR,

11 At times each of the authors has agreed with Lord Kelvin and Peter
Tail, who wrote ([12], Preface)---

@LER BN EZ#EF Lord Kelvin 55 Peter Tail. 1B & ([12]8 5
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=N |

oiftite FAFRHTHEXMWEAZTE. A FREBHELANEFR. AHEN
FEHERLAIR. LBEASHA, NIEAEEANRR FAEEANREE
7. XA FEEAEBRIL NG F BB the author (s) # #i7 E XK 1E
X BB MUARL. TERER T KIFE, HPEMA“who wrote” i
BiE.

n3) [ﬁﬂd‘.ﬂi:ﬁﬁﬁﬁ;/ﬁﬂi%ﬂﬁ]%‘ Lord Kelvin 5 Peter Tail f7#07TF i %
(RXER[12]MFF) <]

#l2 For example, we replace the usual tedious calculations showing that
the Kelvin transform of a harmonic function is harmonic with some straightfor-
ward observations that we believe are more revealing.

@IHm, RIARMNANEARBRENEERBERAFTERTKNITRH,
EAHHAUES T — AR R XERERANN .Y

(4#] XARENE S, EHHIEIE replace 5§ with 5| FHMEIEEE,
BEEH“FH-ee e FACH o0 ”5 FE—A that 5| 3 89 WA {EBLTE 4117 M 16 showing 1Y
i% (showing 4 calculations () E &) . & — 4 that 3| SN TR EIHENG . &
i observations,

oitifte IFARBMTEXHEABR . BEAFLERNB . UABHH. K
H revealing BH“BREMN"HF L EHRE ETXHEERAABENEER M
REGMEEEES S B¥SFEMAN) F8hiA reveal Y& M, X H g B £
“RBHM". B XFRACAETRE. AELWT . ‘

@ (& an . 7 U B “ W A R A FF /R BB W AB 7 X —Z5 et RATKRA
—EFRE BN HENEE R AFRLEETKNITE.]

#] 3 The topic of harmonic functions was presented with the intention of
moving on to different material after introducing the basic concepts. We did
not move on to different material. Instead, we began to ask natural questions
about harmonic functions.

@LAMRBEHIANBREANTEN R EABMEZFHRAAFNHA
. MABHAFKLRAARGHNE, HRM, A BIFHRPIREANRBOHERRE.)

oikiTe X=AMEMPL, KEBBRFRHER. HNERE, FREAA
O HE, BER AR A B . BiEs AR ER. HRER
AR R AR R BE X BT natural BR“ER"AR, BT
i X BEAEAAEENT. AN BHLEEEYMT.

@ (L&, AMRBEBRRRN T EM B LRGSR 56 K2
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&®H., HEABAREMBIMANE, TREE T CEMRERN - LLREER
] & . ]

% 3 4.1.1
T th T 45 R A4 % 3C R BT A AE 4 [R1 R, O LB B

(1) The only prerequisite for the book is a solid foundation in real and
complex analysis, together with some basic results from functional analysis.

@ (7= 45 59 (LA Y 0 B2 2R {1 IR 555 09 1 2 149 43 T J T 44 L 55 Bl DA R 3 R 43
B A — S AL iR ]

(2) In addition to writing the text, the authors have developed a software
package to manipulate many of the expressions that arise in harmonic function
theory.

DIRTEXEBMIMEFEERRT —4-FH T4 M T2 WA R B+
i) ik A A1

§4.1.2 Preface2 [BiF 2]

XREEGRINMEZRIFHRED—BHOEIF . T @i RO A6F 52
WA BERREENAEBARLTH L6 — 258, 5 — 0 F U REEX A X
UNUL:SES S

#l 1 Many generalizations have been introduced: this was, to a certain
extent, due to the curiosity of studying topological vector spaces for which a
known theorem of Functional analysis can be proved.

@ OFZHE BT A X ERMBEE LR T mE 2 E 8 FEF O,
FE X A7 [8) R ] LAE Rz sk A3 B i — N E A E .

(4] siREREHE S 74 IF, J5 — A 5 B A — 41 B i 30 4 B9 R B (O
this was-+-due oAl F ) ; J — @ & — /4> which 3| S a9 BRHI#E BN A .

oiite X TEKMEF, KA BRMIFRAFN. EFEFE which 5§
%) PR i 4 s 1 DA /) 45 R AL AR PR 4 A9 G« A B BR W % 8 i M Bp o BT 43 FF 3, B
HRWERDEERR ARUERE) . S0 FERIEXRAFHERERIXAE
B9 & S A E AR BLE AT A 4% X R 19 25 B A SF & O (B RE 2 B 24
BT B FEHT S ) AT LUERR , X AR A 8E) . ZBTLAGE R B R~ T RBCE
FH T, B E PG MAT M known S — T EEBR“BEEAH”.

@ UFZ#H MERESIAT  XE—EBE LBERDFANMNHREO TR
Fhra) B 23 (6] 4 4 AF O %S ] BT LUERZ R Hr P AN F A e ]
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12 To facilitate the reading of this book, some fundamental concepts in
vector spaces and ordered vector spaces have been collected in the chapter
called ‘Prerequisites’.

@K TETA 489 08 %, [ 825 8] F A 5 a2 (6 ) — o 50 A 8 208 W
FEAEREBEMRHENF.]

¢i}ife 174 have been collected BB B R 2" B WE”, 25 ¥ ALK il
EEEHRERANAEHRAEFEZE  WARERM—TB"F). A,
{2 the Chapter B “E W "HAEFHERRL  UAHATHILE. TEHHK:

@EHITETFTABHEHMEE, EFREBREMR"ME-—FEILET MRS E
MAF R RN — SRR ]

% 3 The author would like to express his deep gratitude to Professor
T. Husain, McMaster University, Hamilton, Canada, and Dr. 1. Tweddle,
University of Stirling, Stirling, Scotland, who have given him both moral and
material support during the preparation of this book.

PIFEHEEBBRHEA N ESHEEHHMYE LA THXF . FHNOME
F P4 R McMaster K2 T. Husain 382 M58 22 Hr 85 K Stirling K8
I. Tweddle ##2.]

oifiFe XMEEWRMTHPXWKARBIFHMFAE. —BUEE, ¥
B EABTRERCREM T EFORENEA L ERERRAE - E
BHRMBE _MBEEEEEA T EANZINNBHEAZ BRABOEE.

@ gl % otb Jok i fin 82 K 08 86 JR 450 McMaster K% #) T. Husain £ 58
2 Wi RE A Stirling K% 89 1. Tweddle R EEESEA BB FTA T HHEMH A
YR LW E ]

% 3] 4.1.2
5 th T 187 2% 2 64 8% 3C 7P BT 7 AE B9 (R, 3F i LAE 2K -

(1) To justify that a class C, of topological vector spaces is a proper gener-
alization of another class C; of topological vector spaces, it is necessary to con-
struct an example of a topological vector space belonging to C, but not to C;;
such an example is called a counterexample.

@UATEN—XHHhmBESE C BA—AKHHhmBEEE C W, 8
W ] B2 E s — S ERR T C WERRT G, BRAITK
X FE BT R . '

(2) Thereafter each Chapter begins with an introduction which presents
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the relevant definitions and statements of theorems and propositions with ref-
erences where their proofs can be found.

@[ /E BRI L EBFI A M K& X K & F A B BRA , [R] B 45 B 45 X
3 SF TR 4 BTE B ) SRR . D

§4.1.3 Instructor’s Guide [ %¥3E5])

XREBMEBEMCEHEIF LG HBMOMEZHZBEBEATHES
/U
# 1 In what follows, we outline the possible of ones semester course
following either the traditional study of the nth-order equation with systems
being relegated to the background, or a study of systems of linear differential
equations through the medium of matrix algebra.

DITERNER - FWHRBEHTEE, RERAEENET n i TR
ERZEN T EENBRLRE R, & BB FEBORE IR T
BE4.1

(AE R ] relegate vt. B3,

(547 ] B following B & M PI A 18 4 AL 10 4 18 48 B 1E 4T 0 7 R
&, BLTE4r 1A% 18 being relegated to the background 2§ systems BIEE.

oifite [FiEM EEHIRAE TIE systems Ml equation Y I F R4, H
3L, 41 1R S 1E with systems being-+ BAR1E . HIK.systems & systems of differ-
ential equations B BE , W iFfE“T 4> B 4", systems being relegated to the
background BER“M4 T BRABTHN T RMIN",

@ (PR ATBER — 2 IR BN RH X H /T LU BAELE MR RE
AnBrrRMEFBAEAECHERDIR, WA LRALEERE AT AN
ok I LM R4 .]

#12 For those using a systems approach, we recommend first returning
to Chapter 0, Section 4 to review notation, row-reduction, determinants and
linear independence. In this regard, the relationship between detA =0 and
Ax =0 having nontrivial solutions usually needs special emphasis.

DI TFREGEHATRATEE  RITBNEEERFEOEEANEIN
S TR TR ELEEE. XTFX—H,detA=05 Ax = 0 2ZFAMXFE
AP BEFERIRAE.)

[AEERE] in this regard X FX—&.

e HEAEATFH, ARKRAIFREHE. F_ AL ded =0
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HAx = 0 BRI XEHE—-EATHAXRKFAEN AL
iR,

@ D PR H A BAFEHA RMNBIU MBI EEBBE O JH 4 W
FEA/ES B ATAREREXXEMR, XTFRXEMH, BFTERH
BIAME detd = 0 5 Ax = 0 FIEFAMZ AN LER.]

1 3 We believe that Section 4. 6, variation of parameters for systems, is
a far more natural method of presentation; first, because it is so similar to var-
iation of parameters for the scalar f{irst-order equation and second, because
there is no need to puzzle over the hard-to-motivate equations which comprise
the classical approach.

@IRINHGE 4.6 TXTHTRANSHESEE-REFTERBVRE
BiHA - BAIEEFEUTHEA N TEMNSHEES B K, BAXHRE
THREFHUESFO IR, AR TRAFE.]

(iR ERE ] variation of parameters ¥ A HB:.

oikife HUPEEAEDGERMN M T E BB E, X scalar 5§ first-
orderfE % i [ i B i equation, BIIFMN BEHFEEBFEHRNRKF GEFEFEXF
PR E ATHWF XD, i EFSIUERRE I B, R 50, X 8RR — B o
# A", b, which comprise the classical approach &2 BB il & 18 M A] , 1] F
AR AEREBSTE],

@ [(RATAE. 4.6 X THBANSHESENRERERARN: XY
ERAEEELUT MR FBENSHES L KK B XHERLE RS
A% 2 T B JME LA S RSB CRiE B 5 8 T 5 i 47 . X

fl 4 For instructors using a systems approach we recommend doing the
entire chapter, albeit some of the more theoretical aspects can be done lightly
or even skipped.

@I FHHTRATENBIM. BIBUEBEEE, BRRALPENAEBLN
FETBREEEA L]

[iRiEERE] albeit conj. HR.

¢ifife BFEXMIEMEAERFERANABNALFEESHHITAER,
Hehia] B i) £ 4 A& 3& . 10 doing the entire chapter X B 3 i & “ 8 & %
B AT HE R MSE# " ;be done lightly L R EIRERM”,

@ O FRAFBRATENBIT, RIOTEMEITREHRE, BREP R
WALRER o ] LA R AR RE A4, SE 2 AT LABESE L)

fl 5 Besides the expansion of solutions about an ordinary point, we pres-
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ent solutions about the regular singular point (the Frobenius series) and a
method we call the Wronskian method.

@IBRTET—TEF SRR, RATER B M X T ENEFH AR
(Frobenius &%) fl— PR ATFR B Wronskian N F . ]

(i8] regular singular point FM&FF 4.

oifiFe MR LT XN%F i, we present J5 [ % B% T the expansion of;
BERZFRN, FREEFRESE — X B #4178, B Ll about - point 5 # 2
“EENMAMSEER”. HIFEFREEHRIME. Besides M F R “BR T -

@[FERTNREEESANSHENOMORIT, LAH TEEMNSH R S4E
35 9 % B (Frobenius 2080 UL & — A~ A 1# & Wronskian 3Kk .}

% 3] 4.1.3
& T T 2% BB A4 R 3P BT A TE B IR S DA R

(1) This is a good place to explain what it means to solve a differential
equation, to explain the distinction between specific and general solutions and
to describe and illustrate initial-value problems.

LRI RG22 ERER o TR, MESFEOA
— R R B AR TR) DA Bl R F i BA ) A 1) . D

(2) We begin with the traditional approach to the Laplace transform with

applications to sectionally continuous forcing functions (square-wave, saw-
tooth, and the like).
@UIRINMEER I AN ER T RN ERURESBELEN SR (F
B RV B AU R ) AR R IT 86 )
[i@ & i B ] sectionally continuous functions 43 B % %E R #{ ; square-wave
7 ¥ ;saw-tooth 4B ¥ .

§$4.2 BFEUNBEHELOFOITH

A3 LA SRR B0 B B R 3027 T R A S B0 BB 5 ol SRR A ) 3 2 B
B R TR E EFER RS E P E LOER FA R BRANS
3.
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§ 4.2.1 The Basic Concept of Sets™”) [&HEREEKIFEZE])

il 1 Many of the objects we shall study are themselves collections of
other objects; These collections or sets may be finite or inlinite,

@IERMNEARN TR AESEHMNRATE, XEICERESTAE
BAME, B R ERY.]

oitiTe TEEEHBEDHEHA collecction(tH ¥ HIB)EMRB set T &
SAEXHRX A, HIKEE collection MM S "I “Lk”, 1 set BR“E”.
FTIEREEMN, HHE collections of other objects ¥ A" iy Bt X} % 40 BB EE(K”
or EX B EERZ“R” . “thtE”. Hik, FCHEHBY®R:

@ [(RATEDIF AL 3T R A S B iy HoAth X3 5 41 B0 82 44, pc s 4 4k, 6D
E£.TREEARBATRER RG]

f 2 By a set we understand, then, any collection of objects.

OUESEARINTAEBERNRNERK.]

oo FXFWAW. REVMMIE by B A “HEL”. HE by sth.
we understand sth. "B B E“ {1300 oo BB T UL “by sth,
we mean sth. " R R HE R . Hi, E 300 B %l -

® R4, BAVEEESE R BIEENRHRNERK.]

1 3 We see that in some cases it may be difficult to check which objects
belong to the set (e. g. (i)above)or whether the set has any members at all
((iiYabove). -

@LFATHE A - LHFER TFTREHHNB - FYRFXAEN EREH
(INHEREXNREGEEMHERL FHEFA TR EEHMGD).]

oifiiFe FUMEFEMREL at all FIFR“GEEMHERT”, REH—
AR R FIBAGE at all B SCR“BIK"N"TE”, HH I objects A,
PHABEERM. AL the set HIFR" XML RS Z Y, XBATHEETXF
AL, U, 7R S0 B MU

@ [ ®BAVE S, A B R AR FIWF L F Y8 T HA% 0 EfEEG) REFERA
EREAVATEN EE@H G .]

#1 4 Note that no uniform property of the objects in the set is implied
other than that they are grouped together to form the set.

OUMEFTFEME XER MM RLuMAE-BERES EE4THMNERIFR
AEMRAHERE.]

oiite FEXAFAFCMBE. WM be implied (BRE)”HY F &
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(FEXPREBOMREREHBEX 00X, EERMERNSEEENE XL,
MARTE. X T ERAFML, FTIE imply FiFR“BER”, X IFEL -

@, [EBE R, RS RBAE— R T LUE & FABERERN IR
HAMFEKMER.]

R B imply R E, AT AL

@ [EBEEMR, —PMEFAETHP MR —E R R A MIE 8 R X
B—RER, REE SR —ERT LU RE. ]

#) 5 We usually denote sets by capitals and their members, also called
elements, by lower case letters. However, it will not always be possible to
keep to this convention, especially when we are dealing with sets whose mem-
bers are themselves sets.

(] €A E L S F- BN SNCH FE A 5] RS P S N
HE¥E, AWM GABBXHENAERATTREM, FFH L RMELBXER
F—HENRRAEE A BRENRE.]

oi}iTe ¥ IE whose members are themselves sets FM“EMNBRARE
BEENES"ERAEMRN BASKEE, XEWAE. NER"ENTEERSGH
RE”. AT SR — AR, AR BEAEE M4 FE. SR AR FREXE
&ﬁi:

@IRIVEFRAREFHRERRE, FHEENRA (BFEITEANE
FHRR . R, BHABETEXFAMERATEN HHINLENTEFTFUE
SREF, B A al BBX AR ]

#1 6 The set SXT is called the Cartesian product of S and T, after Des-
cartes who showed how to describe points of the plane by the Cartesian product
of the real line with itsell.

@UEHRILBHEFAX RZLRMIBE FILHERYE LMARZE, %
SXT s aR{EH K ILB.]

[iAiEi£E¥ ] Cartesian product H £ JL# ; Descartes (AZ)HFIL.

oiiEe IFIUHAL with itself FHRERM EAFEHFILBOBES
Mo WO EXFREFBARZZA., NER,after BT RARLE- - ZIR”
MR RAREBRE”, RS EXTRAG AU S ANEMANEHMLEH
BER., mAXMAREE MAREKAXEER., TEX after /£ &%, EX
&E:

@IESXTHREFFRILA. XBRABRIILEERE TOMHALHMEEH
B FILBORH R Fm - MRk, ]
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%] 7 Illustrate the formulae of Ex.(1) by taking A, B, C to be the set of
all quadrilaterals, all regular polygons and all polygons large enough to cover a
penny (not necessarily respectively).

@I A, B, CERFENAE AMNEAEMEBEEERNZSHEN
ERMBHAG DO PRI FARTFEELE AR ]

oiite FIUTFEAHAHBIR, (i) regular HE¥P FTEFHIENHK",
{H I #E polygon, triangle 5 7 B JE 1) 81 3a) 2 1l W W ¥ A IE (49D, Bl regular
polygon,regular triangle 2 SRR IEZ A" IE=ZME". () RILHEHE
ZXRERFHNHE —ERCERAERE [ the set of) , HIRF WA, ML
FERRRMERA - EH=LXEELRAR. (i) FESHANBFIERRT
ELZARHAEMHEREMN. FE L, not necessarily EER“KRL"MARAT
BE”; respectively TERE“ARH”. BiFX A6, BEHEE D respectively 1
A, # i, suppose that E and F denote a polygon and a triangle respectively
MERBEMFAMNRREZHS =ML, BER, A THRERIFEE,
VEPNEEMIMAERFTEN. B, F3XNEBA -

@[ A,B,C R THEME: i NAEHRKE. A IEXOE RN E
EEEKHESES - MELETMNTAZAEARNEGE A,B,Ck
W B FRRA RS R ENRERE T (DFRAK.]

f) 8 If A has a elements and B has 8 elements, find the number of ele-
ments in AX B. If, moreover, A and B are disjoint, find the number of ele-
ments in AU B. What is this number when A{) B has § elements?

@IMRAZTETXCR . BEFATRK B RINAXBESHTRARME, T
H,#% A#M BAMZE, M AUBFnBHRMGK. HANBEATE o i, X
TER A A7)

oikiFe XNTEXAMITHMARMER: () JFE XK o elements F g ele-
ments )RR “a TIE"M BN LK " (clement a A RAR“TTEK ™). Gi) BR
the set of real numbers F/R“H — L LA B A HE”,/H the number of elements
in AHIRRAPTEOTE” AATHEEM the set of IR, FHEXFIR
BRETEXMHHEIR. WA, CFRLBA B, W find 78 80F @ H A B
R, MR ERR”; BRI RS RN XN R AT, BRERAAEMN
HiR., RIEREANRA,. E-aRE M, NIEX — AR H, AEEIE.

@IMRAZTHa AN TR .BEFALI TR RAXBHRTENI . #—
$,AHMBAMHEK,RKAUBHPRENI . BANBIAS M TXM,AUB
PIEN MR EZ D]
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%3] 4.2.1

5 T 0 4% R A S BT AT AE W 8] R O n A4 B

(1) If S and T are any sets, we denote by SX T the set of all ordered pairs
(x, y)with x€ S and y€ T.

@MMRES. TRIEEHWE . RINA SXTHIZHE €S, yeTHARFXN
(r,y)BE.]

(2) The best known of these is Russell’s paradox: A set may be 2 mem-
ber of itself, e. g. , the Union of all Registered Charities may be a Registered
Charity.

@IRFAAR,FRIFR: N EREREAFH—DBEA. B, rE EHl
i EEE VA ETREE - N EM TR EENE.]

(3) In most cases, the sets under consideration in any given case will all
be subsets of some given set U, the “universe of discourse”.

OIEBELHELR T ETEHATHFZENEHREUNTFE XM UK
fE“ig .1

§4.2.2 Logic® [iZ38)

] 1 The advantage of this axiomatic method of study is that we can ex-
amine the effect on our system of varying the axioms and that the proofs be-
come more transparent the more abstract the system.

BIEIXNABEMNFLZ -BRRINEBREAFAAENERNEHK
P IEB AR EEM S G, Rt R E )

(48] XR—ITENESA. BT H that 5| RN FFEFIE B RIE; HE
ZA-M A H Y more--the more--- 2 @l 5] He AL 4% A9 45 5k HI B, T LAE W% ) Y
the more-+-the mores» (f-eovee o seeeee VB R, B N EEERERN
BREBERXR. Al effect on P of Q BMAR, #R“Q 3t P A MMM,

oiiFEe ZIFXAHUWTHHR: (1) 4 this axiomatic method of study 4 s
the study of this axiomatic method ¥i%¥;(2) f varying the axioms X4 ff, differ-
ent axioms, X B[ varying EBEF . ZEENEBRR“TE LA,
(3) REBIE# ¥ H effect 5 iF; (4) BIEEH — 4 M 4 94 F & more - the
more-+ [ & L IE#FEH .

@ [BFFE o SR AR X 2 B 8k 00 0 A0 2 - 3R 1 BB 65 % %€ 78 01 3 26 /0 38 g % 38
Y60 28 G2 BT 7= He (R 3R 5 1T L, 243 P R 6 i 2 s, TE B B & AR 1S AR T 0 . )
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il 2 1t is therefore important to be fully aware of the rules of logic we
need and to realize that these rules can be applied without regard for the actual
meaning of the statements on which they are used.

@ LA, & B F IR IR AT 7 2 002 8 A0, 37 A 5 85X 26 51 W) 75 8 A o
AUARFEECMNEREXmmUEH, X—aB2REEN.]

(] REXFE FAIH o WAEREELSHIFiE. HPE -4
AEREIEA 1 EE M A we need , f&1fi the rules of logic; 5 M A E X EiIE
H—A~ that 5| (& M, 1K E N EF X & FH Ei8 M A on which they
are used,{&1ff the statements,

oiftiFe (1) "mEREEIIMN”H LA ; fully aware of [ P “FE 4
T#E”. (2) the actual meaning of the statements BE“{B A M LIF&E X7, BEiF X
EEFERENA L E L8, BT REHE AN, 5FEXAE.

@ (A, 385 T R RAT T 7 EHLE 8 AN, 35 A R B 2 31 W 75 6 FH Bt ]
LAARBURSEZE T Ef MBI ERE X — SR BEEWN.]

5l 3 Of course it is true that even in everyday affairs we can spurn logic
only at our peril, but there the patent absurdity of our conclusion usually
forces us to abandon a faulty line of reasoning.

YR EAHEEP RIMVMELS X LELER BREUWEEA NG
e 326 {0 FRATT A FE — A B A AR L]

¢ifiTe JEFFA even,can,there,usually #l line B AH FH .. B HiF L
HFUAMEWMY)FIE A ZE B R YELIE I ;a faulty line of reasoning i iZ #§
AR B, AHER —1.

@ HR NEERFEEE D BRIMBENERLEXLASAMER,  BEE
REgah GRMARRKZHAERIMEEEAAERBYEEDK.)

% 3] 4.2.2
Fi T 25 R B4 13 ST AP BT AE £E ) [ B L 3 LAAE

(1) Studying these abstract notions is rather like learning a new language;
as in that case we shall find that as our knowledge widens we recognize more
landmarks; this makes learning much easier.

@UFEIXEHMBHEF T - FHNIES A NEXHEL T RITE
B BATAREZ RIS FRBMNO MR EHE T FUFEESRNGEI B
HBEeEXT.]

(2) But we will no longer be able to check these conclusions by commonsense.
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@MERENAHHE RER XL, ]
§4.2.3 Mappings®”’ [RE5T)

Hl1 LetS be the set of all points in the plane and T the set of lines; the
relation of incidence (the point P is incident with the line { if P lies on { ) de-
fines a correspondence from points to lines. To each point P correspond all the
lines through P and to each line { correspond all the points on [,

IS SHPHLARAMES. THEHNES, BB XLREGEAP
AELR L E MG PREL ! EHEFHEXTAENELN —PXR. MTFE
— MR PXMMNTFEEG PHRAAWELENN FE—FRAKMN TEEL FH
DR iR<

[iRiEERE] incidence n.  XEf;incident adj.  KEH,

oitite IFXAH=THIR: () BAHIRAIE incidence BR“BH"GF L
FHREWAXEE WY SO, M E B & LR KK (FEE¥ P projection
ARAREH S BRE") 5 (2) F OB K B ARG B R, — R AR %t R
F73(3) T the set of lines P H BN KiFH ., THMAHF . 5EELRE.

@ (& SHFPH LA SHRME, THRGHEHEZABRNES. XHEXER
(ERPHEHZ! L WHREA P SHE ! XBOEX TAEBIHEH — 5,
NFF—ITR P AL E PWHLE S P MRy TE—-FHR LEHE
& LA B 35 e Xt ]

# 2 The last example makes it clear that the notion of bijection is too re-
strictive to account for such simple functions as x*.

@ L — 4~ 1 o 2 o 50 B, U5 o 4B K F BRI A 2 B3k g am o
3XHE TR B0 BR BUE SRS . D

oifite FEXARFEHEFNEKLNR EEH LHRERK. XATRE
S5E— BB FHE account for HIERE N IR " €, B R IREH A B Y E
X7, REEBERP account for 753X B I%IF AL HEFS .

@ [BE— 1" FIEEMEN. OB ST TRBUE FXEQFEEN
o XHER R R .]

#3 I S=(z,) is a family indexed by a set A, then we have a mapping

a > T, from A to S.

@R S=(x) 2B LUE A FRid . M BB B —1MNA A B S some 5t

ar> z,,1



296 FENE HREWNEEZEER

oitiFe X H LM EEHM a lamily indexed by a set A BB T 3. A
% AENERENE, B(x)={z.|c€A}.

@ LR S= () RUE A ERBRENE, MEMNBE-TANABS K
Wit a > x,.]

] 4 1If we had written mappings on the left, (2)would read: (fg)ax =
g(fx). Tt is to avoid this reversal of factors that we put mappings on the right
of their arguments.

@I FE R EMFEELED, WRIEE (f)r = g(fx). A THEREHETF
T R B AR AL.]

[(S#] B—ARATRAES, EZERN, HPMRRA S —FHAFSLE,
BRI T REA AR H (H 2P ERATBIRBEAO ;55 =) J& 55 4 GREA R 1]
BB D .

SiHiTe IRICWAIMAE bR 5B B Ul By W0 N R B B R, U EFR ) T B 27
& 3 B LU SCRY S — R AR HER . 58 Al AR T B R R TR R IRF T IR
A A RELEBEHE R XN EXRE.

@ [nRRIMNHEMERFBELR, MDOMEEE (fg) x = g (fx),
ERATEENF RN ZH KT A RAL RMNAEMHEFEATE
MaEH.]

% 3 4.2.3
¥ HH T T A% R A% 3R SC HR BT A AE B IR, 3 fm AAB R

(1) Let S be the set of finite sequences of 0s and 1s and define a mapping
f of Sinto itself by the rule: If a=a,a;---a,(a; =0 or 1), then af=ala;* a,,
where 0'= 01, 1'= 10. Show that af has no block 000 or 111 and that in
af’(=aff Yany block of length at least five contains 00 or 11,

@4 S o fl 1 R ARIKES, TS B ERGHBE fFEXH &
a=aya;*a,(a;= 0 & D), W af = alas a,, ¥ 0'= 01, 1'= 10. iEH af
AT R 000 #0111, T 4E af” AEMTRBEZE DN 5 MRE&F 00 5 11.]

(2) With every set S we can associate the identity mapping I which maps

each element of S to itself: x 1»x.

@ URATAT IS 2250 I IS — A EA SEUBA, B S E—41
:?FJEBEE Ij 1T T, ]

[iR¥E ] identity mapping 1E& MG, ST,
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§ 4.2.4 Equivalence Relations”” [Z&#fX&]

1 Let w be a relation; we write xwy to express the fact that = stands
in the relation w to y, i. e. that the pair (x,y) belongs to w.

BLL o A—HXRRIMNH 1oy RE R THXR o5 y WA —AH
HE Mz, MBTFRE w.l

oitiTe FEERAAMMEEEMEERAGHENREAIA., BX
I ,stands in the relation w to y WIBFHE“KER o 5y KEK”.

@IR 0 W —FER, BRIV z0y Bz WX R 5y XK, Pz, RTF
KE o X—FK.]

1 2 An equivalence on S separates the elements of S into classes, group-
ing together objects which agree in some particular respect.

BIEES LW N EFMXRESHATRL L BERFER I E —HN T
XHE—E.]

oifiFe KiFEMEIA alan)BH AT, R — M HMEFRXERHFE;
7350, 8RR EHEBRR L, AR TR — ' A BB —EK,

@ITHES S FHENMXRIES T RLR EHERSERTE-BN
TEHRN—%.]

#1 3 Thus the different S, provide a division of S into non-empty sub-
sets, any two of which are disjoint. This is called a partition of S.

@IXHEAFM S, ML SV RESHFE . FAEERINFEBERKX
B, XERFR N S B—4 R4 . )

oijiife BENTAFHTFIEXMREIERAER FERBEXMHPEN
AEHEBRABTER. RBEAELEIR", ERIFLNEBENARE  B2E50
W B AR X P AT 2 H) B R R CSE X B F AT I3 44, 2 4R 5 S0) L 4B division I
partition #FHR K" ML T“ACHAECKRE L"HEBEEER.

@ LixH , XEAFR S, MR T MBS SMIERAHEHES FER
Fik., XFSMERY SH—TR4%.]

%% 3] 4.2.4

T8 T & R 1% SR B AR E R R) R, I I LA L
(1) We then have a mapping A: S = S/~ which assigns to each € S the
block S,; A is called the natural mapping from S to S/~.

RUHMNABI 2. S~ S/~ FHBE—-N ESHRHR S AFKINS 3
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S/~ B A .]
(2) Similarly, the relation “z has the same remainder after division by 2
as y” on N groups all the even numbers together and all the odd numbers.
@R, X R 2 FEBRLL 2 ZE KRB y —-B"4E N _HIBFT A BB
FrAEafHEXE—E.])

§4.2.5 Mathematical Methods — Teaching and Learning [¥ %%
% #E5*%]

AVTHEXFAMBHERELREZHETR A KETEM L EZ(WMHAH
BV A 1 F 2 Fuf 3 BT B /MRS & How to solve it—Procedure
for solving problem (3% Bt i i ff B i 25 B8 Sk 136 BA R &L 7 %) s 1 3 #0451 4 P e B
% B/ iR E & How to solve it—A dialogue (IZ Bt R FIX#E M Xk FHBiE#H
BEALT % 8 s AR )

] 1  Second. Find the connection between the data and the unknown.

You may be obliged to consider auxiliary problems if an immediate connection
cannot be found. You should obtain eventually a plan of the solution.

OLFE . RHBESRNBZAMKR, MR- TEHENBKRAEBREY,
RATEEARRA S BB RE. REEESE — MR

¢i}#iFe IXH the data 5 the unknown 331, BB AT H B R “C MBI
problems B E B MK ; F LR FH E AP an immediate connection & B 33k
A HENBRR”, MREEAEENEKR.

@ . REEABE S K ANRZANER, WRRERHEINZEH
HERR KURABAES R - L@HE, BEHEMZEH—IREN
£.1

#1 2 Here is a problem related to yours and solved before. Could you use
it? Could you use its result? Could you use its method? Should you introduce
some auxiliary element in order to make its use possible?

@IXBER D RADRE W T H AR . REESIAEE? HREEN
MERGR? REENAEMI R T 68 © KRR TR, RELZT| ALk
B TR G ?7)

oifiTe A yours FEX BB BRI I ; a0 R A B R R, 5 %
FENRKRBERI R EE”. CFRE L, B2 REABFRRRE"E
Ao FRE T LR B, X AN B AT LB 40 307 KAt S b, i ELaT LA 8 Bk 3k
BEEE.
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@(BEXEA - THESHFNEEAXRKMERUNCEHRED. REST
MAE? K. AESNHEMNSREFMNAENTEL? ATHRBNHE RE
AEESIAFRFMREITE]

) 3 If you cannot solve the proposed problem try to solve first some re-
lated problem. Could you imagine a more accessible related problem? A more
general problem? A more special problem? An analogous problem? Could you
solve a part of the problem? Keep only a part of the condition, drop the other
part; how far is the unknown then determined, how can it vary? Could you de-
rive something useful from the data? Could you think of other data appropriate
to determine the unknown? Could you change the unknown or the data, or
both if necessary, so that the new unknown and the new data are nearer to
each other?

@MINRIRAERI X R KRS, FiAF MR EAXHRE. K
BEE-TEAESPEHMEXRBAG? —NE— R R — 5K R
B2 — PR FEB? KRERRXNREN —-F2Y? RE—-B&4,. 28
— B EZ M MARFBBPRE BT, EFTEIMMAEIL? REENBIRBBIFLH
FAMREG? (REEEDHATURHERNROBEG? RBRERIRREK
9, B H R T EE [F o B, EEFRRMEMFARERLAHEILG?])

oifite XBIEBAHAIERE S EFMEFE, HE P CE, WA 430m
T. 8. FBIIEXALRME, HELAHRLERBEZ XA, E XL AL ETHH
b Bt X EEEZ E M XRARNEBFEN, NEKEKRZH, RK . BFHAE
A (ERIER)  NBEEMHNN ERMt 4. B=,44 how far is the un-
known then determined RAEE R ‘I A KM BB R E LT,

@ [0SR B8 A D B 48 H B9 (o] B, W i 3 e pR B LR L IO 1) Rl . R
BME-NTERFHERMME X B2 0, — 4~ F — 8§ & 5, — 4> 4855 1 6
B, B — R R 7 IREEMRET R R M — 387 iR E —H5
M EW - RMZE X RABET URE R ABRE, BRI
REEENEAMNBEE SR RELFHNERT? KESSELMES TRERNR
BB BRGNS AT, R EE 7 B o S IR B L O R B B AR
AR BT 060 o S0 B FOR 04 B2 S 18 1 M B 3 7))

1 4 What can I do? Visualize the problem as a whole as clearly and as
vividly as you can. Do not concern yourself with details for the moment.
@R AW 7 {6 (3 T B4 AR AR — A 6 TR 7 2, 4R 485 T LA i
MARFEAED . R ABMACS X LM .]
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(iAEE®] as a whole fEXN—TBE . HBEXE.

oifiEe (i) JRiFI as a whole as clearly HEH— M AA . FEESEEH
as vividly as you can 351 ; ;X BB A H K as..as. . B PHE -4 as 77,
E/EHARERE A A a whole, LBR L X H HAEH as a whole H R —A~8i7, fF
K —PARIE 8 as clearly R Y as vividly 33 (AT LLIA K as clearly J5 A B%
T as you can) JHER B PRI\, (i) FEMBIRBER“A dialogue(XHiE)”, 0
AEBED XA, F R RE M F R A E L. 2 ERIpERE.

() AT LB R T i .

@[ “REEMaR?E . “EENMEEELA EEEBRAEHEEM
£, BRAERENHATHRL.” )

Gi) AT AR & , TR . .

@;LIRBEM 2R 7 AR RIT A S HIL R AL, &3 R0l e 2 4
. HEEHAENENATRL.])

il 5 What could I perceive? A helpful idea, perhaps a decisive idea that
shows you at a glance the way to the very end.

@IREERMT 47 T FHHNER TRE-THEBREFEZTHER
KR TR EHEEH.]

[\ ER] perceive vt. R, 8%, HfF;at a glance EHZTF,—F
Beeeeeesvery adv. fRad).  HRFHLIERM,

oifiTe MM EX(BRAET -HBRBMNE,FFE BBOTHMH) X B
perceive BN R“RHE”. MR idea N FM“B . the way to the
very end X B A% B JEUN & “ 18 A8 ) ] B B A MR IR IR R .

@ [MrAT R B A? IRATRERKE— T ARMEE, WFR— T REHKN
BEEVERZTF EMARRERR—&8 5ol [ b SR AR igE.]

% >3] 4.2.5
HWETESENEFRFERNRS, I mLl 8.

(1) Where should I start? Start again from the statement of the problem.
Start when this statement is so clear to you and so well impressed on your mind
that you may lose sight of it for a while without fear of losing it altogether.

@LRMNBEFFH? NRIBHRRTHR, YXNMPREFIREMLFRER
MERFHMAEROCTFETHR, UZETRVTEENBSICEN A 2SEEIC
E.]

[AEZXRE] lose sightof it WHEBRE . BAERIE.
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(2) How can an idea be helpful? It shows you the whole of the way or a
part of the way; it suggests to you more or less distinctly how you can pro-
ceed? Ideas are more or less complete. You are lucky if you have any idea
at all.

I EHREEABREARN? ERNKRARTEBIIBLTEEEL
AE b REB A LR #H? BREZLVZEBHN. MRBATEMEHE
BB 2AREMREEZE T ]

§4.3 KRB IMEREE TGN

AN UAHBAECE LTS RO " X = KR ERBUE o X EH S5 F X
AR P B L SRR ] A B, S TR BRI BRI B R E R R, S
Bt MK S E T L.

§4.3.1 Integers®! [¥%]

1 1 Here we have not indicated the precise range of summation, since it
is immaterial, but only the indices of summation g, v.

@IXERIIBABHRNNERTEE WA CRAEEN,BRERARM
pov FITEHL.)

(@& F ¥ ] immaterial adj. AEEH ;summation n. KM,

(4347 ] iX 4] d since 515 (9 SR B M /) DL 4 A8 9 O =X 11 B, 38 3 A0 43 AR 7
2k, the indices Z A& B T indicated,

eifite () FEXRAHF BRERINATERHAS, FEUFHER
BB, (D) B gy v BUE summation Z 5, B2, REHF MR, BRIOWE 4. v
A summation 1A {7 i , i & indices of summation W FAIE. (i) E¥X
B A W R IE R indices ARRIBY, KB R“EHR"RGHR”, BT
RIE“RRER”. HRIUERZ IR, THRECESINT -

@OXEBRTHHRMEBIRER p v SN BAERH RN EREE, BN
EEHAEE.]

f) 2 Then by I it will be enough to prove (i) P(D)and (i) (V¥ n)(P(n)=
P(n+1)). For this means that the set S of all » for which P(n)holds contains
1 and contains n+1 whenever it contains n,

@2, d THEFHGOPDF GOV (P(n)=>P+1)EEBH ., Wi,
EREFEB POORIMFE AN ES A 1 HHES n+1, ERARE
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BET n.)

oiffife EUIEXA=THE (D) E-ANEFRET. (2) B_4E
for AL A1), AT 4B for this B XL SRES T, AW HGX FE R, EMRIRA
P EE, BXLE for EXBEERFDA BRI BR B _AHFHALE A
WHEBMEE. BTFXROBRAENESRR,AUFEHRE. OF 4K
BB OoREFBEBAE. ERED, — M whenever 5| FHNAIEBEEMZ
Es%%f*ﬂ\@-%ﬁ]ﬂﬁﬁi“ﬁg ...... ﬁ ...... "F}E“% ...... mu ...... ”o

@ BABRELBEEHGOPWUDM GV (P)=>Phr+1)BLEHE T,
HAHE A, AR PRI n ARESHET 1, MAEESEEn
Mg atl,])

% 3 4.3.1

i T 1 2% R A9 % 3 B B AF 7E 19 (B, 3F n LUB B

(1) Let S be a subset of N such that 1€ S and n€ S whenever m€ S for all
m< n; then S = N,

@[ SR NHFEMEB1€S M neS, BR mES MFHA m<n; K4
S = N.]

(2) Now, since S has no least element, 1€¢ S, so 1€ S'; moreover, if m€
S' for all m<<n, then n€ S', for otherwise n would be the least element in S.
Thus by I', 8'=N and S must be empty.

@IHEBHSBEBR/NMTE, 1€S, T 1E€S A m<a, ME
m€ S\ M ne S, WHHMNK n ¥R S PIB/NTE, XHd 'S =N S
WARE.]

§4.3.2 Prime Numbers®! [FE%])

) 1 This process for determining the existence of a prime greater than a
given prime P may also be used, together with the existence of a single prime
number 2, to prove by mathematical induction that there exists a countably
infinite subset of the set of positive prime numbers.

BIRAEAT - TAERBPHRENGFEHSBURRER 2 O FEHE,
A LGER B HERIER ERBEFE— TR ERFE.Y

oiftife FEMNEXENRINEERRFEEN . HESRANTRIHA
H. MEXATFEHXBEMEENNETERSS, BESHZENXE, i,
BB RR EsE, UFEIUEIMR, RABEIFE,
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@INARERT TN AEEB P WEBWHFEENLSR URERK2HF
FEX—Z W B TEERAER AT UES, EXRBEFE- T TR ERT
%.1

# 2 Given any integer m and prime p, the only positive divisors of p,
and therefore the only possible positive common divisors of p and m, are p
and 1.

RDIAEEEBE m ME p,p WE—ER T, B p Al m FABEBLH
p 1]

oitite FEAHMEATHHFT N RATFALNER FBABEHZ
(6] 3% 8 56 R A W 8 s B 4h R SCR IR R T possible, [ i B, A1 5 are p and
1 B ERTE A5 6 F 5 a9 L F I E TR 4, W] IR AR the only positive di-
visors of p ZJEERE T arepand 1, HTHPEXMNEZR , WIFNEFBELEMN
B (B EEER RN, BT WA

@I TFEELEHER  MEK . BR p RAEERF p 1, HI p M
m WIEAEFRAERp M 1.]

#1 3 This last assumption may be made without loss of generality, since
if there exists a single integral multiple, there must be a smallest positive inte-
gral multiple of a that is divisible by p.

® L5 T A9 3 MBS 2 — M, 530 1R b i SR 77 7 — e — B 1 U4 3,
L BEFE o H— D R/DEBRBUSEAT 8 p B1R.]

(4347 ] AR 48 8509 N 28 #0338 IR NI VE , 88 — 4 integral multiple [ &
H B T of a that is divisible by p,

*itiTe  IFIIE a single SR ME— B AR (LR X A AR AR, EULEA
BEAMBEFAR  BARBE LT BRGFELR SR L FOBERE
. WA EXWBREFS BRI EFELE. XATEER.:

@ [HBEXMRBEERE—BEN, XRENAEEE T8 p BERH.
a BB BE , B0 E T LA AR M R I B/ A IE B 3% . )

% 3] 4.3.2
16 A A FE P BT E R B9 8], 3 m LA i .

(1) If pis a prime and m is any integer, then either p divides m or (p,
m)=1.
LR p B— MR IHE m BITEEH WK p BB m R(p.m)=1.)

(2) Prove that 3" —1 and, in general, m" —1 is composite if n is greater
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than one and m is greater than 2.
OULEHMEnRAFINBEEm BRT2HE W—HAH 3"—1
m'—1 RE¥H.])

§4.3.3 Polynomials and Algebraic Functions') [#HRXE5R %
EE )

%1 Two polynomials in a variable x may be equal for any nonnegative
integral number of values of the variable z. Thus for a variable x, the equation
x2—2x—3=0 implies z=3 or z=—1.

DIFENTXTFER - WMETXTENFLER - NEEERBRMAEARESE.
B, % F I TR 2 WFBR 22— 3=0ZBEFH r=3FH 2=—1.)

[o#r] A FREAMGER . BEITAE, ESETHBERNBTRER,

oiite MEBEARE.FANEXRERG. BERDBENFEAN
B NER LSRR F-AHN TR > WEIERERERESE A0S
Wr=3® x=—"1F—H%.

BESSAKMEARDRSE, XBEEEN,» FHERSHHK €T
MEZERER WA XRTER - HZHAHEHOETR. AT nHETE
RE AR FTUBAXTER 2 HEHX"HER, REEH n x> EE ML
MHE: M PN XTRET c WBM"HWHFERBEE.

X B LA 18 R any #9F AT RER some, AT RER every (A B %k
RiBVE _EE 11 1), 755X B HBFAF some, [FBT, X A8 number B BEPE4E
“A7, BE thus EXBENFR ‘B0, BAE—MRRE - HF, TARHE
B,

@UFENXTER MBI ATEN TER > HEFERBEANERT.
Bl X TER x WH B2’ —22—3=0 AT =3 H z=—1.]

B

@ABANXT TR HEIAATEN FER Bm MEHSF Kb m B
EANERBE. Gl HXTER W FB 2" —22—3=0 A LIEH x=3 =K
r=—1,]

1 2 We now introduce a new set of symbols x,y,t,and consider equali-
ty, addition, subtraction, multiplication, and division in the total set com-
posed of the new symbols and the complex numbers. The new symbols may be

considered simply as symbols without any sets of values or assumed relations.
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SIRERINNENB—THFTS 2.y, AREFRE, LURTEH X 55
SHMALEERABRNTEEPEEFEA ML L REMRE., IEHFS
o DA S B s R A A M S BRRXRARNEATS.]

oikkite (1) BREZEIEH T »a set of - Hl the set of = R “deeeeer |
BEE” (B, R LEREIE ol AR — 4 () - AL EABIEE T &
A AR#%, .81 I F3X.a new set of symbols x,y.t A[FR“—Fh ey z,y.t
RUFFHFE"(RAHE XA S); X, symbols without any sets of values
or assumed relations I MiIFM“ BB AEORAHAELXEZHNT". XHEHBA
NEE, MBXEBEFRE, (2) introduce EX B EFER“SIA . BIXLEMN
FXARAR—BENMNA., (3) XBIE equality BR“FRX”, 5 MMk WEL"FH
AR BCAHE”. (4) The total set FEERB“HEE"“ZLE"FEH
i) X B EENE” B -BATERE”, LB A 7E AR R Fm
b “2&”, BB the total set of - iF R “H - 2EHMME".

@ [HRERIMNBA—FMBE .,y RANFHES, HEHFHASHERSK
AR EEEBAES NE Bk REMBRE. o] LUEX R A S 6 b E R
BERAFEHOLRAREXENTS.]

1 3 The concept of an algebraic function is an extension of the concept
of a polynomial in that every polynomial p(x) satisfies f(x, y)=y— p(x) =0,
that is, a polynomial is a special case of an algebraic function that arises when

S x5 y) has the form y—p(x).

@IRUBRBHMEEZIAMEN I . HPEI 20K p(OBE
f(xy I)=y—p()=0, LB R . FWMARIEW y—p()W f(x, ALY
RBEE B — 1R IE .1

[4#] MAE thatis IITEER T ENESM. BN ENESTEE
—A i in that 5| FHRAEGBE P ENESHEE —1TH that SIFHEEMN
M EENGEREENE SR, &F — 1 H when 5| B0 &4 RIENS.
#—2 W W m A ETE.

oo FEHIL"in that” /", in which” KB, FR K. K,
BRCEEFR X B in that’ I EREZ“ERN", RN ARE. E_I1EMNE
A A H that 5] 5 B E 35 N H & i 9 & special case AR B HEIEEH alge-
braic function, ARt F—a 5. ZHRK p(OMBEW y—p(H flz, VT
PERRBRE AR ENERER".

@ MRERBNESEZALNESHET . ARG BIR p() B R
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flxy =y—p(x)=0; XA, BT X ABREY f(z, EAHA y—
p() B W RFBRIETE .1

7T AR AR -

@.MRBEB SR EARNNBEE N, B AENZIR p() MWL
flxy, P=y—p()=0; XA R, ZMAEY f(z, PEAHRER y—p(2)
GREOERN 25E - @9 |

% 3 4.3.3
F5 H T T A B4 9% 3O HP BT A FE 1 1) B, O i LAE K

(1) The polynomial 10x® may be considered as a polynomial of degree six

in x with coefficient 10, a polynomial of degree two in 2z with coefficient % .

a polynomial of degree twelve in /z with coefficient 10, and in many other

ways.

BIEMK 102° TUBEMR X TER 1 6 KETR, BHREN
10, AR TR 22 102 RETR, EHRBH o R— A X FE RS/ 12
RETR, &0 RH 10, AR, ]

(2) A polynomial equation f(xz,y)=0, where f(x,3) is considered as a
polynomial in y with coefficients from the ring of polynomials in  with com-
plex coefficients, defines y as an algebraic function (Section 3. 16)and has as
its real graph an algebraic plane curve.

BIETAFTRE [ (x, =0.HH f (. PHEAFE-IMXTFER yHE
TLEMNRBORAXRTLER - REAEEM BT, EX y A —MREE
BO(R 3.16 4) 3 HIE—MUBCFE &/ e s KA. )

§4.3.4 Groups®? [&]

$i 1 It is a remarkable fact that the whole of group theory, which in-
cludes many deep results and is far from being fully explored yet, rests ulti-
mately on this simple set of axioms.

DI MEBEENELEEIMHERAS A ZREEZRNE LR RETL
AR AP N0k S /A iR 2

(or#] it RIERXEE, that 5| RN AR EBENA, ZNGAEEENSEN
% & ], which 5| % & 3E BR il ¥ 2 B N AR B A B MIFIERON PRI,
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oifiTe HMEBURXNER . FAABANFLER ‘B MHELLITFE
REXKNSEEERBRZLEWR” X E5FEXAE. FE E,which 5| F#IEMR &
P15 A R X that 3| S8 M 4] # £ 18 the whole of group theory fEFb T ijE
B . SRR AR R DB IR IR FEE MR H (RS X @, ) & R n ik £
HEH—EHEFRLEX@,) . b, ultimately(adv. B2 H) A ; L
this simple set of axioms ¥ 8% “ A 8 #) 58 & 20 BV 2 55 19, PR 0 AR 48 0 SR el
HOHATR‘IFE—TRENAHEA”.

M- TMEREENHELRE . ETHELBRAUIE-TMHANAEY R
2l  REZELAT TIFEREBEXRME RN HETAEDHENR.]

1A B -

@[ MEREEWELR . EIMHERREASTIFSRERNE R
EBNRHALAHERL T BREBAERKETFIHE - HAMAEY.])

il 2 We begin by observing that the axioms G. 1~4 are to some extent
redundant: less is needed to verify that we have a group.

BIRMNABLEEDNABRG. 14 EEMHEFELREZAN  HMRIE—-THER
THEELMFRNE.])

(A& ER] redundant a. FEM, EHEE,

oiite RMEPFEMABH EANLAEERPINLAEBRAFAZRN:
i F redundant & XBRT“ZRN” . EF“EEM"%, L the axioms G. 1~
4 are to some extent redundant ) E B . HEPHAHERMNEF LFX LR E
HEWMIlE. XMRR . BXNRESREARES. 5, begin by B begin with &
B FEA e FF 7, A LIEFER B "%,

@[EEBRIMNMEEILEG I A ARMABENERE, DRIEEAN B
REBAMRTBTEELNEMS.]

% 3] 4.3.4

16 T T % A% 13 SC AP B A 1 (R B, 3 LA K

(1) If this holds then (15f)*= 1, f, where 1; is the neutral of G; by divi-
sion it follows that 1; f is the neutral of H.

@IMBEXNRXFBL M (ef)i=1.f  Hd 1; B G BT, @ 8
B 1.f thlE H A $MIT. )

(2) Thus bx = 1 has a solution for any € S; hence S satisfies (c) of
Th. 1 and is therefore a group.

@UXHEXN VIES,bx=1F—1, LI SHREEE 1 P, Nk R —
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ARt
§ 4.3.5 The Parallel Postulate™! [FE{T2i%])

#l1 We will call it the Euclidean parallel postulate because it distingui-
shes Euclidean geometry from other geometries based on parallel postulates.

@[ TFEXSEXILEB LM MBI A7 AR ER E AL,
FRUMRENERIJLER T AR.)

(@& X ¥ ] Euclidean parallel postulate BRJLEEETARE,

¢iffife JHiF distinguish A from B i iEE“# (E)A 5 B K4 7”7, %%
XERAHER HREABABERE, FHUEHBEHNOE. B - KHHRHB postu-
late f& 8% B A 1 4 % 5 i) » T 55 — WK 4 BL#Y postulates J& 5 ¥, H BT 4K 9 X4
RAFIRTE » BD3Z 48 Ho b & B & BE 0 20 85 R B, L AT 038 B JL ] 2 % J8 3 A
B9 B s R GE AR HE A [F] B9 AT A B BT LA A R (6] 0 JLA] 22 . 3R SO (A B 4
BEHEE.

@ [RITBEHRAIKILEBFTAR A EFBRILERILMESHE T
£ & FF1T/A BEERl b A9 H At JL AT 2 X 51 5F % . 1

il 2 We want to be rigorous here and so should not introduce into our
proofs assumptions that have not been stated explicitly. At the same time,
don’t jump to the conclusion that parallel lines are not equidistant.

@UXERNAEE, T EARSNH A 8 E 2 SR Y E BA 5%, [7 6
ABBFATHRBARFERMNSIR.]

oitife Zhid introduce H £ f & X, M &b introduce into ¥ H B &
“qBeeenen Bl A esees ”,assumptions R E i, H X JG M E & & 18 W), BT LU ZE into
our proofs ZJ5 ., HHEHIRMEAM introduce EX B & L BEERS T AT
B 454 , 5548 proofs assumptions B — A4 . X ,.jump to FEIE“ZE R E M
— N EBERERAS—ABE. BXTEHEH

@ (R AEX BRI ELE™F MU, LA RN IRIB R 2 E 2SR RIR
FIAMEBZ . [F6, A E R RGN T HABAEENER.]

#1 3 So we cannot use this criterion to convince ourselves of the correct-

ness of the parallel postulate that would be circular reasoning.
@EFFUBRMNARAX AN ERERBRIACEZFTAREERL,
AR K B R PR PR E ]
oifie WIS “—” 5 that FEH R HIZH IR IEHAET A RS
IEBAE”, A H . MR R FREF that, RATRERERARE. 5—
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B Ah A ok AR IR BR BN = F 18 5 E— a0 B Y RN R,
@, KA LA A i F A 4 30 3 SR 1 UE 47 2 BB IE B 1, BB O AR 7 9 K
UE R 2 7 A& ALk . ]
@: LAT A, 7S B A A 4 531 e DR 38 TE - 47 23 B0 IE 8 1, 75 I 8 & 28 L 0 2R
#wik.]1
% =] 4.3.5
T T 11 458 £ 1 3 oP T AR A B R0 SR LA R

(1) It may seem “obvious” to you, perhaps because you have been condi-
tioned to think in Euclidean terms.

@I FHRMEFEARELEZR"ERAN”, TRERN AR RERILEEHN
Rk EFE.)

(2) The trouble with this criterion for parallelism is that it turns out to be
logically equivalent to the Euclidean parallel postulate that was just stated (see
the section Equivalence of Parallel Postulates in Chapter 2).

@IXTRAMFTANENREAETEZBSFN TRIRGERS MK ILES
FHRAArRESBEBE _FEFHTARNENHD .1

§4.3.6 Vector Space of n-Tuples'®! [n TtEEZE)

il 1 Such a proof is of interest because it shows that the Cauchy-Schwarz
inequality is a consequence of the five properties of the dot product listed in
Theorem 6. 1 and does not depend on the particular definition that was used to
deduce these properties.

@IXHMIEARABN, HACRANA -HEAARASERXREH6. 1 hX
T AR EAHE— R I BB TRENE S, X EE XA
KT XL

[i@i& i+ ] dot product & e ; Cauchy-Schwarz inequality 7§ — i 5L %
AERX.

¢ifi¥e wasused to BRRARSTEMIMENENTHE.BRHBE L
TXRLXBRAF-TEL MERE—RES . AATR“EE"NH. EHRHB
BRGRFMAR". HBFRAS—RBBA, and FEHNELENT— 4t
WIS, B L and BEIFRRL“ A TT”. BEHb. that was used to deduce these proper-
ties 2 BR i 4 5 0 DA ), 46541 110 7R B AR 5 , S B 7T S 3tb R AR 2 )

@ DXHFRIEHRABN, BAAECRANTE - HERARSAEE®6. 1 T
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BB K F AT B APER A AT A KB T 8 A LUHE S 330 20 B 9 2K 2
X.1

% 2 This proof also shows that the equality sign holds in (6. 1) if and
only if C = 0. But C = O if and only if xA=yB. This equation holds, in turn,
if and only if one of the vectors is a scalar multiple of the other.

@UXMERARA T 6. DAPHFSRILLYHAENYEC =0, HEC=0Y
BMY xA=yB,RZ , XPTEABMT YA Y —TmEREMHYAEREE.]

oifi¥e ZEXH,inturn HFNAR“RZ"ME“BETR". LhL,RX
—HERREAEHAEOEESE. #EI, bot RN EFERER", RN EiF
AL“M”. M5, the other BMEAR“HMA "M E“H —47; [ 8, J7 304 0 H
vector N #MFH . _

@ XMERABEHFT G DAFEFESHILEHANKEC=0;MC =04
BV xA=3B; it —¥ FHX N ERXB L L BN LR P —-ImBES 1M
s ]

% 3] 4.3.6
T8 H T T A R A B SO h BT AR A B (R R SR LA K

(1) When we translate this in terms of x and y, it will yield (6. 1).

@EYRITRE « 71 y RERE . RELBERG.1.]

(2) The Cauchy-Schwarz inequality has important applications to the
properties of the length or norm of a vector, a concept which we discuss next.

@M -BEXASFAEKEMETESMBNER EABREENNAE, T
R EX N 8E.]

§4.3.7 Conic Sections'> [[H 4% th4:)

1 The cone has two nappes meeting at P (Figure 4. 3. 1).

@IXTHEEARH (MEZTFL PORLE4.3.1).]

(7% E %] nappe n. I,

oitite FEXFEAW. LKL BHETXH,XE cone Lfx FRIEH
i T (AR Y ) s RO B R IE X B B B AR, BN MR T
S P”, JE3CH has BER] DUERL“A ", thA] IR IR “AE ", 40 1A 48 18 meeting at P
BE ] LLBK7E nappes Z BT . Wil AE R, KR EBHEE R LB ELEARE.

@ X E#EHFERHH, EfIXFA P(ILE4.3.D.])

BEER
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@:Ux A FgEHE T & P B ARLE4.3.1).]

fl 2 The locus of points on the set of lines perpendicular to the plane of
the circle and through points of the circle is called a right circular cylinder
(Figure 4. 3. 2)and may be considered as a limiting case of the cone as the dis-
tance PQ increases without bound (Figure 4. 3. 1).

DI-HEHATRFAENVFEFBLELE LN SO ER EOPHER N IER
BB 4.3.2) ,3F BRI AT LAY & S B PQ 75 JG R 3 1< i [ 5 /9 — Fh 1
BRI (LA 4.3.1D.]

A a5
_ N |

|
|
|
|
|
P |
I
|
- '4_ ™+
o I -
1 ! h
\\ Q /}
Figure 4.3. 1 Figure 4. 3. 2

(447 ] X R — A6 5ff B 40 5 2% B 18] B0 41) , 38 3B 4 A9 .0 /& “ the locus of
points” ; 18 i &6 7 H BI S I3 5 H 1, and S EETTRRIT.

¢itite BEXMHXBEMBHEEMRLEEREIEE. BIERAHA
BB " E S R R R R A BIELBX A . UL, —BRARCAE.

JE 35 the locus of points Bt & & B A EMi1E = on the set of lines({JiBH &
HEREEL LA ETRUEPAHEXEELRMWHEREAHAS: —BEEE TV,
“REdR S, BEEMSTSGESREEREE EERSIOTL. BREE
HEHETERRE -1 RAEERHARSIEEREFRE, BT LN RSB
R. HEEENRE, B RYEQB SN, BRI ERFNA.

@I[HFEREAETHAEN TFEESEZA LN SNFFEL AXHEL
FHRSAEROBER N ERSE(RE4.3.2), EHAULE KRR SER PQ LR
s B H#ECLE 4.3 DR —FRBER.] GE X B and FR“4”.)

% 3] 4.3.7
18 T 45 B A R SO BT AR AR B9 R0 A 3 i A 4B i
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(1) Let IT be an arbitrary real plane and consider the right circular cone
generated by lines through the fixed point P and a given nondegenerate circle
with center Q as above.

@I OREBNEVFE.FAEEHELEHES PRHEZNLELRGEN
PL Q M [BLG i 4E B 1k £ R B A LAY IE R 4 . )

(2) Let the constant angle between the generating lines and PQ be a.

@URFBLM PQZEIKFANTEE a.]
§ 4.3.8 Higher Plane Curves'® [®XFEmi%k])

# 1 A point P of a curve such that every line through P intersects the
curve with a multiplicity (Sectic;n 8.2)at least two at P is called a singular
point of the curve. If some line through a singular point P intersects the curve
with multiplicity two at P, then P is a double point.

@IMA - PHEBEL PHE-FEKFSHARHELTRA P EL
HL 8. 29, Mk P AMARMAHF RN, WRELSHFRFAPHE-RZRERSH
SZHEXTHAP _&H,MPE-I_"HFHH.]

(@8 E ¥ ] singular point A % £ ; multiplicity two FE#h 2.

oiftie AMEEBLARKEXFEAE. Hob O H ARMES. 2 H)E LR
&—— HEH (multiplicity) X 5& L& B & S AIEEBIFH  ERE - R ”
FITE RO RN B8 A, R B “F M7 — AW, GDRELETXXH. S
THARCERHENL MARERIE P B—P -E A MURXZEBER
(HBET called), BHERTZ A b, WS FEXHHEZFAP —E"REN“"H
R HERRE. —BEk NBEAFREFRLELSHRENITRE
HE X

@ EMEEt—S" PHEBELP WE—-FEXRSZMRAES P MIZHE
B 82T ELR 2, MK P IHANERN, WRA - FELHFRIAPH
BELE5MAER P MZWERN 2,WHKE P H _FHK.]

$l 2 This can be proved using the fact that if an equation f(x, y)=0 of
degree n and the equation of the line are solved simultaneously, then the resul-
ting equation in one variable is either identically zero or of degree at most n.

@ XA~ AT LLRE SE 35K i LAGE B, BRI R n (R 7 B f(x, y)=0 MIHEL B
RIE R, M F IR FELT A ERREEET O RERTH N n.]

Siftite XAIFXHM T ILAEEIR: (1) B¥EFHEEH fact RAR“TERH
GR EARREF . AAEERAEH; (2) EEEHCHRIT 2. DHE
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222 0 (1 B 24 AR 1E simultaneous equations (B 37 5 #2) . §E N A8 ] 5X B 4 solved
simultaneously A N % 2% B “ [ B 3K 8, 7 3 B “ R S SR 875 (3) ) P Y resul-
ting MR E-ing B . BEXERKRHEF LR, the resulting equation [ iF
MHAES BB (4) in one variable if i i), equation [ 1% , i 5L 3 i) % 3C
AUEEFTRELAER MEBEB¥ELELREEMN,

@ [XAFRTHUTFTEILER - WRE W HR f(x, =0 5ZHKW
FRBES R, M — B EA2EETOEARMBAET n T R.]

1 3 A unicursal curve is characterized by the fact that the coordinates of
every point on the curve may be expressed rationally in terms of a single
parameter.

LT frah R T LLXFE 2, B 2R b - - S A AR TT LUR 48 814
SEORHEE LR ]

[R5 £ ] unicursal curve HfThzk, 5 A4k ; parameter n. S,

¢ifi¥e Rationally BRFEH E BT AT R MM, &3, HEX
R " EAE., RE LT CHA X RN, K& LR HA
MR HAERE”. YR EHRENIENEN FRESEXNRNHEEL
Bl A A 8 H .

@[ HEMETTIXFEZE, ML -1 AR UHANS
BEA A RER.]

% 3 4.3.8
i H T T %R B4 %8 3 o BT A TE B (R B, OF i EAB K

(1) In general, at a singular point P it (a curve of degree n) has £ tan-
gents when every line through P intersects the curve with multiplicity at least
k at P and some line intersects the curve with multiplicity exactly & at P,

L, Y- REBEL A PHERSXAMREMZ TR PEL L E
HEAE - FEEMXAMENHEL T A PR L E K, % n BTWEE
— P AFEAP LE R EUL.])

(2) The Folium of Descartes, x*+ 3y’ =3axy (Figure 4. 3. 3), has a node
at the origin and the line x+ y+ =0 as an asymptote, the semicubical parabola
y*=x" (Figure 4. 3. 4) has a cusp at the origin, and the curve y*=x°(z—1)
(Figure 4. 3. 5) has an isolated point at the origin, '

BIHEFILM L, 2+ =3axy (B 4.3.3), A -G AERS L. FHLES
rtyta=0 R —REFEL, ¥ =RBYL y' =" (F 4.3. DA —REEFR A
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EHEME Y= DELDHF ML REFE L]
[iAiE ] Folium of Descartes ¥ JLH £%;semicubical parabola 2
=Wt PLk snode %545 sisolated point PRI .

yll
A
1
2=x3 y
7 =2 ()
\\ - 0 x
Y x
Figure 4.3.3 Figure 4. 3. 4 Figure 4. 3. 5

§4.3.9 Zeros of an Analytic Function'! [BHHHHEX]

AESESRETR

X 5 48 338 A ##t Functions of one complex variable (2nd ed. ) ./t BAE
TRERH—-IEENER X THRITEBWT HAM%L, B Liouville &
BIOFAEREARKEESRACH EAFEFBNSTALEF R a1 TREF
FHEEIERAMEAEE , EETRIGEPEARAAREEN LT XF"RIES
KT RXEFHE E—HBEAIR—IT&FB. HE, Liouville eBRETEHERE
WH—RIA PR ER L.

XAEBHHEENE S AN IFZEM AR FERRABEABEREIEF
HBER. SXUEBMAMAE XSRS, L HERBAE LG XER,. &
EHREENAIZH, AP ZAa PSR r. EXFREL AXPAHBE
HA . ZHEHX, PHAHEIE(HEZH get M A obtain) , R UES B ¥ KAl
T B 35 B9 R 4B SR i 2 B il (was) fEiB 18 — T W AR BRI E AL R —
W FXICEN, BEE T — R T AR A W AR AR, R
A B R AT

%] 1 Definition 1. If f. G—C is analytic and a in G satisfies f(a)=0
then a is a zero of f of multiplicity m = 1 if there is an analytic function g;
G — C such that f(z)=(z—a)"g (2) where g(a)## 0.

BIEX]1 MR [.GCCHRWBEaTEGCHHER f(a)=0,0] a REH
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mZ1 RN EENMRFE-ITHHITEE g:. G-CHB f()=
(z—a)"g(z), K gla)# 0.]

[iEERE ] zero &, % K ;zero of multiplicity m EH A m HF K.

oitite BFBEARATHEHPMBFEN XX BHFERNE, §ENER,
BiF s Wat, B R A PR N7 Z K shiF R B R BUE XM AR IE (BMEFSCE A is
% is called Z EFEMUT BN M) . HIK,a zero of f of multiplicity m=1
th 1) of multiplicity m=1 REBEH f T EEH zero, R A multiplicity m=1 &
K, Z3B eSS F @AM E MRS B m BFEAm=2D", BHE AR
W) B AR B AR of AR AR AR, R K/DRTR M B E FAE L X .
4b,a in G satisfies L A BB FEHW .

@IEX1 & f: GCHHBaCECHE f(a)= 0, MEFE IR
¥ g: G-C B f(2)= (z—a)"g(2), K gla)# 0m = 1,MFKa R f
Bm EF M.

#2 If p(z)and g(z)are two polynomials then it is well known that p(z) =
s{z)q(z)+ r(z) where s(z) and r(z) are also polynomials and the degree of
r(z)is less than the degree of g(2).

LR p(DF gD EBWANABIA,MABHBR p(2)= s(2)g(2)+
r(z), B s r(D R EZTMKAH ()W B/MF () BIBT 5]

oo FIIitis well known HER“CRNWE” . EHEARUAE
A ERMABFRCHAG:HE (5 RN KM then ZFH E A RYE
. WiE it is well known % B/E“ K RE”, A3 B 0T AR {0 80 B , a]
R T

@ [WNR p(DM g BREANABIX, MAWMBTAR, T UB Y p(2)=
s(2)g(2)+ r(2), P s r(D)BEZIRXE r(2)BBHENT ()W
B

% 3] 4.3.9
Fi T T A 4 9 3O AP BT A E B (R R, OF I LA K

(1) Another property of polynomials is that no non constant polynomial is

bounded.
@ [ZHAN D —TERE: AREFHNEZIARZARN.]
@ [(ZHANA T HEERE . FENZINEERH.]
@& [ZHANA - HER - BAEFRNZSTAEARY.]

(2) If n= the degree of the polynomial p(z)and a,, ***, a, are all the dis-
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tinct zeros of p(z) then p(z)= (z—a,)™ =+ (z—a,)™s(z) where 5(z) is a pol-
ynomial with no zeros.

@LMR n=FHKX p(DWBTE ary ~a BE p(DOWARAMHF L
pl2)= (z—a))™ - (z—a)™s(z) , P s(DE -PMHAEFEANEZIA.]

$4.4 B REFEME SRR ST A E BT

45 LA HH B 72 R B2 VB0 o B TR A BObE 45 % Wl SRR R G B R B R
A RBL, AIFEEREABELEPE ROER FALEBRANS S
F 3.
§4.4.1 Newton’s Law! [4ifizEiE])

#l 1 A spring-mass system cannot be solved without formulating an
equation which describes its motion.

SMMRBHGHHRZINWFX, RERR A LR EBARD R, ]

[RAiEER] formulate vi. BB MRS, AR 0o - AR AL

oifite 1L formulating B iF M “ B iT" B A & #9; equation 7EiX B R % 1Y,
“FR”. “REBADIMIR" 1Y F 3K AE NI, ffe e (4 X F R R “[al B,

® (MR BEHWBHBR I - HREZHW R, MERBRRZE N RE
BAEIFRY.]

#] 2 Fortunately many experimental observations culminated in Newton’ s
second law of motion describing how a particle reacts to a force.

@IFEH, BELEWEEMBN TENFERTEARMMFHIE &
BhixameEg,)

[iRiE ¥ ] culminate in A8 T, B 52K,

¢i}i¥e XHEH culminate in FRL KB TR A Z K ;8 describing 5|
F 43R A E R L AT B TR B AN TR

@ FEENE . REETFLENRNERFERTHME _sdhemd. Zerk
H5 R B F #9182 ] Xt B VE AR R R . D

#l 3 There are no point masses in nature. Thus, this formula is valid

only to the extent in which the finite size of a mass can be ignored.

®IEERFEA ARNFEE, FHik, X2 U R E 8 R & A B il
B R Z M . ]
[ EE®] point mass P&, A,
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[ #7] % — 4] to the extent & FAHFPRIE, BB R “HEXTWEERE)”;in
which the finite size of a mass can be ignored & & 15 M A] , & i extent.

oiite (i) BARME S ¥iAM b point mass BERRE AKXFE,HE
BEXBHRY %) FEEE, NiZEYE ¥ WE R ERE ETX
R FRATSRORERR”. GO IFRA EMWTAFRSH, B E 5 5
#U can be ignored M4 E A1 HYIHIE, B2 K4, (i) the finite size of a mass #§
MR IEREBRADNER” AR REXER".

@IESREARFRAGFEN. B, XN AXMEFZ BYEKA R
AT Ll Z R A TR ETE T L.

#14 A second approximation has its origins in work by twentieth century
physicists in which Newton’s law is shown to be invalid as the velocities in-
volved approach the speed of light. However, as long as the velocity of a mass
is significantly less than the speed of light, Newton’s law remains a good ap-
proximation. o

SI-TZWEMEET 20 HERZRX TR 4B ERP AR Y EES
FHRENREHN, HE, RE-THEROEERAEAE /D TIHE, 40
ERARERLFHEL.]

eiftife (1) B —SP¥ia# | second approximation BIEEEY—
UGERL” . EERHE T SCORE 2.6 3 FA G5 — 48 JE, Bk R &2
B 45 A 45 1 A X 52 B B9 AT LR R , BR7E 4R B 69 2 32 I ST sEH A X8, BT DX B
#J a second approximation #§ M &“ 5 —FUE RIH#AR". K T FARE EHMH, BiF
BRI ZE X F EfE— 24 FE. (2) B significantly ZEF Z i PHERE“HA
BREXHA“ERERH”, BEEZFPFEFEBEFR” B M”55 555
&, 3X B B significantly less than AR “IE/MF7,

@ [XTFEMBH D —MIEU#ERET 20 L2 Y2 AN T IE; X
RIEPT Lz EEETHEENFHERRY. BER, RE /R £ F i
NF I, 1 E RUVR R B R PIHZE ]

#1 5 Suppose that an external force G, is applied to m, , and G, to m,. By
applying Newton’s second law to each mass, show the law can be applied to

the rigid body consisting of both masses, if x is replaced by the center of mass

; d*x . .
x., [i.e. » showm T;”ZF, where m is the total mass, m=m, +m,, x.. is the

m;x; +myx . .
center of mass, X, = -ﬁ. and F is the sum of forces applied, F =
1 T
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G,+ G.]. The motion of the center of mass of the rigid body is thus deter-
mined. However, its rotation remains unknown.

@IBE—1MMH G AT m .G EATF m, b, @R AFWE _F
BTFE—-THRA L EYE @A LN T i AR ReRE L, xR L

5B (HES m S5 F, B BT m =i+ xn R L
x, =BT by E, F= G+ G, FRRI L A 055 3R

™ my +m;,
BEN,.BRENHEIRA.]
¢iite FEXREHMEXHNER . RAZITHER SREHBBA, LA
.
@ BEN LG AT m £L.GHERATF m b, @B FWE _FBMN
ATFRXFAMESLEFALS (AKX RO xRN, 468 _FfRdn
d’x,,

VARL T B P A SR LK R R CRIE B m =5 = F, Jeebom R SRR B

_mx +m;x,

m=m, +m;; X =B L, B Ko = o Ty FRMWAZHM, B} F= G, +
G, TR RMEHRLAEMBITURE BFE CRHIEEENGFENXES
5.1

# 3] 4.4.1

5 T WA R IESCP BT R A A R R 3 U

(1) We emphasize the word approximation, for although mathematics is
frequently treated as a science of exactness, mathematics is applied to models

which only approximate the real world.
@ [JRIVBAEMVXA 215, BRBFE B YME-TTHBRORF, B
R FHESH A MRE,]

(2) Generalize the result of exercise 1.1 to a rigid body consisting of N

masses.

RIMFEEI LI XTF—ITHEHNIFREHAINBEYENLERE.])
(HAE TR ] generalize vt.  #EIE ML, #ET ; generalize-s+toesr  $feeeree i3

§4.4.2 Applications in the Biological Sciences'”) [#HEXMEH¥ K
KA1

#f 1 It is sometimes quite a challenge to explain why some behavior that
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the solutions of a problem exhibit is not behavior that would be expected of the
physical system that the equation purports to model.

@ (A i3 2 — AR K B Bk &« A4 — A 18] 3 i) A JR s I SE AR AT A A R
BHWENITH MR EBHAEANYERENTTA.]

(A& E %] purport vt. H#,.EHKE.

[4#7] RER to explain fi5| FHEHEME EE, why 51 S8 E NG 8
FiE & behavior, #1iE & 5 — 4~ behavior, F#H — 4~ E 15 M\ 1], of the physical
system 2% — 4 behavior B E &, B G — that 5| F 1 i85 N A B M system,

¢iite REE1EMA that would be expected Hl of the physical system
#REEE A behavior W EIF,HE _EZRAGFEARAR"E“MR”H & F
KE,

@ (A BT &8 B — AR A Pk a1 /Y (8] 81, BD 40 4] fif B — A (5] B (O #8)
HERERARAMIBEZIBEN Y ERENHR, REZ T BRERAITENY
HEGRRE.]

f] 2 Often the defect can be remedied at the expense of clarity and ease
of understanding.

@ 8 X AR X AT DL DL 48 5) il i e ek 4] 1E . D

@ (%X AEBE T BRI EEMES RN BT ]

[iAiEER] remedy v.  #h#;at the expense of -+ 4fiHE -+ s Lhovreee |
(AW 8

¢iffiFe the defect 5 /YR b —A) 45 i i “J7 B i % A4 4 o 0 52 Br () B8
MR PE A — 3", BRER T SCRTRLAF BT 5 ) ) B8 B - “BEOR AN X N BRBA
A O 40 B R R R TE 52 2 A T O, X RE B ) T SRR A 3 AR A R A 4
SRRBEE”. clarity W8 clarity of explanation, ¥ fll ease of understanding 3%,
FREL ST AERXHER. #32 RAERE, UXKE AEHAE, 54
M= .

@ 8 # TR ANX A R B 0 Ik R LA A PR B T B B A S B E N
o .1

%l 3 This can be an expensive trade-off: simplicity and clarity with possi-
ble fallacious behavior, versus obscurity and accuracy of behavior.

@ X A] BB — 4~ & 5 #Y 32 5 - 1] 52 70 75 28 L I v 8B A9 B 1R AT I X AT M
BRI RO T . D

[REER] trade-off Z#,% 5 ;fallacious adj. BRI, SR HE Y ver-
sus prep. XfPi;obscurity n. HE, A,
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oifife FHEMHABTAEEMBER T RAER, HHRERFLER,Z
RERAENEHAL. MER,simplicity and clarity £ 351 8, ir 8 B9 2 2 A
77 2. , possible fallacious behavior $§ i 2 ¥ I A9 45 3 ; {H & obscurity 5 accura-
cy A 18] 55 b 43 14, 7T 48 9 B F 3R 3, T accuracy of behavior BE5 R .

@ [XTREE—ERM RIS, H—J7 2 6 5 5 6w # R 6 ¥ 5 A gE
AR T — T F i 0 L 3R 0 R R ME R )

$] 4 Most of these equations have variables separable, but others are ex-
amples of special classes of differential equations that can be studied produc-
tively.

DIxEFRARSAT M TR BREMBMNEREEXINENESF
BHARIAR N H 1.

¢ikiFe IH LKA B, have variables separable R % i “ & 9] 43
BARK”, But ARBFERELE”, XHENFER T,

@IXEFRARGEASEERN, MAKRME-LREBREINES
TR RERAET.]

¥ 5 Here the topic is populations where the growth is restricted, rather
than unrestricted as it was in Section 1. 2. But differential equations similar to

the logistic equation, such as the equation

%=<d—cy)<b—ay), 2. 1)

which is clearly a generalization of the logistic equation, govern such other

processes as bimolecular chemical reactions and the spread of flu epidemics.
DIXESHNEEREHNERZREANBTOHE AR L2 5Py

FAZRENFL. HEM>TELUTHEZETE, LR

%%=(d—fy)(b-“ay) 2. 1)

B—EEET RS ER TR — BRI, B RRE NS4 RN
WY BOX e BEN )

[iRi& & ] population n. A, SHAEY K B9 B 3. 84K ; logistic equa-
tion BHEITE TR, logistic T ;growth n.  AKEKME.ARY.

oiliEe F3CX population,growth,govern Fl logistic equation f ¥ fi# %8
B4R ; K population #l growth #F X NE L. NS LT CHTHER . &
M #E; X logistic X R #L3E], X P A B, VI A CALIEMEIMEN . X ,general-
ization 7EX B % FERLHET.
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@, [ B 69 2 B R0 o2 L3 e A R o 0 b A W i A, R 1. 2 TR
BEXT RIS, (B, — SR B T logistic FRABATHE, LT #E

%—xw(d cy) (b—ay) 2.1

BRE R logistic TREHE EMTHMB M LR, BIE MM F 10 F KA
MPEMT Bz X TR

@, X B8 B RO KA R A AR S E, AR L2555
BEXT KRR IR & . (BR, — 2Bl F logistic 7 B4 7 BE M T HAL
RKEW LR, gy &

dy _
dt

(B logistic FREMMET D BATEWND THER N MBERGT B2ZH
SOk |

f] 6 Strange as it may seem at first glance, this equation has served very

=(d—cy)(b—ay) (2.1

well at predicting the size of populations living in restricted environments.

@UE—F BEASBA XN HFBEFENAEEZREIFREHA O KD
RURyaI .

oitite JRILTL 4 A strange JAAEA] 1 »as BRI G B, X B as 2 3% ],
BERER“BMR”,IM strange as it may seem at first glance ik MRiFEMN A, B
W BB IE 3 53 7 ) Y, 48 as IRV M. Mk, the size of populations ¥ #§
AP BRI S YRR KN R R R A B KN,

@ [EAXNTTREBEXRA SAT RN B ERETLIB MM HTAE
TE 5 8 IR 58 o 00 A2 ¥ B A4 AR A T L ]

7 Part of the problem of estimating a is that there are competitors for
all natural resources, and the equation as formulated does not take this explic-
itly into account. All of the effects of competition are incorporated into the one
coefficient @, so a is more than merely an cbservable “death rate”.

@M a —BoRBR - HEEFHATREBHAARKENZ SR
BZBE T REAERVBHERE, TARERFNERBEEGHRA—-TFEEK
a Pl a R -TAIMEH“IET-H",]

[i8i& £ % | take:--into account X} es+o+ 1 L% [ ; more than merely #i
JE{¥ £ ;incorporated into  f#i-+-- 3 A,

¢i}iFe® iXH there are competitors for all natural resources competitors

HEHEDHREEZBON T MARSFTFEREMALB A 8 more than
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merely B “ER"HAE.

@ [ a EMAHSEER, E—FHARARERFESZINRANESE,
MEAERNXNTTERRABEREEX &, TR FMAEFHNURBHSE
HBE— R a, T o BIENR AT MERFET-HR”.]

fl 8 Observe the disturbing fact that for most of its early history a popu-
lation is small. It then experiences a short period of very rapid growth that in-
creases the size of the population to near its possible maximum, and then the
size of the population becomes nearly constant at this very large size (the car-
rying capacity). The population of the earth has dramatically increased during
this century, .so it would appear that mankind is in the short period of rapid
growth.

BIMETRAETRENFLRERROERHT LS AORKELH,E
SH—-TEEXREARKUBHE KR CHMAIRBATNRAE RFEADEHK
HEEX AR~ TMRABRTRE. AHLAOHKIIAEE . FUEHEHA
EAXEXMEEEKAEHT.])

eiiite NEHBAEFERAESEEWHAEMKE . FX%E—4 a popula-
tion W BR—BHWED M EMEB . MAR AL, EHFE — 4] the population
BIE—-TWREIXTE B — M4 . % =4 the population of the earth ff $§
MARAO., BiE—1TaaRHABHES, would RR#EW, MBI YL,
“Be”.

@ UEMNBEMTHATHRERES. —FEYN S REL R &8 AR
srafiEl A RR/DE . #E, B2l —NMEEmIREAMEH, XEixs Y e dky
MEL P KIIRTRAFNERKE RS AN RERILEFEREXIMBEX
MAEGEAE F, AR A OSRINK, L AR R ESETN
RERHEKY.]

% 3] 4.4.2
8 i A R A BRSO BT AE TE BN (5D R, I fn LU K

(1) In the last section we saw that the differential equation for unrestrict-
d i b .
ed growth was d—i’ = ry. However, it is not reasonable to think that any sup-

port system can sustain unrestricted growth for any extended period of time.

®URE—HARMNEAN FEERAROHA FERY —ry. KT, B
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AEbRE BN - XRFEHRET IS EX TEM—BY R e 3EZ R
ok R S |

(2) But all of this assumes that any possible growth is unrestricted if 6>
d. How does one account for the fact that natural resources, be they an agar
medium in a Petri dish, or a tropical rain forest, or the Pacific Ocean, are fi-
nite?

@UFH X LEEf—F A EENKNBRFZIEZRELG, MR >4, W
ARHE— N BILRBEARTEREGTROE? LMIRR— Petri 3%
FEPESN BR— A AT, R K HEG?]

[RAEFE ] Petri dish HEEIEM, ZKESFED; agar medium  FHg 3%
R,

(3) If earth’s population is following a logistic curve, then we are not yet
at one-half of the carrying capacity of the earth, because the rate of increase of
population is still increasing. If we were past half~way, then the rate of in-
crease would be decreasing. Of course the flaw in this reasoning is that we are
probably not following a logistic curve, and we may be in greater trouble than
this simple analysis would dictate.

@MMFABR WA ORE - RZHASEEBME, BLARIMNEXDHERAR
FRO—FFAIAOMKE-FEHMN, MERMNEL—E AOHKEET
M, YRAZRMFRETRMNTERABEX - FSZHME, RNTESKBA
SR H) R 85 T A AL 43 B B B AR R .

§4.4.3 The Utility of Graphs™’ [EitiH]

11 The best way to illustrate the utility of graph is via a “Cook’s tour”
of several simple problems that can be stated and solved via graph theory.

@ K5 B 3 0 7 P %) B 37 7 ok R 15 B F X JU A 17 22 1 B A4 “ PE S AR U7
1X 28 ) 25 BE 5 B T 38 ok AUR Aok .1

L& ERE] Cook’s tour FEFT K (FE L2 H ¥ % A K James Cook) ,

oitiFe utility RFEF use, WM& LR “HFHHE"%, FR B H"
A%, ShERGE Cook’s tour — M 7 R F & i¥F, # X 55 i 4 , & Cook’s tour
HEFRERRE BELZHEERARE. that 3| SHEENTRIERS
B EAFAK, MEEFREMNHEE.

@ 356 9 3 9 o PR ) 5 57 0 3 2 AR 58 JL A1 16T B B . T A T8 S AR 9F
R EE N ERHEROAF.]
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2 Euler gave an exact characterization of when such problems have so-
lutions, in term of each dot having an even number of line-ends going into it,
thereby showing in particular that the problem of the bridges of Konigsberg

has no solution.

@ [ERPAT XA R AREE T - TEROFENETIARAREK
MR A AU T REHELITRB LK .]

(A& X ] thereby adv. #£L;the problem of the bridges of Kénigsberg

M &L H .

oifiTe FUWMEMFLHET., FXLL,in term of 5| FHAFER I AR
15, i gave;showing 5|7 B 43 A 415 1918 8 £ 15 )& Euler, 54, line-end
E—BREFAARABRE ARBREHNHAE FEIERE R ML
B”, A EIFER“ELR”., X, going into it HIFXN“HAARAZENAARE L),
AR SEEE. ATHRER, TEMAMAEBREREESHEIFRE
BLEA .

@B RAETA(HALOREEBRERCGD HZER"HRE, A1
TR B A MR AEAE R S, R P IE SR R AR R ]

RiE—HEFEN:

@[ KA A BREAT W R EES R A E TIREREA
FBE BT RFAE o e b B AT $E Y B 2 30T 42 - B I B — e K [R) BB . )

1 3 The World Wide Web Communities can be modeled as a graph,
where the Web pages are represented by dots or vertices and the hyperlinks be-
tween them are represented by lines or edges in the graph.

@ 77 4 W AT LA AR P ke s, B ob B B R R TR AR 387K B AT 22 8] A A 4
HE&shEEPER.]

(A& 8] hyperlinks n. HEEE

oiti¥e HE or WIFHRHELSBER D “HNE". £H or WRT.FH
PREBERHEMZUARF or BT —IMHBNOEH. HENNEBHXBEER.
AAb AT LBEH , vertices [ A B8 T in the graph, B & vertices ) E1iE , Bkt
Hth L.

@ [T 4Em AT LA B RS, RP ML AS BN S RER, EINZHE
HEERL, AR RER.]

% 3] 4.4.3
B THRSBAECPIFENRGE, Bk .
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(1) Discrete mathematics the study of discrete structures (usually fi-

nite collections)and their properties includes combinatorics (the study of
combination and enumeration of objects), algorithms for computing properties
of collections of objects, and graph theory (the study of objects and their rela-

tions).

@IEBEE — HABEHCGEFTARE RRAEBEMHE — SF44
FHRMAE SIHBEOHR MROEXIHTEEROBEEAEEGIRRAX
AHBI5 .1

(2) As will become evident after reading this chapter, graphs are excellent

modeling tools.

RIANEEX BN THERSBEAR AUBALRRFHERTA.]

§4.4.4 Nonstandard Problems in Linear Programming'*! [£:14&#1
R dEFR A 8 @ ]

1 1 Therefore, given a minimum problem, we may solve instead the
problem of maximizing the negative of the objective over the same feasible
region.

@IHEE . AE— T B/AMERE, BT, BRIV AR - T178 0 76 B 15
F 0l - AL |

[i7i& £ ¥ ] objective function H & ;feasible region AJF74H,

oifiFe XAIEXRAME, KB I B iIF the negative, “the negative
of the objective” il “TA i H AR A" 5" Bir R B M m "&b B 09 . Lhr b,
ZAEERR R R H bR R BRT N 17157 (3 : the negative of the number ] iR
“ELEH R E) .

@, [t , T — 45 5 0 e/ MEL A1, R AT T LA LR MR AE TR — RT A7 4% 1
89 R B AR R BT b 7 5 )R Y B KB 1. D

@, KA b, B — 48 8 B e/ ME 1] B, AT T LA i 2 i 6 R — Wl 47 8 b
MR RERE, A2 AREHERTHS.]

%1 2 It should be pointed out that there are other ways of solving mini-
mum problems directly, and it may not be computationally most efficient to
translate all minimum problems into maximum problems in this way.

@I EEHEA M ETUERERRE/MERE, BETREARRE
BT 45 SRAB BT A e/ MA R B 34 7 =X 803 Bk {8 A R )

oiftite A4 that 5| FMEFIFENE, HP and ERMNEE - N4A,X
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Aarap it RIERX EE A ER to translate 5| REEBEARAEEIE. BEKE
EWAAFE5H, RSB E M NBFEE N TR (D BELEFE i iE
BE”  SEER/AE: Q) BAEREEFRERRE ERXNERHAE
FNEIR

@ [RiiZ3E 3R A F A AT LA B B2 o 5 /MELTe) BB Y J %, T B SX o R
BB /MEE B LR K EREETE ETREARRA . ]

# 3 To be specific, insert a new artificial variable a; into each equality
constraint of the current system, and define a new objective function to be the
sum of the negatives of a; terms.

@I EA—TFHALER o BRAERETHE T LELRE
%, HE X—1 R o TZAEF B iRR%.]

[iAiEE ¥ ] equality constraint ZHRAHHE,

oifi¥e FXMNHRELA=4.(D BEIRBEHFXLERFFRF
FAREHE”; (D) BTRARABMER FFTHRALTR o WHE . EHFLEX
BHEMRES M ERARPEA o MAREE—NEXAK P EIHAR—
4~ a;3 (3) the sum of the negatives of a; terms WiFR“& 1 o TP HE K7,

@ [(#F51H, ERTRENEBNEFRARPFHBEBA—-ITFOALER a:)
HEX—FHWERIBEEREN o THMEIEZM.]

% 3] 4.4.4
168 T A B A R BT AR W B, I LB .

(1) Record also that in the simplex algorithm, the initial system represen-
ted the origin, which was feasible, and at the each succeeding step another
basic feasible solution was produced.

@IEBAERGEEP MR RAEURREL, CRTTH, BEMENE
—NERPFET 5 —FREATITH.]

(2) The first step of our phase algorithm is to remove negative signs on
the constant constraint bounds by multiplying by —1, if necessary. Referring
to the problem of Example 1. 2, the first constraint in (4. 4)becomes x;, —x,<<1.

@IRMMHBEEENE-SRAEFBAFREENEIRU -1, BBRAS . B
MEENE. XTHML2, G OFHE-NMAREBFER 2, —2.<1.]

§4.4.5 Construction of Mathematical Models™*! [# % 8 & 8
M)

1 1 Moreover, it is imperative to be sufficiently precise (ultimately)in



§4.4 RS FEEN A ZERNTAT 327

the formulation of the problem to allow for translation of the verbal statements
describing the problem into mathematical symbology.

@ [ B, 76 #4948 [a) BB 2 701 75 43 b o B (OB 48 ) , A8 A0 ¥ 8 486 5% 1) R )
AkiEaBERBERS ]

[R5 ERE ] imperative a. WA, E28. M4 A M; verbala. O3k
L IEF M.

oiftiTe IR FEAFAEF R B FEN A A Y, i formulation & Ff
A7 KRR ER,BRE EXWAS, B T BH T M describing —
B, N RIAR” . verbal BA LMK & L EMRYE T 3L, X B verbal state-
ments W 8 5 FEE F XN H W AR,

@ K7 H. , 78 23R (7] BRI B (B 28 ) 0070 2 6% ot M, LA(E GE B4 A H % R B4
7 Y (o) B3 e UBUF FF S R LD

$l 2 Usually you have to sort through large amounts of data and identify
some particular aspect of the situation to study.

@ GE 5 VR 0 200 38 3t K B B8 A 20 26 A1 [R] B 22 0 9% 4 1 T ) R S 5 31
T . ]

oiftite (1) XE you REZHBIFMA ATERAN. (2) 3hid sort BEH
RV EER, A B H B X BRR A S # s identify 783X B ¥
RL“BENL” . (3) B sort 4 identify 351 ,{H some particular aspect A &5 #
FI R A RATE BT @B X R ME X B and MFER“ATT”.

@ LT3 5 AR 6 70 %o K Bk 0408 47 % F A0 Bk ok , AT B8 L 5 KB T O 3
T EFROFERASE.]

#l 3 Often, we will find that we are not quite ready to complete this
step, or we may end up with a model so unwieldy we cannot solve or interpret it.

I . RINMNHEEARNBARBOEEREBRINT LT, RERMN T
REH F— T EREEAR MR, RNBHERRIFRE.]

[REERE] unwieldy adj.  MEALFRMY , RIF Y

¢ifife® we cannot solve or interpret it 5245 LR iE M A] (4 B E B8,
ESFAMEEXRNMFN. $i8 unwieldy (& XFEX BV E“ELAER”, H
RERE 8, LEFE RS BN LIREE.

@ (2% 2R, WA b F W& A 7550 1 K B8 5 AX 4 4 3, 580 % T B iy
FHENSAEULAHEUZEFEERBALERBETNAT 72.)

1 4 We need to be careful to design the test in such a way as to include

observations over the same range of values of the various independent variables
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we expect to encounter when actually using the model.

@ [RATTERLR N T /DOt iR, #5 Ead & A 2L &K E
F [+) 3 3 R 9 SO 28, 33X 4 70 R X4 of e ot 7 PR AR R I R AT A SR B 19 . D

oiTe X ABK, kIR, RET I X ) F A M AT T, to de-
sign the test 4 careful f%ME ,in such a way &R 1E , B i design; we expect to
encounter 4&— 4™ B il t4 52 18 M 1) (4 B ¢ R LA which) , B H — A~ [ERE M
). AR B FREE XA E TR A R variables, i 2 & i values Y.
P&, — MUk, &4 B 28 AR AR AE [F) R 0 38 Bl B4k, B X LY the same
range W AR “ S RA 1A B WA M BUERE —H". XBERXHEE.

@ li‘i{r]ﬁf&ﬁéﬁ&ﬁﬁt?ﬁ,ﬁaﬁmﬁﬁﬁﬂﬂ?‘ﬁfﬁﬁﬂﬂﬁjﬁﬁﬁiﬂﬁi%ﬁElﬂ‘é
R 22 BUE A IR A 15 B AT % . D

55 We will want to explain our model in terms that the decision makers
and users can understand if it is ever to be of use to anyone.

@A E W BERATAORE, DERRFE M PSR, MR e LN T
EROPNC IS EERENNE

oifiTe HRAE—Luia s | X B BT ever WEMRY LR,
B i A E XR8P, A A ever 7R RFAIER . Anyone fEiX B RZ 45, &
BECARRRAE", o] LR AT,

@ Lan SR 3 A7 a1 R A SC 6t A AT A9 65 , JR AT — a8 B2 U 3R 3 P
AE FH A 19 7 5 R B AT R . ]

5l 6 Before offering an alternative procedure that emphasizes the itera-
tive nature of the modeling process, let’s discuss the advantages of the meth-
odology depicted in Figure model.

@ (e At — 98 Vo) B R i 2 40 2% AR 1k BT A 5 AR R 2 A0, 1R R AT R e
HEEEAHES A TR A.]

CiAiE iR ] depict v. %, 15 (F i HE , A2 F LB A describe) ,

oiTe FIRAHEIR, EWAXZY, REBAKING. &4 H K H
BiE.

@[FTEHFERED —TRF, EILEAREEEIBENERER EXZ
T - AT I H BB SR 2 BB iR ]

$1 7 The first two steps are more artistic or original in nature. They in-
volve abstracting the essential features of the problem under study, neglecting
any factors judged to be unimportant, and postulating relationships precise

enough to help answer the questions posed by the problem.
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@M ERUEEFZAREQER. ENEE T Bl s b & r 4 5
ERITE B T HHMAATEENEMER  REXR EBHHEREFEBR
B [ 2% % o] B HR A 45 P [a) R, )

¢ii¥e A4 in nature MF L EB“EAR E”, B A =MIH5 M 3h 4
abstracting,neglecting fl postulating #8 & involve I E &, LA L W Ab B4 %,
7 &b, 51 1EF questions posed by the problem H1HJ questions #1 problem & H [a]
A i R [a] B

@[FLMNTPRELRTE FHBAZAERAQE. XWPH TR
TR PO IE 6] R B9 A FRAE , ZE B M E AR EEWREE R E 2 BHERHMN
K AR LUE HE B A8 b i R 7™ A 1 & Rl BE (] . ]

#1 8 Although these steps admittedly involve a degree of craftsmanship,
we will learn some scientific techniques we can apply to appraise the impor-
tance of a particular variable and the preciseness of an assumed relationship.
Nevertheless, when generating numbers in Steps 3 and 4, remember that the
process has been largely inexact and intuitive.

PIERIFN L ERATLE - EBENRD, BRIHEIFLERIEM
ERFMHEHRTEEROEEEMTBEEXRNERENBIZER, A, 445
=g, ZBCEXNMIREERBaAEHMERT .1

(A& E®¥ ]| admittedly adv. FTA] A 1A#, B B #; craltsmanship n.
AR B15,FZ,

oiftiTe A4 a degree of craftsmanship BB R“—-EREMNEIT”, M
AREARBLES” . AT although 51 T 89 WA, £ A 4E DLIE RS, 38 ¥ L &b 7
% #iH“H 2" . JR when generating numbers in Steps 3 and 4 F 4 B, 1L i%
Bt 3 Y b FE

@[EAXFNMNEBENTABAET - ERENET, BRERINERRE¥
AREEH TN R TRV EEERFIBREXFHEREOREER., RE
i, BiCER R ER = NS R A BB, XM RELAR K
BEMAERES FWET.)

% 3] 4.4.5
T T T 4% R A4 13 3 AP BT 7 A B9 ) AR 3 i A R

(1) The variables the model seeks to explain are the dependent variables

and there may be several of these.

IR FRBEHEREHERIF EHPITHEINER.]
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(2) The assumptions made in Step 2 may be reasonable over a restricted
range of the independent variables but very poor outside of those values.

RIEF _MTEREMNBRRAEEATRN - TRUEENRESELY,
BEXEEZIIMRE.]

(3) Just as we cannot prove a theorem simply by demonstrating many ca-
ses that support the theorem, likewise, we cannot extrapolate broad generali-

zations from the particular evidence we gather about our model.
@ [IER B AR 8B 8 o iF B 15 £ 3035 8 B 0 7R IE B — 1~ 2 3, Kl
BATAGE B B AT K TR W8 09 R BRIESE HEWT T B A0 — et . ]

§4.5 HEBFMITEHRLF TR F G TR

A5 UL AR T B BE A PR 2 S A0 BOb 5 b SOk b A BE M E )
AL EEERNEABEIBPERNE R HAHENEANS X
23
§4.5.1 Introduction to Numerical Methods™’ [EEAEEMN])

# 1 We use the adjective “reliable” to indicate that it is essential to have
confidence in any answers produced and an assessment of reliability can form
part of the analysis of a method.

@[ERNMAEFR AT R7RMBUEXN G HMEREAF.OMTHEENEHET L
B T ke —F A R E R ]

oii¥e FURBUANAFHEMNBRMTHEMEFHN., EbL,
that 5| 3 K FE NG BB IFEF AL (F and #$%) . to have confidence
in any answers W Z M E“BERE L AMHE" MAREER LN TEREAE
&7,

@ [(RAVAEFE“ATR7REH . BHOEMERLI4S AHGE, Fat,
A RPAE RN — i B R HT T A AR 5. )

#l 2 The “derivation” stage is concerned with deriving and describing the
sequence of numerical steps which is expected will eventually lead to the re-
quired numerical answers., The complete description of these steps, perhaps
written in some pseudo-programming language, is called an algorithm.

BUES " HREAXKESFAMAFEBABARESRAOBEALENF
., RESRMTEMAR, TRAFERENIBFETRS.]
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oifite IFHTEERME —ARAER, HERF LB T A2 #
s B A XN, R4S T R, % /) Fi5 & the complete description, i§ & &
4y B is called an algorithm; i 4318] written 5| 8 45215 B & %38 5 8 B3 A B
4% » %4 description #) €15 ;IR A KRB EBRS A FRD . GRBFET.

@ U HRESRESITHRBETELRFI UERAKEFHE
HEE, XESPRYZERBRRERTE, ETRRARMORFESSEH.]

%l 3 Although this may seem a fairly small reduction in the number of
operations (and hence the time taken to evaluate the expression)for high de-
gree polynomials the savings achievable are very large indeed.

@ L& 4R 53X 7] BB 2 76 B vy 12 35 P B9 4 24 /D 69 18 46 (IR I P O (] F 4 R ik
), ifii % G By BT, A A A BLIEE K]

¢i#i¥e A4 in the number of operations I EB E“HFEERKE L. M
AE“HEENBEBES”, 5 F the time taken to evaluate the expression 2% 5
R A FH#— 88, 5SATEH the number of operations 35, Ff LAiE R
“[H it B ]V TRV R A

@ [BEAXMXANREEZHERXB ETRERE DAL (H k7R B X 8 HE T
HFERE R B AOARZ) B FENEMAMS LR KRBT ERE
WiZHE.]

il 4 1t is important to realize that, in general, we shall not be able to
find this error.

@IERIAX - RREEE@H  RIMNABBEIAXNER.]

¢iiTe 3id realize MZFM ARB"H“TIEE”; error FXEHER
RYGRET MAR A “FR";be able HFEIRHEE A7, shall not be able HiF &R
“Ek”.

@(EENREARS.E-BBETRINEERBXMEE.]

% 3] 4.5.1
¥ T 0 25 B A4 R 3T rp i A 7 9 18] R, 3 i DA R i

(1) The subject of numerical analysis is concerned with the derivation,
analysis and implementation of methods for obtaining reliable numerical an-
swers to mathematical problems.

BDIHEI T XTEREAXATHARFREN T RO REEROE
RO SERB T E.]

(2) In Section 6. 8 we describe a method which employs interval subdivi-
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sion to estimate a definite integral correct to some specified tolerance.

@ (RN 6. 8 W HHR— Rl 8, B i X 1) 40 4 19 O i = Al e 84
YEFEBEEMZE.]

(3) Intuitively, we would expect that an improvement in accuracy can be
obtained by dividing the interval of integration into a number of subintervals
and then applying the trapezium rule to each sub-interval in turn.

@ UE M, RA1A BRI E o LUE S R 4 B o X R 2 7 X6, R
J 1 ¥ O [8] 4% Wt P o A A T2 AL 48 21 . )

§4.5.2 Prelude to Numerical Partial Differential Equations [¥{{&
HRPHESE]

X 6 F 15 A B CBE RS TR E.

# 1 As in other areas of experimental work, the experiments must be
carefully designed. The total problem may involve the physics that describes
the original problem; the mathematics involved in the partial differential equa-
tion, the difference equation and the solution algorithm for solving the differ-
ence equation; and the computer on which the numerical work will be done.

RURER TG — 4, LWL R AL, BieBn e
fif R R R E Y B AR TR ESTEAMRESFROBAOE
¥ 3F Bt EALE BB TAE P i iEiT.]

oiite FHILE A MNP A1 E other areas (b4 F M =
A8 £iF the experiments(SLE) MW LLEEXT R, AEER L REAEN . HEEH as
FIRMHBENDEE HI AR, 832 AEE B, A4 in other areas Z Al
4B T the experiments, BRFHE A FEREHRIT U TFHEH. NEE
ME.FS_ABRHATHANDS, HE the mathematics, the computer Fl the
physics —#B8 & may involve I FEik, HFX =N RIFEHEH R EHE
K. UEEZEHSSRIT. '

@ (B HAMTHA LR T, XLTRLFFRE L., 25 0EE Ak
BAERMARFREENDEE EREAS TR . EXTEMRES T ROBOE S
PHBOE, LU B A T T RE TR ITEN.]

#1 2 Several times throughout the text we will assign small experiments
that will hopefully clarify some aspects of the schemes we will be studying. It
is hoped that these experiments will begin to teach some useful experimental

techniques that can be used in the area of numerical solution of partial differen-
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tial equations.

@ [A TN LB RK S ILK /e — /NS, X LKA A R R R
BT RO — ., XETREAFEFERAS A ANERE
15, 3F HLix #5056 4 15 AT LAl A 76 A% DR 055 7 R i Tl ]

oiife E—A) clarify WREEARR MR, M2 RREWHT7;
FiE M A] we will be studying &Mfi some aspects, il A& schemes, 5 /4] R
NENEB, EEAGRE , HRHEE.

@ [HPAERREHT — /N5, X8 505 o] B84 A DR 2 5 j &
NAEZRENBET. RIONFEXLLREFHEBAFE-LGAN, I ETL
FAF w04 5 R A A ol X — U A SE B 4215 . ]

f5l 3 1In other parts of the text, it will be necessary or best for the reader
to decide that a small experiment is needed, and then design and run that ex-
periment. It is hoped that one thing the reader will learn from this text is that
numerical experimentation is a part of the subject of numerical solution of par-
tial differential equations.

@UEABHEME P, EXEER L - LLBRLR, TR MBTER
WRUOTHHRERRFN, EEHAENABHE2IBELR, ELRHED T
BEE X T#EF M —845.]

oikite FEXHE MR ST, —ERENEEREEET. &
BN AR it (ETE R EEN, A HBRA S L ATERE”. BRI\ LT XGR 2
B J5—/~ that 5| S @ RIENED FIW, 5 4] learn from BB R “ N oo %
B ANIRE”,

@® [FEA 0 H A E o o, 3 s B aF e € — BB /NL R, [F B i
HHEBETRAER ., HEEFENA B AR K—E R, BEL R R WY
G BRBE XA F R — 4.

5l 4 A slight background in the methods and theory of partial differential
equations will be assumed. An elementary course in partial differential equa-
tions is generally sufficient. In addition, since part of the emphasis of the text
is on the implementation of the difference schemes, it will be assumed that the
reader has sufficient programming skills to implement the schemes and appreci-
ate the implementations that are discussed.

@ URMa T BT R MERH RS TR SHBR. REs PRGN R
Rl REE®EN. WA, d TARREGESRAFTROIAT, FUEREE
EECAEBHRBEIIRLITTENREETRHTR.)
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[i@iE ¥ ] difference schemes ZE4r#& = ;implementation LI,

oifite ABULIHEIABHIRENEZMBERER, FT¥ background
R B X . #iF implementation M ¥ ARIEN & LR“LH”. 317 imple-
ment Y0 B % FIEN R LR“BRAT”."ER”, BRAEX BEHMFER LR, 4
KA will FFRREE R BB “2ESERNEI S BHUTEHS”MW
R MELREE, BRHABTEECEHET . PAXBRALRMELAR,. UF
B AR A will BRI IR, I, TEEFSCGEREHR, A EH"Y
FiE, will KiF.

@[EHBREEEFRAMRB> TR T EMERHELRDE, @X. 80
WA T RBHRREREE T, KN B TFESRANLHAREBERAAE
R —#Bar T A R BRE RS C 8 R %1 4B 5 75k L3 2 08 X IHIFIL
it EfmEM B ER.]

# 5 A common technique is to develop and test the schemes based on
model linear problems that have similarities to the desired nonlinear problem.

@ [F A7 28 T HAUT 3¢ € 89 JE 2 4 o] 8 09 4 =X 20 4% 7] Bk % B Ak
BAR.]

oifi¥e FICIE based F| 7 M5 ia K iE Y MAR BB i develop and test,
LHFEERIEE BB the schemes, 317 develop BRFIFIEKE".“F
B HEBEAEHR” HAL; Y develop HEFERRA“ME"E LKL W, B
VA2 2 (U157

@ [—FEAERRERMBAUXEFR . ETERROIERERBERE
FMPE AR R LR v R R R .

1

@, [ — R i A B R R B R AN B 2 F AR Rt (m] R 0 O B, X R R (] B
5K a9 36 LR v ) LA A M)

% 3] 4.5.2
BT mEEABEFEXPAFEENRE, 3 mE .

(1) When we develop linear methods that might be applicable to these
nonlinear problems, a numerical experiment should be conducted using the lin-
earized method to try to solve the nonlinear problem,.

@ULHIANT R RX Lu vl BT ALK ¥ R A F B R ik md , AESC R X4
R 8 2 1 [m) R A9 SR 1k 7 A R SE M . )

(2) The reader should be aware that there has been a large amount of
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work done on the above problem. There is an exact solution to the problem
which is not especially useful to us. It is probably better to try to work this
problem without knowing the exact solution since that is the situation in which
a working numerical analyst must function.

PUEENYERAEU LREFERRTEEMN. FEEMNRIFAE
ARAMEENHRR. REERDERSOEL T RRXAFRETRELS,
B A R — O N B S T H L AUEER ]

§ 4.5.3 Introduction to the Theory of Computation*®! [it# =it
b1 |

)1 Let’s begin with an overview of those areas in the theory of compu-
tation that we present in this course. Then, you’ll have a chance to learn and/
or review some mathematical concepts that you will need later.

@ LE %, L RINBER — T 4 RE BT R 0+ 8 #8308, R
B REAENESEIREE T - ERENRERSE.]

oifiEe FiEMA) that we present in this course & i #) X} £ B those
areas, i A~ & the theory, X ] M {Lif] those W HI MEB BB R, 5, begin
withe BB oo " HAESEEMN then MR BEAESRBHXE. 5B
S EDGES, SUS IS K T8 BT LUX B areas NFR“FE”.

@ LGERIMABMRERBPHENEN - EERFG. B2, KITE
ANS%¥IRELI - HSERERABINBERE.]

1 2 Using this scheme, we can demonstrate a method for giving evi-
dence that certain problems are computationally hard, even if we are unable to
prove that they are so.

@B XA H R, RATAEGBUE B —Fp Jr ik, 45 37 5 9] B2 ¥ L 11 55 04 §iE
#, RERMNEAEBIEAETNLMRAETHELN.] _

&i}i¥e 3)iA demonstrate AF“ER"ME L, HEXENFEREBRRR
“UEBR”, TR “RA”, REFRMBRE”, HHh. FHELEH—-FHFE"MS
il neens R RS RAZHN. THAHMEEF.

@ [ERAXAN TR RGBS 4 th— R0 O “ T2 [a) BIAE DA 8 7 09 U2 35 32 4
IEE B I8, RERNTE A GEIE X Fp ik A IE#itE . ]

#1 3 You have several options when you confront a problem that appears
to be computationally hard. First, by understanding which aspect of the prob-

lem is at the root of the difficulty, you may be able to alter it so that the prob-
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lem is more easily solvable. Second, you may be able to settle for less than a
perfect solution to the problem. In certain cases {inding solutions that only ap-
proximate the perfect one is relatively easy.

@ (MR mxt— BB EAEER, AL EE, Bk REEEE
IR IR EE RS, # B EBESBR. KR ESKR LR E
BRI AEMM, ERERHT, FREENELUFRHENES %]

oiftite FUEALH, ARFXRAEBABER. N, may be able &
TLVRRL“PTRE 2", T RE R A F 7T A7, B X i R ZE X A R F R e 4R B i,
T A 2 55 B

@ [E X — A BERBAET A EEr AR H LR R, &5 . RARERE
B AR AR IR, thiF o] IME R M S LI M AR A S . KWK RAIFFT L%
R FPIREARMR LGOI, EREFAET, FEREENELCHRMANES —
5]

5l 4 One applied area that has been affected directly by complexity theo-
ry is the ancient field of cryptography. In most fields, an easy computational
problem is preferable to a hard one because easy ones are cheaper to solve.

@IZFFNEIAEEREREEWH — NS EEFBENEROR. #4%
RKEBWELT &5 1HH 8 8] 8 L v+ 37 &% ) B8 52w B, B8 25 57 o) R B9 oK fof
TABER.]

oifiTe MFH FF . the ancient field of cryptography B ¥ “F L4
ARG P F RS HEASFEXHER . MZEEM R, ancient BH —1
BER“BHLKRGEEIH”; W HX of K/ER R EKHEY the ancient field
Fi1& ) & cryptography, N#F — i BFIALIE . BL5h, B 28] cheap B AR ¥ R
“EETBEXBAURRARER" M FEN RN,

@IELZRRAUHEREARERN—TNASEEFEBRY X —H LK
ARG . RIS, 25578 Y a8 o L5 A9 (R] B SE A B,
KR 8 2 5 19 ] AR B/

% 3] 4.5.3
T R T A& B A0 % 3P BT AR ZE Y IR B 9 LAB L

(1) Among the consequences of this profound result was the development
of ideas concerning theoretical models of computers that eventually would help

lead to the construction of actual computers.

BIXRTHENERLEBERAREINTELRENELRNERDPRE,.
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WRARYTIBEEHITENAWE.)

(2) The theories of computability and complexity require a precise defini-
tion of a computer. Automata theory allows practice with formal definitions of
computation as it introduces concepts relevant to other nontheoretical areas of
computer science.

@IAFBVNAEBRRFH%FITER BN - RIFAM Y. AR ER BN
HAMBERTEIN -THHEN. B ERAFATRENESE X KX
B RETSIASHHENREZRN RIS IURA XS —#F.]

§4.5.4 P Versus NP Question and NP Completement'**] [P 5 NP
B @A NP ££ 1)

# 1 For our purposes, polynomial differences in running time are con-
sidered to be small, whereas exponential differences are considered to be large.
Let’s lock at why we chose to make this separation between polynomials and
exponentials rather than between some other classes of functions.

@I FRATH B ok, ZMAEE/TRE L ERBIANRRBR/NE,E
RIEWHEBTHNE EMERFASRBRE. ILRIBFEIF2ARNERZH
RAE RS IT % B A B H A R B K Z [ 40 7F ]

[iAIE R ] separation n. 48, I, 5 FRH.

¢ijife polynomial #l exponential 7EiX BB F iR EiE. 41 sepa-
ration 7EiX B A] {E B “ 4 A BR 7 ; 311 make this separation EX H M EB BE“RH
X P 57 PRk 8 Bz AT Rl K 7. 5 T #Y polynomials & exponentials #B&2
2 18) , B 24 B oK BOR B

@IATRMNWEN, EBITHENEZTIREEFREMR/NGY, MEHEEEE
BRBKE. TEHHED ATARNTRHZ IR ok B B R B />R
PRAR A H R Z B 4> R . ]

1 2 P is the class of languages that are decidable in polynomial time on a
deterministic single-tape Turing machine.

®IPR—MEFE, ENZTXeTERH L - RMAEARIRERN.]

[i@ i ¥ ¥ ] decidable adj. ] #| & # ; deterministic single-tape Turing
machine #iE ¥ BHERHL.

oijiife FICERT RAEHER BIEARIESN, K BEIE B 2 HT A T RIS, 10
in polynomial time &K%, A HE4L polynomial time ¥R FiF, HI,, BAKE
BEREET.
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@ [P 7w etk B R YL k£ 0 =X 6 8] 88 7] ) 52 o AR L6 38 5 4 Y
M.

$] 3 The class P plays a central role in our theory and is important
because

1. Pis invariant for all models of computation that are polynomially equiv-
alent to the deterministic single-tape Turing machine, and

2. P roughly corresponds to the class of problems that are realistically
solvable on computer.

SIPREERPHBEEEAC, EBREERAN

L PHAEAHENREEAZN, EXTAMFENTFHREERL -BA
Rl

2. PRYA5EE EREA TR LR A 691X 28 [0 AT X AL D

[ *E ] invariant ARAEHY; equivalent to ZE#tF;solvable AJEH,

oikite H—mE and BIIFEM“ET”, H R is important & B & B UL B 1%
FEWEER., B 1 ANBEFEREMN,E 2 SBFEAER. NERE, polynomially
J2 B E AR IE polynomial Ik A i B , 783X B 9 B B R “#% £ 71 X o 7] 49 &
3O, AR TR A R R BT

@ [PREHHENER FEEPLONEABRNBEE, X2EN

L X AHRZHANEAMNEXFNH TR EERTERIAITELER R
v P BAZEH .,

2. PR E SR 3CFR T # 1 8] 82548 51 5 . 3

] 4 NP is the class of languages that have polynomial time verifiers. (A
verifier for a language A is an algorithm V, where

A ={w | V accepts {(w, ¢) for some string c}.

We measure the time of a verifier only in terms of length of w, so a poly-
nomial time verifier runs in polynomial time in the length of w. A language A
is polynomially verifiable if it has a polynomial time verifier. )

@INP B—KH ZHANEIRIEENES. (RIEEEN—-METAF—
MEEV,.H e

A={w | ViHER{w, > MEASERKR ),

00 Bk 2K SAF 2 B BF [] R R T 3R w0 B BE BT A A% B[R], B 0 — N 8 T ) Y ()
BEERERE-ITEAXLETHRE v KE. WREFTAF-IT2HA 8
AEEE,BLEREZHAER.)]

oii¥e NEBHERFNAE, RaJ the class BR“—2%K”, FSPHM
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AR B 4R verifier, 1A Y verifier B2 S, W MEABIHE . Only in terms

of BB E“PDURA - p; SR 7 iR, LT IA4A a polynomial in z (&F
r B ZW L), A A polynomial time in the length of w A[iIFM“XTF w KK EH
Z WA B E”,

@ INP RHAAZIANBIRIEENEFTHRBE, (—HIEF AR

REHNRE—FMAEEV, Hd
A ={w | HENMFHB .,V ER(w, o ),

BATRRA w B9 Bk 5 36 1F B 69 8 (6] , B st — 4~ 25 0 =X Bt (] f) 380 3 0k
HEEXTFT wWKENZTMERETT. WRIEF AFH—NZHA N ERIE
Bk MAEREZTATRAERK.D]

] 5 The term NP comes from nondeterministic polynomial time and de-
rived from an alternative characterization by using nondeterministic polynomial
time Turing machine.

@ [RiE NP 3k B A8 5E 2 9 X B 8] #0138 iF 8 F R 9 2 2 00 =X 6 (8] ) B R
Pl AR IER 5 5] ]

oifite FEXREBEHEMEXMITN , PHELEFERLFEXHER.

@ [ARE NP B TR§ & £ B A 07, 3E AT LR A E 2 0 6 A
KERVLRESAEREATEE.]

#] 6 The power of polynomial verifiability seems to be much greater than
that of polynomial decidability. But, hard as it may be to imagine, P and NP
could be equal. We are unable to prove the existence of a single language in NP
that is not in P.

PIRELHEIANRACFRLAHERELTANTEROEL., BE,
NP FIRE% T PRI AR A . RINELEIEHE NP HEE—FRL BT
BREEXAZEP PHXMHIES.]

[AEERE] power n. R, .

 eifife (1) RiE power BEA FR TN WA " M H EBHER
FEREFZENGSER, AXBRFER“F”. (2) hard as it may be to imagine
B as 5 FMILPRENG, BERRRERELUER”. (3) A single language 7E
XEREFE-FIFENESAFENHEHRLRIENR, EF P BRASX
BEREA BOUREER —ME—EF.

@ IZHKA T RIEHEFIFUFHETILTHEHEFHRTFREL. BE,
REMEUMR NP KRATRES T P. BXL L. RIMNLEIERE NP PEER
MABRTPHIES.
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#l 7 They discovered certain problems in NP whose individual complexi-
ty is related to that of the entire class. If a polynomial time algorithm exists for
any of these problems, all problems in NP would be polynomial time solvable.
These problems are called NP-complete. )

@b R HA NP B4 3@ &, NP Bixse /NMAHX FEA NP REE
i, MRXENMEFEE WAL EH %, £ NP X6 A [
B B 200 B ) P AR . XS [R EREFR N NP sE 2.

oifite HE—raF ) that B{LiE, L complexity, Be related to & &
R KRBT AR T, TR SCR RN, B AW any E
ERRAE A", TS — A", NP-complete REFR NP 224", o H R
“NP 522 "8 “NP E &R &”,

@ [fbfi1A B NP g oo @, K MEME 2 584 NP R E RHERX
B . R ENMERR - FEZI AR B R, W NP 28 89 B A (6] B
2T 0 8] Al R 4. XFREERFR A NP E£ (A1

% 3 4.5.4
T8 T T4 R A% R SO B AR E I R 3 LA R

(1) If any problem in NP requires more than polynomial time, an NP-
complete one does. Furthermore, a researcher attempting to prove that P
equals NP only needs to find a polynomial time algorithm for an NP-complete
problem to achieve this goal.

@[WRE NP BEMFETENA R R EZIMAR M, —/1 NP g2t
B, Ak, FREAZLIESA NP ET PR, I TERXANBE, 1A R0 —
NP LU AFTRIATHZIARE ]

(2) Even though we may not have the necessary mathematics to prove that
the problem is unsolvable in polynomial time, we believe that P is unequal to
NP, so proving that a problem is NP-complete is strong evidence of its non-
polynomiality.

@ U B 1] RE i 800 B 0% A RUOR E BA 3X (R B 75 £ T B 6] b B A o
#, B RBATARME P RET NP, Bt i — a2 NP ELHNREHA
ZHMA A IEHE.]

(3) A Boolean formula is satisfiable if some assignment of 0s and 1s to the
variables makes the formula evaluate to 1. The preceding formula is satisfiable

because the assignment r=0, y=1, and z=0 makes ¢ evaluate to 1. We say
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the assignment satisfies $. The satisfiability problem is to test whether a Bool-
ean formula is satisfiable.

@I /RAREAHRBR, MR O M 1 IIRAETEMNARALIMELR 1,
BMENARXEAMERN , BANER x=0,y=1,2=0F s W{EN 1, RATBBRE
R ¢, IMEHREATRIERRALXEFTETHER.]

§ 4.5.5 Artificial Intelligence and Its Tasks'®) [ATITE#REEH
£%1

AFARATEEHERTR. lNHFEEREATEEE LB
i 5 R B R A TE BT S LA R “infal AR BE I (R,

] 1 What exactly is artificial intelligence? Although most attempts to
define complex and widely used terms precisely are exercises in futility, it is
useful to draw at least an approximate boundary around the concept to provide
a perspective on the discussion that follows.

@IATEEHBEEFAR? BAXRZEEEAPAERIE ZEH
ek, R R TG GEARERES RN AERBEELEMEN
Wit P REARNEE.]

(iREFE ] in futility G/l ;perspective n. BHE BENFE,BH,

[4#7] Although 5| FikH WA, Ead it BE KX F1&, AEXEE to
draw. .. the concept Z£#H Fi&, A E 3 to provide 5| F & IE T 2 B #RE .,

¢ikife XMEFMNERER ARAXEEEHbE X —LAERE,HLZM
AMATHEEX K EmBEUREOEN T TEHITE. FEN —&EE
(4 terms, perspective )M R A &, LR BEER A FR 2. FFUAKGEE
HEERE.

@ IALEEBIRETAR? BRRZEKXEFER R E L —EE~EH
BTEZHNAXRRENBERECANZRX BRI TEMERITIEPFRE—-1
BANER B RARESX T HESEY - EMNREBRERA HG.]

1 2 To do this, we propose the following by no means universally ac-
cepted definition. Artificial intelligence (Al) is the study of how to make com-
puters do things which, at the moment, people do better. This definition is, of
course, somewhat ephemeral because of its reference to the current state of
computer science. '

PIEHIIX A, RNBEUTERSANHEX. ATEEADERHR
Al {66 el B A — 2L N, ZEBRA R AT EIF . RN E X SRE K Fhdy
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FIRTE, HAENSZYRITERZAIR.]

oifiFe % /4] which 5| 5 PRl ¥ & & M A people do, & # & 5% ¥ 1E
f4# A i& at the moment f&FF, better i JB F 4], HXERE LR EHAWE,
BE 5 X B SCIE R G A HT S IR A X L T R E R A XA T A XK.

@ [h, BATBHUTERBINSANMEL. ATERADBEKEN
AT {68 B B 4 AT G B AE A — e B R A, MR XA E X RE TR NE
gretE, AAE RS HITAERENIREL ]

X AR B AN E LA the things which people do CAfIT#H) 3) 3k
LB the artificial intelligence( A T BB & L, L L XWEET ¥ L EM
B BEE . T 8B 3 K48 X A e,

) 3 But it provides a good outline of what constitutes artificial intelli-
gence, and it avoids the philosophical issues that dominate attempts to define
the meaning of either artificial or intelligence. Interestingly, though, it sug-
gests a similarity with philosophy at the same time it is avoiding it.

@IMERERUETESATEENTFONE, ERATHX LAEMEHAA
THERMEXWEE., BRNK, FENE. ERET 5T FMHLUKN.FH
it A 8 S ) AR 7Y .

[1Ri& 8] dominate vt. 3ZHC, ¥ Hl

¢i}iFEe % —4]F what constitutes artificial intelligence J& 47 & i5 M
A, oA what BE 2 X #ZCE, LERERMRFE; NaMEERRE“H24RTALE
7 EXHFHXTERE. X B outline of - R o HBEEE " eeeeee =
B AEHIFRRCQE”, % — /4] it suggests a similarity with philosophy #§ 9 &
Bl 2 B TERTIR R 2 A UBEE . BESh, though fE i AR 2 AR, B
FERBE TR, MAR“EBR”; EA M at the same time R EPRE, M it is
avoiding it B (BRI M) (4 B FEHE 1)) .

@ [(EREMEF MBS T A T8 68 i 4 AT 0L 00 22 51, iF 88 5 7 AR 45 3 e
HRXEEACAT"H BRI EXOTFLE,. HR ABNE, EEBIFE ¥
B [E A LR T — PR TH A EHAR.]

Bl 4 Philosophy has always been the study of those branches of knowl-
edge that were so poorly understood that they had not yet become separate dis-
ciplines in their own right. As fields such as mathematics or physics became
more advanced, they broke off from philosophy. Perhaps if Al succeeds it can

reduce itself to the empty set.

@MEEBRO—ERBEA RO IFLE S L, BN KRB ETE
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ffi1 B MR ZARER N RMAERN ., REESYES - LFREREM
S EMNNEEPBRETE. RiFATEBAERISEEFHEEREE.]

[WiBE ] in one’s own right £ H DK XK, 2R ; the empty set
B8R,
Siftife H—AH in their own right REEHIFR“FEMMACH LZ
W7 A —A as 5] F0F ELRE NG, 5 A as B4 i@, such as A A
“URTVERIEINT. BB = anfel AR i B ANHE A R it YA TR BRI R K4 A
Al BT it SRR E ¥,

@ [(HERRH—HEREBEN -EAHAL L ENAFRATSHARR
MASEABERA—DHSI M ER . Y-8, FmRENYE, R RE IR
B, BN 2EP AW . ®iF, EATEBRHRIZa, % T R8s
R |

$l 5 It was thought that this process required very little knowledge and
could therefore be programmed easily. As we will see later, this assumption
turned out to be false since no computer is fast enough to overcome the combi-
natorial explosion geherated by most problems.

@IXNMHBEANRERBOOA R AHERRERESRE. EREN
J& EHE B AREE X MR BIESE B8R E, H I BA T LA B % o 52 iR
2 Y [6) L AT A A 2 A R E D

oiiEe fEia4 required very little knowledge 1, little EBXEMFH,
AR RERBAHEAIR”, 1§48 be fast enough to overcome I EE BE“Hh
FRURMR”, MARL“EBREER”: X - EEEHERA MENERE X
BB MEENERRATURR, A IEEABRME”.

@ IAMMEUARN IBATEH 2R AMALIRES AR, ER
RINVEEHR BRI, XA REHEIELRE RN, BARE -WITHUERE
2 LA 3 B K 8 4 Rl B P A R A B HR b . D

#l 6 Another early foray into Al focused on the sort of problem solving
that we do every day when we decide how to get to work in the morning, often
called commonsense reasoning.

@[ —F B WA N THE GEHIAE 55 B 5 v 7 e B 411 48 KA 3R — 2 [a]
A, 095 RS AN R] M E RR A T B Y R) R E ERR O H N L]

[RiEER] foray n. H#HF.

L4#7] A&4] that 5| 2 89 E 18 M A] we do every day 2 {& 1 problem solving,
when 5] ZHf B4R & M 4] ,in the morning &% M H) 8B A R iF .
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oifiFe ALK %A+ 3h%iE" LA FEH, I game playing
(WK EEFE), theorem proving (GEHHIFHH) , problem solving 7FiX B 1 o] % &, “[a)
B GX R EF EN—FARE) . ¥ solving H WA E 717,48 work
M iR 4 idl , [E] BF 48 in the morning X4 i}, work B EiE , FHEEH .

@IANTERAHSENS —EFEEPERMEEFAIE IREER—X
] G A B, L a4 K B R 2 AT e SE AN ] I 46 T A AT By 5.1

) 7 To investigate this sort of reasoning, Newell, Shaw, and Simon
built the General Problem Solver (GPS), which they applied to several com-
monsense tasks as well as to the problem of performing symbolic manipulations
of logical expressions.

@ [} T 5 X f i 38, Newell, Shaw 1 Simon 8 7 T — # [6] &1 #% 3=
(GPS) . il EMH FILAH RAEF R ZBRAFSHRMFEWE.]

[i@i&* ¥ ] symbolic manipulations £F5H#:{E,

oiHite IFXKRBIES ERFE—LLMM, . (1) K5 LF the General
Problem Solver (GPS) &% 4 A , A i i — it o] 51 3 544 (GPS)” , R AT 24
B—RR AL PR, (2) Commonsense tasks 5 @& & F b 4] Br 5 69 & iR (] B K
E% AT ERE RAEF”.

@ [HTHRXAHEE, Newell, Shaw 1 Simon £ & T — & 5] 81 i B 3% 4
(GPS), B EMATEANRXRTHIRABNES  CHTEEELANNFTERER
5 .] _

% 8 As Al research progressed and techniques for handling larger
amounts of world knowledge were developed, some progress was made on the
tasks just described and new tasks could reasonably be attempted.

@UYATE BT IRGBEE, M EREXBAROBEARS B KRN, NI A
1 38 B9 AR L 4E 55 B4 3t 25, W] B A 2 e BB T BT AR S R Rk L)

oiiTe PHALBEHMIFERFHX, AFF—1 and FEREHNE
B R E”. #5h, could reasonably RE B A B BE”, N R A 7
REiE FE#h” , 3X B O reasonably #21ffi be attempted, i AW could,

@ [HATEENFRKEAL TR RKBHSREANHOEREGRF .
fF o AATTR B A 3R (9 AR AT %5 BB 9 th BB — 2 i 8, T B T B b 35 i
— IS .]

1 9 Perception of the world around us is crucial to our survival. Ani-
mals with much less intelligence than people are capable of more sophisticated

visual perception than are current machines.
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@IHRIMHEFERE RINBEHFONERLREZEN. RAHAE
PREMNB WY RALAENNBERBNRER.]

oifiFe Our survival R7 i B AT M A 477 5 o % 158 BL % B 6 46 15
N RBMARED.

@ [BARMNEABMEFNRINVWEFRREREN. EHHUAXRBEEH
Y BA LB TE M PLER ER B AR R LD

f5l 10 Perceptual tasks are difficult because they involve analog (rather
than digital) signals: the signals are typically very noisy and usually a large
number of things (some of which may be partially obscuring others) must be
perceived at once.

SLAMEMIEFRAE, BAENLETRUDES (MARBFNFES) X
BESASHERE MEAFRRKEBENARTE(HPAE KO fRERT 58
R DA RS |

oifiFe at once X A FR FAT”, XHEAY things WARES.

@ [RANESRE BAIRFEETEUDNES (M ARBFNES):
XEFSAGKERYUNERE MALEAKENFNHPEHLFEHTIO
L AG RS

#1 11  The problem of understanding spoken language is a perceptual
problem and is hard to solve for the reasons just discussed. But suppose we
simplify the problem by restricting it to written language. This problem, usu-
ally referred to as natural language understanding, is still extremely difficult.

@IHEHFBOFER-TEERG, AARRGHSHES, EXELBR, HE,
BERMNBEXARERE F-HEIES U/ERL. IMNEEEHRIERESTHE
i R R R XA ]

oifiTe Al but MF AR LEER”, B HIFSCHE A FF LK but iF
MAER”, SR FHEAE., FERSE ALK FREHRES, X8 but fiiF
AR AR . Wehh 5B —4J Y discuss M reason RH EH BB TS M“HEHH”.

@ [EfEOER A E S, HARREAGRE, gL gk, BAaRk
BERMNTCXANREEA RRE T HEESE. XHE/MREEER AR
BE R IR BB SE YR . ]

fl 12 Although expert skills require knowledge that many of use do not
have, they often require much less knowledge than do the more mundane skills
and that knowledge is usually easier to represent and deal with inside pro-

grams.
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@ [RE-ELINBERTERSHNAGRBRENDRBRENEZER
BEHEZHABEARAERYLBEZHNA. MAXENRNELESZRIFAAR
HREFRLHE.]

@, [RE—BETHEAFMTENAREREZ N ATHEAAREMN,HE
EMFFENMARSE HIFEEMEARRERNAMARE L, K LRR
HAEBEHRAARMBEFREAFLE.]

oiFe A4 although 5| F—ARIEMA, L HFEE— A that 5| REE
& M 4] many of use do not have, f&#fi knowledge, i I “TR £ n i A B
%", EaMIEESNEA B EiE: — & & iE much less knowledge than do
the more mundane skills, . than 5| S — M EIZE W HLEBRIENG:; H—1
that 5| R = iE M A], K A E R E 15 to represent and deal with inside pro-
grams(BE X R) BN A BRIE .

@IRE-EEHNEAMFTENNARREZNHORASAREH.BERE
IFFENRAREH LEZBNEAERFERNARARISBL, MAERE
RIBLEFIREE 5 AR R XA EATRORF.]

% 3] 4.5.5
T8 T 258 B9 3 3P B AR 7E B IR, F i LAE B

(1) This definition is, of course, somewhat ephemeral because of its ref-
erence to the current state of computer science. And it fails to include some ar-
eas of potentiaily very large impact, namely problems that cannot now be
solved well by either computers or people.

DIRX—ENUREFEEE RAERSRITBENHENAFTRE. #
HEBRAAE - SBENRAEFRNERK ST, IREAEHBMEEA
27300 |

(2) Game playing and theorem proving share the property that people who
do them well are considered to be displaying intelligence.

@R TEMEBRRIEH M T XMER, M XENABAIRE
- |

(4 #7] that 5| § [F 467 i M 4], H o who do them well & 58 W 0] & i
people,

(3) Again, no attempt was made to create a program with a large amount

of knowledge about a particular problem domain.

S ATHAUR - BIFHA X TR RA B XRTIA.]
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§4.6 FWEFHZE WM IFEF TN

AT LA BUE /DB AT T LT R BB B X = A B BCE A
M5O R EERE ARG AR EREA#MFIETE R
AR PR M RANSE R,

§4.6.1 Wavelets and Fourier Analysis™” [/\i 4 #7 5 Fourier
bt i) |

) 1 While its origins go back many decades, the subject of wavelets has
become a popular tool in signal analysis and other areas of applications only
within the last two decades or so partly as a result of Ingrid Daubechies’s cele-
brated work on the construction of compactly supported, orthonormal wave-
lets.

@IHEREFEMBFBERN,NEE - +FB, PMEABRIGFES 2T
A B 50 i R P SRR B AT TR . — &84, X & Ingrid Daubechies 7 % 37 # #9 1E
ZHEABERARS TERSER.]

¢iH#iTe 74 or so WEBE“A A", the last two decades or so ¥ “IT
Zt+HELEL”; 18 4AH the construction of compactly supported, orthonormal
wavelets € W ARE X T REXEMERZ/DMEHMLE”.

@ (ERDPEXNEREZEHIILHENBRNEL - TEEL EHN Ing-
rid Daubechies X TR X E M ER/DMEHAENRE THEMBSER . DEA R
AESHF UL AEEZRENTA.]

1 2 In order to implement efficient algorithms for decomposing a signal
into an expansion (either Fourier or wavelet based), the building blocks
(sines, cosines or wavelets)should satisfy various properties. One convenient
property is orthogonality, which for the sine function states
0,if n¥#m,

lgif n=m.

2
%J. sin(nt)sin(mt)di= {

@INTELHRIE-NMESABRBRAXNERE R (EEH R NERE),
g QR B, RZBEI/NBO R SRR, — N FEOERRERE, H
IE 3% R BUR A N

red Og‘f ]
LJ sin(nt)sin{mt)dt= { H n7Em ) |
T Jo 2if n=m.
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oiHiTe (1) NiEERILIES (either Fourier or wavelet based) H{. B &
$7F an expansion ZJ5 , M A B 7E efficient algorithms 2 J5; H & B B“f#& 1§
BHER/NEREBRIF”, MAFRBIL”. (2) convenient property K ¥ il “ &
EHEE”, (3) the building blocks & # R A “%”, 55 H Y sines, cosines 4}
548 2 b B PR BNE {sin(me) } Al {cos(me) } . 31X 9 /) 3 N 12 3¢ RO A AR BE AT 8

@ Ch TSI — M5 550 0808 TP 28 I ML B 3 50/ 2 26 R TF) AT 3K
Hk HiE R GERRBOR RILRBIE SN RBR R R &R, Kp—
MEEAERRERYE, X TIERRBET & xR ER N

Oqif n?’—‘m;

=
LJ sin(nt)sin(mit)dt= .
1,if n=m.

wJo

#1 3 One of the difficult tasks in the construction of a wavelet is to make
sure that its translates and rescalings satisfy analogous orthogonality relation-
ships, so that efficient algorithms for the computation of the wavelet coeffi-
cients of a given signal can be found.

@UMEPEHREZ —EREECFEMEELNIRMRERE, BT I
B 1TRERSH/PERENARAEEEHRT.]

oiiTe BEAMEBEEKREKEH. EABHEM. UN,analogous orthogo-
nality relationships AEERI LB IE 32 14" s make sure BH“ME"HWEBR, X
BRI BIOR”; % 8] so that 5] T R MW AT 38 5 B AT, BB,
F 5, WAL Bh Al A i s E AT dF .

@ [(MENERREZ - ZHREAEENFBAMEETHRELUNIERLZXR,
ERBE - TRTHRSERSH DB RBERRE.]

% ] 4.6.1
8 R A AR B B U T R FE R R B R 0 DAMB B

(1) While this approach may be appropriate for filtering or compressing
signals that have time-independent wavelike features, other signals may have
more localized features for which sines and cosines do not model very well.

@IRMXATHE SRR ERRL RGN H R W BEREANES,
MEMRAAEEL B EFENEE, EREMKZEARERFHEDNE.]

(2) This is why we cannot construct a wavelet simply by truncating a sine

or cosine wave by declaring it to be zero outside of one or more of its periods.
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@ [X BN T A RN A BEE L BB — D ELRRZE B LW T EE—
PREANFEHZ R 0 TH RN

§ 4. 6.2 The Discovery of Fractal Geometry's [4HJLARIEZIN])

# 1 All we attempt here is an elementary presentation of the relations
that have to be known in order to follow, without difficulty and with a critical
mind, the scientific literature dealing with the concept of time in physics in a
fractal environment,

@IRMNXEFHEBA— N RABNBRHLRRL - FRRIE, XR-HRFT
W PRI X M B BB+ & o HE Y 0 B 2508 B AR e AL B 7E 22 TE SR T 6 0 3L B (] A
f Bk 2& SCHR B0 200 T A .1 '

oifiTe i follow MANMRE, ERB R R B “BE"SER. A
X B AEIE R the scientific literature, fF A W R “2EF "8 “TM”; time in
physics NEFREM“HBEATE]”, X ,that have to be known 2 2 & M A], &5 the
relations, ;

@ [RIVXEREIEEET LI PUMTHENLRAH —-TEAR
I, DAE AT A] DA B R e B R & M BB R I MEAENTEHE T 4
T ) 3 2 R A I (B] 8 RO B2 SRR .

%) 2 In this study the reader will find that the key element of fractal ge-
ometry, the non-integral dimension, is intimately associated with the way in
which we evaluate our space, measure its boundaries and “weigh” its contents,
the meaning of the concept of dimension will be seen to be, above all, physical.

@IEFIFEEF R, DRI XRERE, PEERER. RS
AEVXRFERN, RITHAEMTERMNOZR, WBEEHARA“RHEEHNE, %
PSS CEEER HAREYHE S .]

SiiTe HTHEAL, BERZBEXRAAWABR KMDBG M HEMHT"F
HUBE"EINAE .

@ EFEEFIDPHRES, 2RI CEEE, NIEERER, 258N
it APz KD AR R R AR YN ERN TR X
BRI ATV ED L B S S L EEREYE LMARK.)

% 3 He will see also that the aim of a measure is to try to free the mind
of the paradoxes that characterize “pathological” behavior, whilst using exam-

ples of such behavior to enrich our vision of the world.

@ Ut oK 2, SR T A" 1T 0 8B F R FE L RATR 57 49 B 16 0,
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g B r et R EEZECRES T ARF N A EREBAE.]

¢ifEe whilst = while, ¥ # 76X B {8 whilst & 8% i, 5| F 8 [H R E
MA). Fhr EE whilst 5| 58925 AR E A AT, X 7T LL A J5 i 4 i
(1) ¥EX see WEEIE , BT Ja B~ FHI B9 A 5 A X e 9 & SCT B4 B (8] 5 T B 5%
#3(2) while 5 whilst 5| S B [FRIE N A1 5 BA, B H EMNNEAFHES S
F. B4, FAERNEIE to free HEER“EH - BRI TR 4], T 3 3 R BE YE 5
12318

@ [iEHDEER,0EMHORE X EBERPLZEH/E"ITHHER
FBBRE, MAXTFRE TG FHTUEERMNNHEFROERE.]

i* . XA, AL whilst FRM”.

1 4 This will be the case if the walker does not jump erratically from
place to place, and indeed the principle of the walk requires that he does not.

@IMHEEXFHFE  WRETEARN—THF FHN B E 55—
i BEE B HTRAME SRR X ]

oitite XHHEFWNHIIGMNAR, KPE—AREFENESH . FERA
BIFAHNGDS EAZEIMEBHER, LR L, AR 7 55 A s 2
“UDEEXB AL ESR”, FERIFHXMER.

@ [IRETEAMN—HI7 AR o BE D) 55— Db 0y , SR B B Lk &
:FL b, BTE RN E R A RERKER. ]

i 5 The step is the human gauge for measuring lengths along the paths
we take. But even without any jumping about the walker will not follow the
curve in all its infinitesimal details: implicitly, he will approximate it by a po-
lygonal line whose general form is given by steps of length 5 placed on the
ground in succession.

RIHSRGERMNFAENBREZMBERKENADEN. B, P 8H %k
BREAT A BB A IEER A XS /MIAY R R R ITE . R A, bR R
A—#TRREVE TR —-BREXAHZNINEB ERKEN pHBEE 4
i.1 :

oiii¥e FURAABIHE, AR EAR AR Ao AR EX,
A—B,

@IHERAMNEEFRENBRINBRKENEN., B, MEFARER
Bkt B4 Ik i B MR AT A RS /N BT E LB s, AR B —
FWERKELE, MTRMBNEREBEEEH LA KER p SRR KER
m.]
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#l 6 Let A(P be the length of the plane polygonal line [ £(0), f(#;),
FCt) sy f(tp-)], where f(2.)= [z(2;), y(¢)] and ?is the finite sequence
(t1s ty+*+*+2,]. We say that the arc is rectifiable if the upper bound of the real
numbers A(#P)when p —>oc is a finite number L, which is then called the length
of the curve I'.

@LFEAPRBREEITELL(0), f), [y fU,_D]HKE,.XH
fa)= [I(L‘) s y(m]vﬁlﬂﬂ‘ PRERFY [tl y Lz st ’tpjn ﬁﬂ]ﬁiﬁ%ﬁ%ﬂ
REH - MBRLHEA(DY p >colf I ERE—-IAROE L, B2 ERK A
KIrmKE.]l

¢ifiTe FEB_AMEUHXERNTGERZE, REFEHLAFEW
HI,

@ [RADRFEHZRLSO), f), fU)ys flU ) IHKE, XB
)= [z, y) ], PREBFEF [0, 65002, ]. MREHA(PDY p—
cofif i L L BABRAE, MFRZIMETRKH, HIE LR AIMAE T WKE.]

# 7 So far no constraint has been placed on the elementary segments
that constitute the polygonal line; suppose now that these are all of the same
length 7(p)and that all the time intervals ¢, —¢,-, are equal and have the value Az.

PIESBEEMARKELERFTERNNELRE L AERENELWA
AFRFERKE p(p) B2t A XE ¢ — ¢ % FFHHE AL )

[1RAi&F '] constraint v. 25 ; segment n. B, 7, X B H54E line seg-
ment(ZRB) .

¢i}#ile® The elementary segments PR “WFL B A S FEHiH;all E
BEBEAEDTBHMROBS KB FE, FESFRLH”. REHEDIA,
the time intervals B B R & “ A (8] X /@] 7, 7 & “ & 8] (X (8] 49 < BE 7, BD “ B A
E]k&".

@ [ESHARMARFT RN EARBRRBBEMAREZG, RERENHBA
AR KE 7(p) BB o 8] B F& ¢ —2.— BBHE %, HAE R A ]

8 Then the sequence Pis equivalent to giving the number p of measur-

ing steps. If ¢ is the total time needed to make the measure, p=ﬁ, and if

t . 4 ;
p= + where § is some constant time then p can be regarded as a generalized
o

frequency and used as a Laplace variable.

@LFR . EF PREN TR HMBMSOIMK p. R RENRFTRE
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WA, =, 3 AMR G RRAWHEE,p =W p RAT LB

B/ BB, 3 FE Laplace 54,1
oiftiTe (1) FEXHH T HR—AFF RIS 0 BOS AR E
MEE X PR AR, (2) B A E A FI M E AT AR, A

if 31 5 19 M4 7 %L B9 3 A 2 p=3‘;,xﬁ%aﬁaﬂm then, {5 B i R “ 0 5L ove e

W SR BT 2 5 188 B3 RE A, 7T B R AR DA p=ftﬂlﬂ%ﬁ-ﬁﬂ—%ﬁﬁh
@IFR.BHFEH PHRENFALMBOER p. WE: RWBFENL
2 ] , 00 ng—z;x.aﬂ% G0 — A% Bt E] T p=;—ﬂ,ﬂﬂ » RAT LB M X

B3 FIfE Laplace £ & .1

#l 9 Rectifiability can be understood simply from a graph of A(p)as a
function of 5(p):it means that A (p)must tend to a finite limit, L, as 5(p)
tends to zero. The necessary analysis can be performed in Laplace or Fourier
space.

@I A BETER , Al R HE o] DU S b B AR A () IR . ERAY
MPBATOR AP —EF2BT -1 TARMNER L, XHMLEMFIHATLIE
Laplace 8% Fourier 25 [A] 2.}

oitite MBPECFMP,ATRKEXNMTHMEATHE (PR EH. T
E.AFHESRENAFARATRKENBRE, Hit,as AR5 under-
stood #RLH , &5 A(p) —BARE T graph,

@ LA AWER (PP RBWEEES THREL AIRKEEKREY 5(p)
BT O AP —EXBTF-IMAROBR L. HPLBEHSH79] LILE Laplace
&% Fourier %5 Bl P #17.]

#l 10 Stated otherwise, the space gauge tends to zero when the time
gauge tends to zero, or equivalently when the frequency gauge tends to infini-
ty:an infinitely precise measure requires an infinite frequency.

@LEN, =R EABT 0, FR BRI EAE T 0 slE4r i, 5 R 0 E A&
FEIFK: LRG0 ERXXHTKEE.]

®iiEe otherwise HFBF FR“EN”  HEH HABK, M “H —FH7HEF X,
W B R 3CR, X B B URE S, TR M 53 — 5 i — B 86R, BT Id stated
otherwise BEAN“BRFTZ”. W BNEMN IR, MR BIEREBERE, ER
MAERE; MEAHCELSRBENT, LEZ HIEEBREFRE., FUHE
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RE i 2 X — A5

@ [ 52Z, M0 [E) i BE ALES T 0 554 i, 031 30 i) JE MLl T B 95 K, =
V6] By FE R T 0 X UL B, EEAE EBR S B i I B, SR A ERR K s % . ]

5l 11 The essential aim of this chapter is to show that the concept of
“measure”, in the physical sense of the term, enables us to bring the proper-
ties of these strange objects under our control.

@IATR EE B BRG]0 B 882, R 48X AR E 5P 3 E LKA
RERE 15 HERM AR Z T RIRL T R R AT .]

oiftite FaRENEGH, FAMRIERF AR ER to show, that 5]
FTNTEEMNAGNOEEFSBEZRA -TEAE. FERBERSNT
A TR AR IFER T show MEE, HF enables us to ) BB Z“H ;KA
B AR“IRAAE”. M £ T 3, X B i strange objects R & — 26 F ¥ i
B, LAriE#EH 5% , under our control W M “HAIC HKEN"RE THHN".
JE 3 e 53X H 38 8 the properties of these strange objects(ZF R Xt 2 MH ), £
2B G B X A TR b S0R B0 B 59 “ I g

@ AENFEEHORIENA, ZBRABERYEEL “WE"XIMESEER
173 HABLL B M & 7 0 R At . ]

% 3] 4.6.2
$8 T T A R A4 13 3 P BT A AR 0 [R1 A, 3F n LB B

(1) There are, of course, excellent works on this, some of which are lis-
ted in the bibliography, which will take the reader further with the analysis
that is only sketched out here.

DIHR  EXN T HEHAFEZHEAN T/ HPRETEINEAEAREE F
BT R E HE— 5 i, B X B H R AR L)

(2) We have preferred clarity to mathematical rigour.

DIRMNTEFEMAELFEN %]

(3) Finally, he will see that this freedom can be exercised at the mathe-

matical level, perhaps more there than elsewhere something that the engi-

neer too often forgets.

@ (&S5 - ke & 2, X R [ 1 7T LUZE S0 K 33 30, 78 35 5 AT 66 b 4
WhHEZ—RXER—-MHTERMBSESICHET.]

(4) We say that the curve is parametrised by [(t), which initially we as-

sume to be defined and continuous everywhere.
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@I, ZMEH (OYSE.RITBEECBRA € L HAAES.]
§4.6.3 The Concept of the Fuzzy Set'™ [i&#i&E#i 2]

#) 1 A significant number of direct real-world implementations range
from home appliances to industrial installations and involve fuzzy sets, both by
themselves and hand in hand with other modern approaches, including neural
networks.

@ DK i B B2 i B SC i 7 49 T B8 A 2K A B B 0k 8 9 & 1~
MOt HBEETEME BEdA SR HRARLTFR  BEHENE.]

LiREERE] fuzzy n. BB () ;fuzzy set BiI4E ;implementation n. T
H;hand in hand 3t[@EHE,

ei#iFe XM AHILFEKIEFH®F. W direct real-world implementa-
tions F"EHERR ‘BEEMALHAN TR AP XBRA XML, ELARA
EieftamE E T HEMNECHERRBRFRESHNBIRN T WILES
“UHEMENESY TR”. X, 31 involve BRAA“EE&"HER ,BEFR“E
BT W AR H BT 2 5 3 BN PR AR U R B 4R 7 5 5 R AR A9 B A
KER”,

@IREMNHEZEANEY TARTAREARER T REHEIE
B, ENAUA 5, 1 Bk d 3w E MK E N IARETF B SEBEMES
LB |

il 2 Essentially, fuzziness is a type of imprecision that stems from a
grouping of elements into classes that do not have sharply defined boundaries.

@IAE LR BEHE - T AEHAOLE, EN-—HTRRBR %%, X
BRI WA Ao h ]

¢iffife (1) a type of imprecision W i B “—F AR ME"; (2) stems
from BEA“EFETF”,XH into A from AL A “stem from---into-+", i J&
5 group # B, grouping of elements into classes BB E“{E— LK K”,

@ (A b5, UM 2 4 — 26 50 R R 13 O — 26 557 BR R BH B i 266 31 s 7= A
) —Fh AR

- 3 Since certain aspects of reality always escape such models, the
strictly binary (and even the ternary) approach to the treatment of physical
phenomena is not always adequate to describe systems in the real world; and
the attributes of the system variables often emerge {rom an elusive fuzziness, a

readjustment to context, or an effect of human imprecision.
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@IEABE WL ST E S SH B X LR, UM UL EYERARK
AN _HE (EE=HEDERFELEERA THARLHFNEMRE, M
RGETERNBESZE KA THUBRAOEBRE B\ LT XORENAR, SE
A RFMAREFRITHOBRZS ]

¢i}ti¥e A4 binary approach Ml ternary approach 7E3X B [ 4 9 F R4 —
SETH“=4r8", Escape such models W {EE ¥, A4 emerge from Z 5 H)
=SAHFEIES N EAERE R EE, K P context JAT R % i “BT /G 8
HE”.

@ [ERBL P EAFE T E RGN X LR P #E, BT LR a8 Y
AR _AEEE=FTE)HESREATHARAALHIEPHEH RS
MERGZERMBHLE HAENT =FEEZ & ELUREHEMRED B
BRI BN AR S B, EANOEHRERIT IO EZW
zZ%.]

% 4 The theory of fuzzy sets has as one of its aims the development of a
methodology for the formulation and solution of problems that are too complex
or too ill-defined to be susceptible of analysis by conventional techniques.

@IEMERRA T HERRE - HFEE, N T #3835 K
BRI ASAHE, HEMOERRE LAY EE.]

[iAiEER ] be susceptible of fEwr By, A VFeer - B .

¢ifiTe U4 have Aas BHEER“EAERNB",EXHT AKBAE,
I ARMBRBAUE, FXEXTVBER BREFHELIRINER.

@ DHTHAMBRPBPLE KSERIRAIAREUZETXERERBGHEAR
T TR, SR E RN B ——RIEASBER T E¥.]

1 5 The “fuzzy subset” has no well-defined boundaries where the uni-
verse of discourse (the universe X)covers a definite range of objects.

BB TFE"BARFBEART KPP RB (2B ERT -THEH
e RAMMEE.]

oiltite XH where 5| % 8RB ¥ E i M4, M boundaries, % i
T YR T ARG BNk BE. B TR R AR, BT LU A8 o ]
Y AFERE. X, 7L no £ boundaries, ffij A & & has, i well-defined
EXBIHIEE has —RA BT R H E 38, TR 210, B iR R B A R
HWEHRREN. XAOBFRAERE. -

@B TEBRAVHRN . TEREP(REFBEB RAEEXRAMA
RYEE AR ]
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# 6 Traditionally, the grade of membership 1 is assigned to those ob-
jects that fully and completely belong to A, while 0 is assigned to objects that
do not belong to A at all.

RIELE L. BRI MERRERTLTRLRLTET A KWMNR, M0 fKE
BWERELABT AKITR.]

[R5 M] the grade of membership 3 J& [ BB 0% 1 THE).

¢i}#iE® The grade of membership 1 A 1 & the grade 8 [R]{iLiE, A &
membership BIE A&, LA ZEENEEARBA 1 HER”, ME“RENRER
B % 17, Fully and completely B iZR“2L”] .,

@ [HEEME TR TARMRNRBRER 1L, ZL2ART A BHREY
RREN 0.1

# 7 In such classes, it is not necessary for an object to belong or not be-
long to a class; there may be intermediate grades of membership. This is the
concept of fuzzy set, which is a “class” with a continuum of grades of member-
ship.

@UEX LD, —ANRKLRFRARF—4; 7T LUAFE— L4 E MR
RE. SREEMENES. ERRA-TEEMRBENRK".]

¢iki¥e Continuum B ¥ F R “ELEL”, REHEDR, XEL0, 1]R—
MNESES NS EMRBET AR, 1] EME, B —EZ% BT
—{E.

@ (xR, AR RSRTFRAR TR, o A — 2P [H K
REE. EMERRAAXHEANES, CR-ITHRBEIEERW
“%”.1

# 8 Intuitively, a fuzzy set is a class that admits the possibility of partial
membership in it.

SIHEME . EMERAFRPEERLRANTREN—12%.])

oitife YWAR-NEBEN EFAREXKNEMNEXTHTE. &
BEXHEEAR—1%, FXBIGH it {3 A, partial membership in it 7] %
BB REBRTE R ERBIRE.,

@ [(EVM3 EMERIHE I DAFKEARESIRETFE.)

#1 9 We shall assume for simplicity that x,(x) is a number in the inter-
val [0, 1], with the grades 1 and 0 representing, respectively, full member-

ship and nonmembership in a fuzzy set, as discussed before.

@OHEEER, RIVBE x4 () RKE0, 1] — A%, IHFARBE 1A
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0 HlFAREEBEPHZLRA "SRR, IER AT e #H .1

&itiFe TEEMIE 2D full membership il nonmembership A F/E“5E 2
ARG, MFEETLERBEFRKR".

@ CHRERR, RITBE xa (D RXE L0, 18—, FHRRE 1
0 B FRERBIE PR TLRB” S RNRR”, EQATEHE K TRH ]

#l 10 We have assumed that an exact comparison is possible for the

truths of any two inexact statements “r€ A” and “y€ A,” and that the exact
relation so obtained satisfies the minimal consistency requirement of transitivi-
ty and reflexivity; the ordering x=y means “x is at least as true as y” with
1<y denoting “x is not truer than y.”

@URAFBEE, — RO LN FEER I RERQIFEN 2EA” 5
“YEATHELYERTAEM .M HXHEBIMEEHEMR SHER - TR XR
AR R/IMAEER XPPRF 2=y BRE 2 ZEL0M y — B A 2<y
Er“x AL yRH”.]

oikiFe IFICRBEIEHIFHAMFEIIFLMAE, FXLE,FIGXAIF L
K H 52 BT have assumed, RRTEMEELMBE T FHITRMXNHBEXRR,
(B H 5 IS I 51 i) 52 1R ) B R I BRAE B, RUR Y R BF il . 8T ORI 4,
P AT RE AR A ER 7, 15 th T BE K B IE 8 20 87 ) F 198 R A4 U RE ME TR &
IRBFEARE SRS EBAMERT, RN EE, A RERAAF 08 %
B SCFE R B R REIR O R R

@ [RIMNELBET MEEMIMABUMGE z€A” 5 “ye A HE
e BE AT LA ME 0 69 b AE , T EL e 1 A5 30 ) o AR OK R 0 R R T AR T R R
SR /NEFEER KT o=y R ZOM y —FE”, M 2<y £R
“r Aty ER”.]

] 11  The grades of membership reflect an “ordering” of the objects in
the universe; it is interesting to note that the grade-of-membership value
Xa(z) of an object x in A can be interpreted as the degree of compatibility of
the predicate associated with A and the object x.

DIRBERR T 2EPHXRE—FWRF" ABORE,APRTER 2 K
FIBENE (O LIBIERIEIES A X s HXBEHOHERE.]

¢iffiTe HiA predicate & SGE W KB IE”.HA”. EHRATXW R
truths l statements X282 8 i, T LAX B HAB IR “1§ 177 . 4% associat-
ed 5|5 /894318 56 & 1E € i B the predicate,

@(RBERBRT X TLENNMNEH KT HBEEAFHNRE s B
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KRBENE () TTUBBRS A BN x HXBKAIEFRNESE.]

#il 12 As will be seen later, it is also possible to interpret %, (x)as the
degree of possibility that x is the value of a parameter fuzzy restricted by A.

@LEMAEHE BT, DB xa () BiER = B A BREIH—1
BB ENTREE.]

oifiTe HLiF fuzzy 1E 4 i i & 75 B 38 % &R B % 4 R B T , BT LA pa-
rameter fuzzy SR B R “BERI S 8075 53 50 A “ S BOBBT 7 (0 5L 3, B8 b HE T
fuzzy BRI AE . Y& &, 1M restricted by A,

@ EWA E% A B IR, i) S (BB x B—1H A 1B
PR SR H TRERE ]

% =] 4.6.3
15 1T A R Y 3 SO BT AEAE A (R B, O n LB
(1) Such classes——called fuzzy sets——arise, for example, whenever we

describe ambiguity, vagueness and ambivalence in mathematical models of em-

pirical phenomena.

@ X LK HI AR BRI i, MR BRI L B AR B LR P
BB PR AW R B W, B e B S 8 51 ]
(2) Then a fuzzy set A in X is a set of ordered pairs
A={x, talx)}, x€X,

where x4 (x)is termed “the grade of membership of x in A”.

DI, —1TEBF XHEHE AR HERNM
A={zx, a(x)}s, x€X

HBHE  HP 2 (DHH A FHREE.]

(3) In many cases, however, even if the model is precise, fuzziness may
be a concomitant of complexity. Systems of high cardinality are rampant in real
life and their computer simulations require some kind of mathematical formula-
tion to deal with the imprecise descriptions.

SIER, EFEHALT MERRREHN, SNt TREREESEEAE
YREEEY .. ERLABTRERMARERTEERN K, TENT M TR
LR FRALEMBEAR AL R E N HE.]

(4) The theory of fuzzy sets deals with a subset A of the universe of dis-

course X, where the transition between full membership and no membership is
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gradual rather than abrupt.
PIEERELAERE X —1TTRAKPETL2RASERAZ A
AR Z WA R RRE ]

§4.7 HEKIERFHIEA

AER 6 WAHMERA T EENAEREEE VI B)NHE =], &
RBEIFHRE LRI BERFEFZ VW RIEN N EEHRIS . WA, RITK
FULSEZ M K > B A6 N —FOREb 22 45 85 X 302 45 T B 3R 6 3 47 VE R .

HTHEC LB R REQOBM, X —W EEiT P2 B EMH
FOBMMIRETIEEERF TREMFTHRN P ERCEEH W -BRFFIH
&% MR[15] ~ [20].[57] ~[63]). MEHFZHFHIBMIMIEREFESNX
BOHNBTEELZHNE,

AHER, CRKFRPEREEM KPP IENBEAEXBEHR (DATHR
(FHORMEF XPIEB T HBA . BRI RTR (R M) R A FEH AT 5
FRIZENEHNREFL - ABNE. MEFHBOREEN RN THE, E
AFMERAERX:

() AhER EREEHFEN TR TE, B find(GR), determine (i
E), prove(AEBH) , verify (8&3E) , show(IEBA) , simplify £k 3 ¥ {k 4] 4 zhia) ;

(it) FHEE R Rk , 48 Bl , R A MR,

ERAERAR L AFRNEERIAVWERNZRRA. —BRURK, BRI
w. B, MRATRISE, Kb LT 300 AR A A E, W AT L4 B AT4R , 40 Find
the sum of (z*+1)and (22 —5) , R EFREXFCLHBRNH F. H&LHBRE
ST, H A LLIE &4 FME %A B — A~ F . W Prove the base angles of an isosce-
les triangle are equal, L2 AN .

A 3 BE AT R IR 4 F — AN KA B LA ) F Rk (B xd F 2 A B 4 i 0
HWRAG), Tl S4.7.2 6 2, AN IBAHNES L, FBEKN §4.7.2
B 4), XA F A RERHFIN, , LT REREBHN(SEUATHXNIB).

RER, JBENREIERAEBARBEE ;M FEBEENS . REENR
BEIER B, TR B IE . — MUK, PEPENRIBEBEM TR EREAS
REFREAARERAS KK, HERITHATHEE D — L@ HF, T
ENLERFERHEHREHE AOETES T IALERK.

AT EENE, TEE e RS FRIESRHEEBTHA.
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§4.7.1 FEHMEMREFBFANAEEHNERF

il 1 The sum of the digits of a two-digit number is 10 and the tens digit
is 4 larger than the units digit. Find the digits.

@2 HFBHRFHMR 10, + M HFHEAHF K 4, KX EHT.]

oiffiTe FEBRATH two-digit number (B LS . tens digit(+ {iL $
F)M units digit(MIBFO W E L, FH—-RFIEIR. EEMNHFE B AHRT
digit &5 number R 2Z 4L, LA K digit ERFEIM T KRR FEE., BE, KB the
digits Ji 1% B 0 b i L X P N F 7 .

@ [ PRI NEFEZMR 10, FUBFE N EF K 4, RXFH
#H¥.1

] 2 The sum of square of two consecutive even numbers is 52 and the
square of their sum is 100. Find the larger number of the numbers.

DI EEAW HEEN A 52 FMIEMNMAKNEFRZ 100, KX
L Gk Nk 8 |

oifiTe XA ITEREAETFEREM two consecutive even numbers
& ORISR R AR HK A R BRI~ 4 /) 2Z (8] A 2 42 18] and 7E53X B
AREFECA”, BNAESFBESAFHANRZELTH MRS E=.AXK
f) the numbers 7 % B8 5 b 1% AR X BN 307

@ (A MBBEBHF I AE 52 BXFARZMEF & 100, RXBA
HhEgAE.]

# 3 Sunny borrows $ 20000 from a bank with the interest being calcu-
lated at the interest rate of 16 % p. a. compounded quarter-yearly. If he repays
$ 4000 every 3 months, how much will he owe after 1 year?

@ [Sunny [a]- - ZKBATLLGEF B 16 % 20000 £7T, WA Z—FE AT
B, MBEMBE 3 AF 4000 T, —EFRELS7)

[@EE®E] p. a. = per annual .,

ei}ife MIEX-MHXBE, ANHEXREFRIEREEMEIUHEN
A, TR —BF%. EE,quarter-yearly B annually X 38 th & 7R B 6] K &
K2 NG B-ly Z )5 K H R "I E B . 5, the interest rate
(FF) Y interest(A B RTELEAFRBIBE, ATIRAE.

@ [Sunny [ —FKBRITHE T 20000 EIT,EHEN 16% . % EFKEXE 3 4
AHE—-KME. mEME 34 HIHE 4000 £3T, 0 —F )5 flif K £ 4°7]

#1 4 In the figure, two ships A and B are sailing towards an island C.
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The compass bearing of the island from ship A is N49°E, and the true bearing
of the island from ship B is 316°. If the ships A and B are 170km and 75km re-
spectively from the island, find (a) LACB, (b)the distance between the two

ships.

®[EEF . BMAFBEEH NN CHEE c
REFANBRACMAE NOEHEEFBRESN
fifh R 316°, WIRAMT A FIMY B R EHEE 170 F
KA 75 T K.k (a) LACB, (b) WA Z EME 4 4
e | Figure 4. 7. 1

(A& X B ] compass bearing H“F /I A7, MXHRIEH due north(IE
Jt) ,due east(IE %) s due south(IE#),due west (IEFH)#l N2"E(db & =7,
Nr'W LR =°) . Se'E(B AR =°) .S W (B P =) %, K R B[
5IE4LEIE B 7 [ B9 32 M B BE BT 90°) 5 true bearing F“H M7, LLIE
dEFmmK o’ g mA v (0°<y*<<360%) B3R n (35 1IE b T () #5 B & 7 9] g

¥ v R R T .
¢i}#iFe® The compass bearing of C from A is... XFa) B & L& .“M
AFMECHTRAMNARE 7(#8 compass b BY true B, FHERD . FH

A=A from FIFRBF” BRI REN  E-THRABEY,

@ [EED HAHMB EEH-IMEIZICRENBAMRKR BENT &Y
f & NASECHLRZR 49°) s AR B IRE I I M BT i M 3167, WISRAR A M
B HIBEME S 170 Tk 75 T ,3R(a) LACB, (b) P RAZEIHER.)

% 3] 4.7.1
18 T 0 45 AR A SO BT AE E B () B, 3 LA B

(1) Let P be the top of a building and A be a person on the ground some-
where. If the angle of elevation of P from A is 31°, find the angle of depression
of A from P.

LB P EENTRAYWTR,A B ERLEHW—PA. FH A B PHG
R 31°, R P B AKIM.]

[iAi&F 8| ] angle of elevation {JIffi; angle of depression {f#i.

(2) Suppose that a certain radiocactive substance have a half-life of 20
years. If there are presently 2500 milligrams of the substance, how much, to

the nearest milligram, will remain after 40 years? After 50 years?

SRR EWESR 20 FH— L4, WRAEZYWEA 2500 2
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FLA0EGHB T ELREENZER? 50 FFR7]
§4.7.2 BZEEZEEHANARSHHEEF

f| 1 Four lattices are selected from 5X4 grid board indicated in the fig-
ure above so that they form the corners of a rectangle having sides parallel to
the edges of the board. How many different rectangles can be formed in this
way?

@I 7N EEEEE A 5X4 M FRhEd, #8E0RmR—1
BEIEMAEBRAFITTZRMANA., AXFMBPETUERELIREN
w11

oifife XEFUFAAKRE BRARHEIXMER. Fx b, HEHSHA
having 5| 5 M &5 SR B lattices, T £ B rectangle; F & rectangle & hav-
ing #3i24 £ 15 ;38 form the corners of a rectangle IFR“HIR—THEEHAIE”
WRMAHBE . HH, lattice (BT F grid (B8 AR AT LR .

@ [ LT BT 7R 19 5X 4 (9 RA& A A0 28 1 048 F . R BT R—1
BIERNAEA BEZEENHFT TBERAN%, AXFHIPETTUERE
AR E I EETE 2]

f5l 2 In the Pascal triangle, the term T,,, which is in the row n and posi-
tion r with n>>1 and 0<{r<{# is equal to the sum of the two terms immediately
above it, i.e. T,,= T,.,....+ T,-,.,. The first and last terms in each row
are both equal to 1, i.e. T,.,= T, ,=1, since the only term immediately
above them is always a 1. Find T3, 55T, 32 and Tosy, r+-

@[EMF =R, ZUT, ., EEBTE - ME,. Kb a>1 1 0<
r<n, FTHEECLHMFHERZH., 8—THE—TNRE —HRN%TF 1,
B T.o=T..=1,BEXYEHEZEEEMNEEHNTLERE 1. K Tuss T M
Tn‘i'l‘ r+1 o]

[iAi& X ¥ | Pascal triangle MAHi =M . WPEHRE¥REANEE=
A RHREE=ALTHE.,

*ifite XNTEXBEKRE . HARMH, LFREDARENG. 5% RE
immediately # iE R “H#E”, HEXBMERR“BEEN". 44EBHLHRF
J& s N8 the sum of the two terms immediately above it B “EM F HF 5 HE&
FERPIZH”, KR BRAEET a 2HEAHBEL, HEa 179 ,a 1M
%[ T one, 38 W BRH —4~, B i ; [FB, 37 only AR AT 4 3 ; ok, KR
162 i 1 A B R B R RS S B WA SRS —— X R L e WA T
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BEHNAKERE. 2aTE0Y:

@ [EWHFE=AF . B T8 MIBHRA T, FTER LT SHEE
MBI Z A, b a>1 i 0<r<n, B—FTHE-AAMBE—THET 1,0
Too= T, , =L, XEENEEMW LT REBEIHIMIAE— 1. K T,
TdUYSZﬁ] Tn+1.r+lu1

X &
#H M

8 (D) Tos
ke @ @ Tio Tigp
X OJOJO Do T2y T2
Kﬁ@ @ @ @ TI3a By Bp Tas
Eﬁ@ OJOXO, @ Tao Ty Tap Tuz Tau
mse @ @ @ @ Tso Tsy Tsp Tsy Tsa Tss

ﬁiﬁ@ @ ® @ @ @ @ Tso Tsn Toa Tos Toa Tos Tes
WU s E K
= W O O EF %
m x®x® X N N
B B B B B
zZ hH B B H
Figuore 4. 7.2

1 3 Alternate add and subtract the terms in each of the first seven rows
of the Pascal triangle and list the results in a table similar to the one on the
right.

@ (3 & # 2 br i & = A ] B0 T B AT P 89 8 — 17 B9 U AR, H FE 45 R 5
E—NS5HARPAEREF ]

it NIEFEE cach HmA“FEH"MEN. FRKNFEELERIRSE,
fEALL R R“BALIT B 2BBAE - RER”; E— AR REAEABHEE.

@ D R =AMETE LT HFHETaET O TaE, XN RfTHE
AFHHTEMRBHER, HEGERINE- T S5EANRB LU RS
F.]

5l 4 A company makes boxes of wooden matches and it is known the
number of matches in its boxes follow a normal distribution pattern with a
mean of 44 matches per box and a standard deviation of 2 matches. (a) What

percentage of boxes of wooden matches made will contain less 40 matches?
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(b) If the operations of the machines are improved and the standard deviation
is decreased to 1 match, find the mean number of matches that a box should
contain so that the percentage of boxes which contain less than 40 matches re-
mains the same as before.

M —FKAAMERLKEEHCNEN —TEPHXEHBLZRES
S, FEERE 4 RAREREENZHRAE. () BAZELHRLAEER
BEEDT 40 BAT k%7 (b) MRESSGHVLIFRIE FRMEZREM 1 R k2%,
R—DKEENMEATLE KERBCEBSEL T ORAKENETFTHE SRR
7.1

[ifi5 ¥ ¥ normal distribution pattern IE 2543 i # #Y ; standard devia-
tion #ARAEE.

oiiFe ZFEXMFEMBEETHRAKBIENERAIBRIERIAFEX
HER.FHERE A, i TR & BEXAHXFEBE ZARATF. 55,
follow a normal distribution pattern RE R “RM IF B4,

@ (A —ZAREFARHMKEE. CRHAEE T K 5B ERMX
HRESHA  FRHBAEE 44 B AR RHEER 2 R AL, F:(a) REEED
F 4O RKRAARFHKRESZLNE L A? (b) IR BV AFERIE 47
HEREDN IBRAE.BERERELTIORKENETFHR SN E P LEFER
R — A KRR BB KSR %]

1 5 For certain real numbers a, #, ¢ with ¢70, is it impossible that for
no real number z to have the equality ax® +bx+c=0 valid?

@UMRLLH a, b, c, a0, BB R TR FRLEM « HER ar’+
bx+c=0 W31 7]

oifite FEMEEPHRALTELART M, XTHEE EENER
EXRZ AR, FHERERMHEFEXOHRTR §3.3/§83.12), &4
MEERITERR BEATREAR —-MEBFX ax® +bz+c = 0 WL
LW 7 ER,XHFMNFEXRBASAHO. EHFEL MXHRNEFTERLR . LE
B AR AR RBEEERE S8, UEEBIREATHOHR.

@ [ FREEELE a, b, o) HFP oAV BREBELE L » H1B%ER axr’ +bxtc=
0 Baz?)

1 6 Read the problem carefully to get an overview of the situation being
described and to determine the known facts, as well as what is to be found be-

fore you solve any word problem.

SUFEREEE, UETHRIMENER. HECHMNEL, URKRER
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PRAT AT 4RI Al BB 2 BT BT R LA $ 9 . ]

oiiTe XAM EELIRE NN before F| 7 i W A] BT X BL ) £ 4 LR
what is to be found. % /418 R4 word problem ¥R “iFICHE”. W H.,
found 73X B W BRI A B“ R .

@, LR 7 2 P AT AT o R (O D Z BT AF R R A B LAME X B i B
HERAE - T KB TR HRECHAMNFLULEEERNEMNA.]

14

@ (R — N ABZ, AR EEE, UMEMNEB T #HENERA
— R TR, R EEREE MA S, B BRI ]

% 3] 4.7.2
48 T 18 A A Y % S0P BT AE L I (R S I LA K

(1) The sum of three numbers is 20. The sum of the first and third num-
bers is 2 more than twice the second number. The third number minus the first
yields three times the second number. Find the numbers.

BI="HHAE 20, B—-1T5FE=/1THHHME 2 ZTFHRENE_-IH.
BB EFE—AEH 3 RUE %]

(2) Solve the following systems of equations. Don’t forget that to check a
problem like example 7 you must check the potential solutions back into the
original equations.

@IRTIHHFERA. AETICREERE 7 RHENEE , K27 83 EF#
EREHERF.]

§4.8 BAORERERE BEEFEN

FEUERT,RICLFD 200 2MREBHEFNH F. AVHEEEFR
MBULF— G B/ EN— R AR, 78 MR R RN
R ANTEEN A - AR HR BRRRERANRE.

§4.8.1 REFFHOEMABER

AERMNEEFE B LI ETRBEREEFNATHRAERLESE
FERER . TR 807 (8, RATIE M B M FF K& B4 mAHR . &
BHAR XLEERE UERETE NEEREE. TERKBERY A,
B,C,D s 32 a2 .
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B A HBEMHER

Frig i iR e R AR IR R R R, LR F R
REGEEMBEHNENREE T TFRE_ERNEETM S OBAK, REIVIE
ZEFEFNATHORRRFEERN A BARFHASFTRESFBER,. ZRAHN
X HEE AR SR AR T T HEERE RSB DLEM F
RBNARARFFE X RETBRE,

1. HEARFEREFHAEAMIEMERBINER

@i 1 Tt becomes necessary in our times for all college students to under-
stand calculus.

BIERHWATAEREFEETHITHBRIRVLERN.]

oiftite XNFXHBASH,HRIE 100 Fk,E/NEFEFILEELMRE
BT AUEREFEREFEAFTDLETHRITER? XEERNEER, FER
HIH calculus HHMEEH & .

KAk, calculus FEF X AW, —B“IHHE”, —B“HMB 4 £ (the differ-
ential and integral calculus B #5). FIZF LA . BAHHBHFHTFRERITERHE
EHEIR L, K & ia N calculation, computation, counting %, # EFF XA
HERE, X BIROR“HEBSE",

@ DT UM A RELERG, THRFEHSIEE[/BALE.]

) 2 Equations are of two kinds———identities and equations of condition.

®IFBEAEFHE —HSAMXGHTE.]

¢i}fife Equation RREFFR“ TR, HELHTFER“FERX". &&
MREATHREEFH TR FANMEFANTXRENZEHEXR  RE R HHE
equation f & SCRE“HR”, W AT RBEX N a) F451%

@[EFEXHHE—EEFAMEHFEL.]

2. WEBERNEBEZEIIMAZERZITHRIBHER

4 3 The set of integers is a subset of the set of real numbers.

DIFEBRMNERFTELHMENTFE.]

¢ifiFe [ ERE,the set of integers ZE[6] T the set of all integers, the set
of real numbers % [f] F the set of all real numbers, i 43 5 1% 5% 4 ¥ & fsc ¥
£, FRERASEAE TR a, A a set of integers Fl.a set of real numbers
AR R ERFERBRARNES“EELHAEARNE” XREFBHEAS R E
iR — T EEK . R, the set of natural numbers 5 the set of rational
numbers 7 HIRAN B RABEMABEE . Bk, HA N F W .
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@ [(BERLLHENTR.]

%] 4 The volume of the big ball is 3 times larger than that of the small one.

@ [RBR MR /N ER IR FR K 3 £%.]

oiHife FEETEATMH,FEA%E T the volume of the big ball is 3
times as larger as that of the small one, P X R FZFER B HEREFE
A WBME L B % 3(A is 3 more than B)”BI R RIEGEN §3.10) . FAIR
PEAL :

@ LR R AR B R /BRI R 3 15.]

@ [ R AR IL/NRAOERE 2 5.1

3. NEMXFREEXAFEPXIBETAHER

] 5 An identity involving letters is true for any set of numerical values
of the letters in it.

DI TEAFENEFANEAMEEPFENBEERNESRBEL
1.1

oiftite M setfERIEAM, BAA”.“E"%. BARFEGERERBZ
3.t is true HFAN“REMNRATL. BEREREFEA R AR, £—BEL
TRV RUSL” . AR AL -

@ [&F F i E %0 Kb F 8 — A BERL ]

fl 6 This number is said to be a function of x even though no simple al-
gebraic formula is known for computing it (without counting) when x is
known.

@IXTEHFERN - HRBCERENFY s EARNTREENECRIHTE EE
HERAHRBLAAEAH.]

oitiTe HFHURAIAHE. BT XFHLARN YN HERFERAAE: (D
8 computing #l counting & XEFE, G R FEBEH B AL, H 3 counting B & X
ERRFHET;(2) HEETEP A is known IFR“CHM” KL -_FMEXLE
A ZH K% — is known % [7] B A 1 8 no---formula & & 2 Af1“HE BINIR
H"HRAXB“CEARL"HAEHRBAR) B4 is known R R &
HEMNES G BEMK).

@ DX BFER « MRB, REBRAE — MR ALK T Hk b B
 WH (RE A HBCR) hE/y{E.]

XBB EXREEHE
HERTHROBFAERR, EIE G5 E 28— %735 00 A%
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5500 HE N B 2k O A B K 22 B, ) 2 3 45 R BE A% UL S Y S 0 S M 1) 2L, 3
BEHSBRIESEF. RIMNESALT.2ELFINRHHBRAMH F, T w2t —
K] e

%7 If a variable y depends on another variable = in such a way that to
each value of x corresponds a definite value of y, then y is a function of x.

@IMRE—-ITER SR AKX WEBNEEHM y O —EHEHM
X0 AR4 y B « MR %]

oifife LILENFERIFHFNERSATERAEERXE, X 5FE N BEWH
BMEANAREA X, AN BB THREKFZRARE, FXLE, B (55—
NEERIBENE, HPEET that 5| M REIAENET, APE =S —R
511 depend M correspond #Y 15t i % : depend on F 75 “#K#i F”, correspond to
BRI T, &, &FE A ENEZEREA, EiE & value of y, M, XA
T R TE B R E S, AL RS0 A R E R E U R X R — Bl
B HE A

® (R R y REAHEH TR TS — R, 0% = FANE,y BH
— M RERESZXN L IRA vy MR A« BR%.]

f5l 8 The goal is to come out of this course with a large number of meth-
ods about which you have theoretical knowledge and with which you have nu-
merical experience.

@IHHMEAMAFZEANERBAMBESE FEEHXTRE.]

¢ifiTe A come out of EFH LW BB R EN", X BN U H“%¥
58”7, AT iEAME T with a large number 247 R 4 FRiE. B4~ which 43 515]
F—AE BN methods, #]% & AT AE A 3X ) 19 18 s 45 ¥ R B i B 54
with B & AR A0 i BLAE IR .

@ [HEMRFE¥*ZREERGREN T E, AMUAEA X FEMGELH
W MERAEHENNBHETESZE.]

KB C HFEREHE

A WA F AR R AR B J RTR R A IGEENE , FE R B T iEE N
HoBeFEN A SN SRR AR, RIVE $4.7.1 B L4 ¥
+, iR — BT,

1 9 In Figure 1.3, we show all graphs (up to isomorphism) that have

order at most 4 and size 3.

i : XM 4)F % H (Modern graph theory)'*”, E F XN B R LA TEBFH



§4.8 BU/DRSEEE, RERFED 369

B E AR A e . Rif isomorphism ) E BB E“FH”.

@A 1.3 £#ARFA (ELERM M AABRZRE 4 MR/ 3HE.]

eifiTe id4l up to YT — A vid, ol & LR HE " H e H
1B, BEEECFE S, Y up to G — N RARFEFE LT 0% 4 X R BAE (N
equivalence (% #1) ,isomorphism ([&] # ) , homeomorphism ([5] }f) %) B}, % & 1E
“fggeeee- B X7, B0, up to isomorphism R RVE“IE R A B L7 HECE S
S B H AR R B B X R B MR — A TR X 47, 55k, ZE B, order
R, size 3 F5 AU BN 373 D) . B LAAE X A4~% b #4956 3k LA
f Hh 1E 5 A9 8%

@ (A 1.3 iR ERA (REBMESON MBELZRZ 483 4E.]

i F 76 95 1 77 T B9 AR R RE 7 A BT R i B 3, 35 B0 O TE A AR T B0 L T
ATLLBRAME R F AR s RZ Wl B ER S A mE A B M IEW R,
7 5 b, 75 BH AR AN A T T M R K ) B, 302 O T A R A BB ) xRS
) IE B BT M fE FHEE K,

$1 10 Nor is it the graph of a function g expressing x as a function of y,
since in a neighborhood of 0 the same value of y gives sometimes two values of
r, sometimes none.

F XN FEAELS 6. L 4R PHEBRIE), E FXMAERIT®F
mwEAEEBME f (o= | z |HWRBERR, X438 FT—4) R It is the graph
of the function f expressing y as a function of x, of course, but f is not differ-
entiable. [EREE fOGE vy #l > BRFONE 4% fF BAAT#E.)

@UEMERRE g (I8 = RN vy B9 R FO 89 E Y th B A WA, H R 7E 0 B4
Wy R —MEARSH - 2 ME AR —THERE ]

oitiTe XMMEMFHE NAEAERH. REBINOEELR, FAF
FATREH A FTRUT R 2 F 0A X B0 MR AR E T, ULk BB kol 6%
P50 XS 3 o nor MAIEA KT %, LA E]FFF L nor R B EMNE —E
5 Ba—#E, BX B 4 nor BEACR BAIR MU AR RT3 45 RAE R %t 3 A 4647 40 4
Pt ol TRl AR A3,

G SRR A X R B Y 2 A W A B AR, B 0 0 38 b since B R B9
AIRAETNRE ¢ MAFEM. FXEZNAREFES R 7 0 PR nX
B (—ese)) X yE(—e, OB,y BIFE — AN HF x 89 2 MME; Y4 y€ 0, e
B ARFFELE z SEMN", Hik, FiteERAREMEN 2 = g(y)
£ PR B PR . R0 5, AR 4 B IR AT LAHE D nor & 8 B9 R & AT e i
ERBEMER. BREGTRERZAXCMEAMES  SRAREHIX— K.
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@ [ERARFEA B g« WM y MREOWER, AR 0 K8 — 4
BB AR FEFEHN— y WNE - OWAARE, AR UER = OES
bOp A

RBD HEMFWNEFEHE

B — I T AL BE G W R 2 80 RE 07 A5k, T 82 A 8
WWEES EE P EBRNINERLE FREERRELR. §4.6 M4 10 EEXF
REBAF. THHEZHHNBARNE .

: i : : ; aQ .
f] 11 Theorem 11. 13 is sometimes described by saying that if %—52—83 in
¥

S the value of a line integral along a piecewise smooth simple closed curve in S
is unaltered if the path is deformed to any other piecewise smooth simple closed
curve in S, provided all intermediate curves remain within the set S during the
deformation.

X BT SCH A § 6. 1. 1 2 58 X I E A9 AR E 3 ), A o BT G
HMI1L1IBBHARTRE R TFHRIBRERHARER”.

® Ui 1. 13 A3 ok ok RS0 =29 S oz B 4y s o

Re— R ZBOLH B A A LML WEAEEE, R HS BET R
fb7E S MAERZBOLR AR M ML, MR A P AMRETE LB S —EHH
RIFE S #.]

*iffiTe Ml , X ARSI 20 B B R R A K (H B A )T
BRXAAFEE  RERRFAXHWEATR. EFW L. XAEEE EAKEE
N AR — AR M, XA TR BEEMENE R K that 5| ]
MEBAAIFXEE = &4 MG, BEANTH E8 86 B8R R (R ESE—4
FHENTZIG) ; AT, B2 AR — X A S R A B B R A
FRE MAFM ARBER" T AKRFERE”, TR FRVE R W4T 219 ”%
R, EXFELETMREEAT TR REUEFELF SR XS54
ZIEHEEXR.

EERE X AT MEE SR F B R GH BB (R0 b, AR
BEAMEIFEHE 11 I3"HNERERNR, THRAKKEF L s NG
ERREE GRS RXTROBREELHAEW" et — S £ HMN
B R R A R RTHR L 58 N R AR HH/NRTHR . 5B = AN &N 4D
TRT 56 — A AT SR A AR Rh FE LU . 7EX SRl A BB S H 264 IE 7 9 B33 )
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i 2 IR S TS B 40,
® LR 1113 AR AT Db et R0 =520 S sh o s S o

H—RBBOCHB R A MM ERrHOE, ARERBEREEE—KH
J5 £ AR T 15 B B L B B9 ) SR P R T A, P BUE T R S R
h—EHRFFE S H.]

fl 12 We can in fact regard D (and functions of D) as the primary object
in itself, divorced from functions such as y on which it operates.

EXMEXHA Y 6. 1.3, H b D RRHEASEF. HKH LT 30T
P AT DA D MR 22D+ 42D—3), 3B M BT R Ay
HiRHlF.

@EHS, BATAT LU DGER D HREO FEMA T A SR AN R MNE v
XFE R BT EX X R R G TTIEH )

oifite IFICRMIEMIFHFEXCER. FXWEXRSEWRAB R EH
AW BRAIET T EAES . W, 2 in fact BUEME C44E AR B
FATIE E—AaFRER, TiRR“HE”; HiX B in fact 74 & H F & 1% 3h
i), oA SCR“MIE LRI s SR W7, B R A SE PR B Vs | B GX b
LA HEHTF in fact BEAE MHIE) . 0, 8E in itself BB RS
S, KRB B 5 T AR “A 575 A F 17, AR R A R EE .
3, O divorced 51 7 B9 40 i8] S B A R I L b, from K BiF R
“M”,operate RULBEFEM“BH”., HAXLEE,ESFEEES HE (P K
30 B HRFRE ) B B Ot IBCE IR (BEE RS A X,

@ [5Chr b, RATATLAE DGER] D R BO 2B HBEM AN R, 0E
5 ER B G L6 T y XEERD R BTk ]

§4.8.2 MBEXDIE, EREEBPRE

o B3R B F R EEARE 1 M B K 0 R R E T BB I
THFLVIENFEEREBMBE. B TREFCVRBREARBETARREINK
FNE BT FE R R RN BUE & L 3GE R G F o, RERNIF H 00 SR
B L ERARDEBIFRAES THEKFHARHEBEBKFHALS
BRI . PR, b T 48 R R 5 A 0 8 R 0 KO, iR I, R A8 (R B A
W EMEFEWA T WS .

TS K — & ikE XM PFFRET, LR L, ERERIEN, RE#
X e IR 2, 0 BB 0 S b ¥ B S BRAE TR RO R 7 A AT A 21 K -
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—DETERER ILFLEET)

1. RERENEREN, FEHFETLRBHE

KA N R 48 2 JE 3R M BF BR8N B — e B 1 % FRNC (B 98
WA EEE M ASHRAR ABEREEAN, ST THIEES
L, EEEAR R MR, EXERE . FHERBFEHNBFER
R IORN R HABRMFA T A, RIRE T UXHM: TR HEEM
NEBHERASR - —EMNEXFNERARNBEEMRFREHOEN,
MAEEMGI MY, EXEME, ZRENE 1—6 WROAK G, B2 HT
B i 5 @R R U 2K .

2. BHBFENARKE BREEFLERMAKE

EREEBFOIET . BRAVAMNBFRE MEIAGE(REBEC LS
HEHELBTHBRE . Hie%), NS N EREXBEXR(GERLR B4 . 2%
B EM2HE BREEMET RO, Ra i FH8. & hmkER. B
A X HE 7 HE IE 5 B AR R 3T . 018 IE 88 B 18 30 2% X BN 3 , 2 ad — B () 5
N ERCEEREMBENEES.

3. BREPXMREMES, RERIANREFR

AT IEGm BA S EHEL REPXMREKFBRARIERERN; N
TREFIFSEFEVHPXREIIR, FELLTATRIFRTREREX
WK R X RET K.

B2 AR EIR LA W ERNE B, N ER R ARROEM,
AWK KA, A AWK B S . XME ST HMBE AR, 8
EESAFZES ATRITER.

ZETONSHE RERRMEIE

SCRRUES, BoE i Ll iR A A, CHE RS, M TASEE M
MRNEAREIE. FAER. A, IHEEERESRHAT . ZREHATE
o EH &M METUREXR.

BoogLLE RO RR, — N — 2 BE AT EHE E T RE (R REELIUE W
MEBZEZEROZAE. ZERAENTR, TUFBRMETELSMON, R LB
B AR BEHR. FINTRBFEOA HEZHBENLARE OB
. RN ZEEHCHX M RE. ERZEESNBHFOLES, E BRI
BBRHOTEMABRTESSBEMIH.

EHEEBNEEOIBRTENSE . BERESHEE. EFHFE, 0
FEHTRMNEBEFMES HTHNEAABHFL T HERI B, FHitk, R
REJRF, NEELRTHENEEACHITHE, RERITFE XA #r
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ERIMNERXAZB TR S48 FMRAMEFRI, REER REEIE.TF
Btk g ) A, 4 IE S5 R R B IFE X AT BN, B B MET
UK B R R A .

T3 A — e LA 05 B R AT BT DA G0 Tl o R & A R R, B B i
2] 5 A B IR A RUR .

1. BRANIEENSH

17 § 4. 8. 1 ] 2(Equations are of two kinds — identities and equations
of condition) P& H] , I RALHI /G B4 equation FFM“HE”, B 2 HILHEFX
FRE“TRN -7, REL AN ANE, XEVABHNFE. I XHERNF
B RITAEEE TR, 3 E equation BRF — P HAHNES L—%K, &
FARMFE RICTFEMRT KB T IERMNFEL,

BB — AR, 2 A [ SCiA] B AE [R] — ) B i R ) ) AT A ) S AR SR TR

1 It is therefore important to be fully aware of the rules of logic we
need and to realize that these rules can be applied without regard for the actual
meaning of the statements on which they are used.

@ (R, R BAZ ST T MRATHT Z 0028 AN, I 5 5 X £ 41
el AR AEEMNSNANGE L, AT ZaENERE L ET4A]

oi}iFe X HIEF [ XA applied 3% used ZRFR M H”, FiFE L EE
. (BN EHI] AT LR AE E AT I 3 R B B BT Rk aie
T R4 AR A S5 2 ) B R PR A b 2 3 156 BT LR PR TR
BORHBRFETE. REERELWEFES, apply BHFENA”,BR
BMNAEKKER MM BREEERRLAEXHE. X RIMNMKRSEH
apply BA“EA"X— T HEF L EXAE HTUEF N FEX.

@, KL, BER RN LT T T A BT 7 2 0932 58 AU L FF B B 1 4 41
W PLE AT eI HE i, A XM ERLRE L EFA.)

oifite XHBEFCALMARE LMRTHEEENTE. HE, MRF
A, BT LA 5E R E AR AN S A LT B — A R, it B I X
R REIE A B can, BIZFER“ZEATLL”, TRE® BUR:

@, (HL, EEMRN ZFT 40 T HRIIIEEREEN, I 5B #, X
L6 22 7 AT LA A T E AT BT R 4B, RS X A L PR & LR 4D

oifife H— HERAVEERE® NBF—AFL, TR

@ (E Mk, EEMRM LTS T HRIITE B Z BN, 3 581, X
SEHNE T LUE R FEMNF N AR &GE, B S5 aBMERea X Ex.]
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2. BRBERABSH

#] 2 If Ais a real square matrix with only real characteristic values, is it
possible that for no matrix P over the real fields, PAP ' is diagonal, yet such a
P can be found with complex entries?

@ [NFEAR—NREAELRIEHENFE, REATRAN LR EWERE P,
PAP ' Bt BEX— PR U HEHRMEFHRAI?]

oiki¥e BIFEH HAERERENE .- FEHEM A7 R2BEEL
RBTEET AHIEFETGELIHN for no %R TF not for, H5L no AR FRARL
BEE ., EREHE3iE is A A8 “for”, By AR R A X e 808 _F 6958 BE
PPREN. E— AR EXZAENAE I X—"—It288? “FHEHK
REAPRIBAH 2887 R FEERELIERA XL MERE LEEH AR
B, e A28 B an T sk .

@, (R AR—ARAECRHEEN T B, 25T fExt e 80 E s P,
PAP 'AEX AEM HEF BRI T BOTHEIE P 2 7 2 X0 & 147)

oiite FIMBUEBRAYGHE, HIZERNA LN, WRIFEEHE—
STHREBTELANEAMSELARS3. ) MM ZIELEBEEHTXE
KR ERERE PRI BB B HA”, FRF R

@, (R A B— A HASCFRIEMER 7 B, 2 & vl BB X SC 80 F B B i B
P,PAP™"#R R fSE R (B AT RE 4R BI & BT B P 462 3 R X B B R 14 7]

oiftite HBEXHEMMTARIA,MESINY REEGEMEERNT
TEAE A B, R SR AFREE AR EAHN B SRR AWk, TRVTUBREXE
R -

@ (IR AR—-ANRELHEEG S, BETREAXENEL ELHK
W EARFEER PEE PAP ' B9 X f 5 RE , {8 78 5 508050 7] AR 3 3R a0 48
B P.]

3. BREMREANIH

HAPIREFTAMREIIBRHERER AU, —BNFiHE LB HIFER
FI XA RLRFHIEL. FERNXBETREHFEMNA", NEBRERBEX
WAREEILZEZEFEEHVAE. TA—-TWENHTTUARIBHE—x
A&,

$1 3 An earthquake in San Francisco in 1906 was reported to have a Richter

number of 8. 3. How did its intensity compare to the reference intensity?
@[ HH1E, 1906 4EIH L 1L AR Richter R 8.3, EALENBRES
SR E 7]
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oiHiTe JFICRPEMN—NEEIE, HXAFEE FOCH R BER
SEXAEA—-B Ty, W B RA W, L, X R —BNFE LEIERKNE
. R, Wb EEH 8 A ERE, IR EE “Richter U2 8. 37 RNy HE
WEREMA:BH HBEL ZIFEELNE . EALENRESSHR
BEHA Y BEHEARAMET AT EERFETIAATHEH IR, &
WNREAEFTR .. XMER BEEEAHBEBBRNA A, EEH 4. Kb
. EEMEECEANEEWERES, REFEER L IEFBE T %,

i Xt 3 A B I 5 A B IR 3R B R N % R A5 B A v b A OE A T R i R
ERRBE X IFRIEXWATHAHAEYERFSWANETREMX., FLLERE
2 %] — T 3C#K . B8 138 “Richter 802 8. 3781 & T % [ A9 b & % B [K (Richter) #5
WETHR AL 8. 3 & RIS, X EM“BERENEERAE", ERESZL THTE
AEREBESHBEINZHXAMITHEAKX FNAH“SEHEERE",

22 320 A% Bl 3R] B AN A3 A7, AR b R T B9 A A how Y& SCRTHE M Y, X B
MH 2. SRESHGER R B, X R bR R E 2”&, 875 H B
BRI 30, 1A — 7 R R A AR ER, B AT A A R A

@ [HEHRE 1906 FRELAHS UM BEERAGER 8. 3%, A, XK
Hb 72 () G B 5 BE RSB BE 1N £ A7)

4. BERBIEENSH

AW —ARIE R RS2 ER NIRRT, BEEIRFKAE AR
BT R, B B W TR R A5 0 B A b O A R 43 RS X4 0 BERE (F2 4
WA BT AEHF - NER, MK OB SR A — BB, 85
BENMERISIFEL REHREMESBERERX., XTRONBE L. FE
SOk, B I EBAN R, BINAEXBEABESE, TEHREEL T,
N ZEBRENTERZENES SHhEXA.

%l 4 Problem Does there exist some features (numbers, rank, order,
etc. Jof an arbitrary symmetric matrix A that will determine which subset con-
tains A and consequently whether A is congruent to a particular representative?

@ [Bf# RBEFE-TEEAXRER A NEREIE KBS, E
BHEBR - FEETAIFHEKA BEHET-MEHRKRE.]

oiite XMAFHEMEANEMM, A —NEIBEMNT, EKE B
AWANREIENA(—H which 5| %, 85— H whether 3| %), @ W HFP WL
MARERE, AR ERAE, BN IBSHECEAELHES,
XA ER R BN ECRARGR XMW ER.

@ (A —NEENNHEEREARTFERMESE.BE. NS, 2%
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WEEB—TTFELET A MEHK A BEHA T - REAALE]

oiffiFe LitBEK, ENTWA/ME - NEEFENGESIETRIEBEMD
REHALEFE _ANBENTSHMBEHOXLRE. EREENE, DUER, &
will determine X fi 5 BRI EiE N A M Bhial 0 T N B FEH X H A RETR 3
HRM XKL,

@8 —NTEENXREFEARBTEFEEMREAE.ER.HH).EH
WERB—TFELRT A HAMBHEABTHE T - EHARE?]

oiftiFe BN —-LEER, BRI which 5| 5 89 & R H 8 E &G,
HAMABK AamRhREEEN HREES FANBHBHXRREYH
bR BL . Ab B AT 3R] RN A 9% R B AR B BT AL R B E AR R

W ER T, FEX FFH LM T RATG R T3

@B EBEEEN -DMARERE A BFELHES T ERHORAE
(AT DA o B0 Bk o SE R R D XM IERT LI E A F A BERE &, B ifial
DIHE A BBHAT - RO RERER]

AT R F, AUALA JLASW T 15 B 0 e 3 A B2 4 T R e
ZAABH MR, ZEAEAPEIESR LN RFRRUEERIER
R¥E, ETMMRIFXT L/F XEFRME - BERBEEZTSE,

RESHE B LAl R R i R KB R ERER.
BAEEMEBAE ETUI =4,

(D) B NEFMFLHE  BHAERXNMT, CEFENREE
I, EREEHA:HEEXBRHNBFANERETURN—TARHN. . BH H
HFEWGE. AAHBRY ARERRARRNZAM LS. UET %55
WE A HIEMBK.

(2) B AFMREF S B K B L3, 555 R BUFEAREMIIESHE
FHEERSOHEFRET LS, HEMANNEY EERER/INER. AKX
RIER S AL MR BN RHE S HEAIERBER T, BX B FRIEESH,
REELENEHZEMNRXREETE EEBSR B HFAFEX. Hd, 85—
41 b K BB () B B A T K 1

B) B=HAAHBHFOFRIEERE RS- RAN N B RS
EZETHMNMEREAE ZERENR . BEEMAEIN . SR W, LL TR
o MR SCERBN T L IBA L FEXMHREE LT . MR, A TREEIELE
—HH BRI REEH QIR B, LE SR A IR CE R MR A
BV EREABAP X RABEREE R W,
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AEI1ENBHIRIARBAR TN —LARAEhprfnigzEN
R RBAHEAGAROAPAF B FLEAEHERTREENF
R, R ATRTFREFISL ANAABAIAREXELAT R HEAR—
BLAANKFRL MEXBAATEAKHA“CNKI B# s F Mo 544
BA.
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§5.1 BERNMRERARE

—RRENBFR X EER W T AN 4R 458 (title) MEEHF B
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AEMMFEARERINEZRN —FRAEMEBENEZTREIRENSE R L.
PIEETT UM PR AR SRR W EARE R, R, ERITET RN
AEEMIRN ,EFWATUSHIZIE XN B ERETES . '

FEEERFARZHOERRER, AR XN EHNEXEL TR SR
BEEA-HT. FU TEAMEXEHARBSHOEEAER AEGENH, LR
IR He F EREXENENE : AR OREH ¥R o, BN EENZER
ft2a? I THPREZBEHPEFEESER RS XRBEZN . HAHSEP X
e XERENEE., B, N TFHPEEE BIEMNETRECELCNIER
KR ESR R R FIERE S P U RAM R R Z AL ; X F 3R L6 48 18 H SCAR 8 3C
PR SRR PR & R, (HAB E B 2 BF AT A 0 SRR 0% A 7 % I L 4
HMENDE, - EERBRRAKENALRIETA.

—REXEHBEFRXRETUEPHETREFATE =808 —
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BARZHEEVEHBELHNE, BEETENRETLEE B _RIrERZ
HEEWVERELS MSHABHEEXNBEFIHEEARSIHIENAZE, R
MAGFHRZ IAFEE S0 2HINEENTF ., Bk, 30hBERE
NENRL  AEREREARIELBEMEE, TUERE B MisE LR
WMEMSIFRAE REENEHR SN — R THE B, B AHBRT A6
BEPEREN EFRETAXRZ 5RO -BCE=ZRSNEHEEENE
B REE S % K, BEITEM I T s, e 2o EH.

WRATHAR , W TEF L W BEA AR A PRI AR UL, BB F IR TR
TR, SRR UEREREARTNRE, MAHREALFENRE LA
PARZRBIRE FHEMGISRINSHEERE, U AEFTEILT(SS. 2~
$5. LDENARE . HEAMI EHR2NEEHITHERIEEL .RBE
§5.5M85.6 PEHMNMAHEMEANRIELBRMGE.

FEMANEEFAE MEERL L, KRS IXHER. Fit, BE
X BAEMR R .

EENER I ZEABIER OSSR R TIERAG, B EH MKKHES , 52540
RER . BAERXENT 17,

XRBARBEMNRXHWEL BEPHEN . ERERXNAST . EEFHE
BAERESOGFEXRERAMET ., X8RN [T R AR L8 BRI,
BHERLAUEARET BORAARRENNIEAMERAS. —BREHIECHE
M 3~8 /X8, I THREZR  AE—-T.EXBAZEHIFSRIT . ITEE
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Key words elliptic equation; generalized solution; fixed point theorem
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WA R R A FRIEAR A XU T R AL BOEKTE SR

2. ZHHR A KEEIERXPSEARPERBRIAEH FTEHSE IR
R

(1) B%H, L NCRERED MEE R K IH, 1990 4F P2 W R HI AR .

(2) W B HICET—LERBHAEFBNBEE)EEF TR, EX; R
= TR B R E 2007 4E48 — 8,8 1F T #S 28 25-30,

§5.2 RARBMHIKFRE

PR O LB RS . — A5 4R B B RE S i 6, thE T
LRBEFRAFEHRRER.

EXHREREE N ZAEEMIAEENEGERELRTPOAR. A
WL ARENEEMNZEE () BENERUFE FATLFEE;Q) REER
ARRE AL BERBEMHESLARE ZHXRBIA; Q) XFRALEEER
W RBEARKHEILE MR EE.

BIXAREHRBEREIARINNER, NN T I T ERGENA.

1. BXNEXHRENEARR

BEERHA-TEAEEERARE. Biit, ARA—MaFREAMER W
SHR R RA B R EE) B ; R, R T R/, WARH NSRS . HER
a5 RN id on+ — PN ZAEE AR (RG] 4, BAR“B e 7 AR
Froeree BT, R, BRX B AR, BE BT LA on il 5.

R L R BH, HEREE - ARSI AN - FEREX
H,m/hEAGrE S EEFIDARKRE., A ANRERALFHREE—1F
BEREHAFE-TRANTFEAEMARANFERNE.

T XERENEEMRERM:

# 1 Pointwise Approximation Theorems for Combinations of Bernstein
Polynomials with Inner Singularities

[EAAHFFEAABRHEEZHAE N ESETER])

12 A NEW BANDWIDTH INTERVAL BASED FORECASTING
METHOD FOR ENROLLMENTS USING FUZZY TIME SERIES

A B B 1B R BT A B 2 T HE M i S B B A7 X (A ]

X REE—-ITFHEBKRE.

#] 3 On the periodicity of solutions of the system of rational difference

equations
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TRz T RANMRFHE]

EXMFEE - T RANEFHAEMREKRNFERNE.

2, BERENFEENTENER

A0 9) % 3 S SRR R P AL I SCB o 48 R a0 B iR 4 T R R B — X L
HWHEATEE, HBFEZHE IR, TEHE S RLAOHT.

(1) $EARELEE VR 1% LA 6 A

Gl 4 AHChRER N AP EEHEIER - MBS RS IR

Apply the mean value theorem to prove a new integral inequality

PR SCHR B A A IT 3k R — AT A (A 220 X B RTE X B A T LAFE R
WXHHFEER., L. EPXmER IR XENE SN ZEGE - DFB S
AEXREHRY - EREAPEEHIERR . PR LIEOE R -

A new integral inequality proved by the mean value theorem

(2) 4845 B A 40 iR 4 3 S At 4 R TE K

AU 562+ 3 SCUR I 3R A 42 R P R R R . SE MR HLR, IR SUR R K %
fif . B — % 1R PR 8 (S RT N on) , REZFRAEL Atk EiE. Wikira
MR BB ENSCERNTIERN T RS EEIRN:

Improving the teaching method, increasing the abilities of students

Increasing the abilities of students by improvement of the teaching method

XM ABESFEHE (T AEENAS) AREER. B—%FX
BpEE S P (A I M2 AR E) .

Improvement of the teaching method, increase of the abilities of students
BHAREFEXMER. BANER BB B ¥ TR R FEN R E
H7. B, TEAHMEXREBRSEN.

On enhancement of the students’ mathematical abilities by improving the
teaching methods

FHLLEBER—FMAAQEHENRE TIE, RITNZEL T LA BMY#H
ETHE,

(3) PR FAKWITIE

FRITUEHRNORALENGFEE. A THPAXANER, IGENREIRS
RIBFAWFZARZA. SMIGEE MR E EAEEERE, EMNEXEFH
MR T B¥., FEICHREN SR EE AHEE, B DGR ST IR B 5018 4 91 98
R.HETY. g NiEFE“ HEAER=AFBNE T T EWE MR ]
8 AR SO R B O T PR R T 4 B R AR -

A preliminary exploration of some methods of solving trigonometric equa-
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tions by means of complex numbers

A trying exposition on the improvement of the teaching methods by carry-
ing out mathematical thoughts

HE “oHE" “RIE"HEFEE. MR EEEEODEEY R SM
R, Ban, L a) Al o A A AR -

Some methods of solving trigonometric equations by means of complex
numbers

Improvement of the teaching methods by carrying out mathematical
thoughts

3. AEER.AR.ERIANERER

T AR R, bR T K 69 5 1R o] DA e, Ho b Ak 4 e 1R e BB A .

YRR E M B0 2 B, B T B 2648 i 43 6 UK HE B K
FEMIERBER.

Bl 4m - A AR RS 56 T — 240 TR B B2 A0 o O AR B A R HE AR YRR Y
AL :

The study on the existence and the asymptotic property of entire solutions
of a kind of elliptic equations

X B the study BAZ /), A A E T 1# the M7 study BT BT, XA E
MR MERE XN ERR, —RieCH R REANBIR, L, B ER
BRI 3Bt % H a study on. .. Axd, MAERAB ] &, AT 8 the study on 44 BE, [F] B
8 the existence 5 the asymptotic property "B & il 7]t #B 45 B% , B K

Existence and asymptotic property of entire solutions of a kind of elliptic
equations

XEHERTHEA of i XBRABWMLLBREEAKER., BRFNAERELEZ
A of B to, B k3R R AT, BEAT LU of 7] LU to, iX A A to B B
% Y solutions 5FEMFHXE. BERRN:

Existence and asymptotic property of entire solutions to a kind of elliptic

equations
% 3] 5.2

L 38T 5 bp B8 R L3RR

(D) HFEREFHF & ERBFHFRE
(2) KT B p{E = 5K R A5

) MARMFEERB—X B H ML TR
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2. THRXIEPHFE - BHRARXZZLA, RAHBHEN.

(1) The investigation on Riesz Mean Inequalities for Subelliptic Laplacian

(2) Analyse the Soliton Resonances of the Nonisospectral Modified
Kadomtsev-Petviashvili Equations

(3) The study of existence property of the solutions of one kind of integral

equation

§5.3 BXHEMNRIFRIE

RXRERER, ERERBCFR XN —TERARK S BT LIARR R
MR . wm. RESM—- T ERERS W BERZHAES ERENL XY
RXME;FZXRMIANEHTRBRARARICHRE. wHh, —RUPXHE
(9 B0 SO B N R R B N B R SORT IR M I — Ry OO E . ik, E
HHEXHBERELE.

THHEEMENAHENEATLAMBELER REEENMBWEMNEX
e SIEZHEH HRER TR E P AR, 3 5 e B A ) B A Rk R
HHESERL.

§53.1 RUMBEMEXHKANSEER

1. BXRENABTR AR

BXWEMNARARENEOBRAE XN FERFR. ERANERTEQRE
=AM -

A. IRMMNR (EAERE . NEH REXEEHE;

B. fRF;

C. IRGR(EBEMXREMNAFESHR).

Hp IRGREREEMN, AR A8 FoAbF 407 LUR 38 4% A8
AT ERIF R R I,

WERKBOTHN=FAEE (D BAEREEHFARSERE,.AD 8%
BEKBEERE)MUID SZ4HEHE.

L MAMMER SIS BRI SS RO (2R, Axtig
BRRRIERENS, XF+AHEGEE =FWIEMD).

ELENEXHARRSNEE EOREEOAE. 11— 6 80000 R 608 L8 04580 SO SE  E
H#EENBEAAE.
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1 TR —E 8 H X(Suggestions on improvement of the mathemati-
cal quality of students)HYIB .

This paper analyzes the recent situation of the mathematics education in
middle schools and proposes some suggestions to improve the mathematical
quality of students.

(A X ERFREFIRIF BN T B REEARNEEROEIL.]

XEMERA O, AR RNARTRT 2B EHFT IR, HRBBRE
BET -ERBXEBERFENRINL. ERANEAFRVEAAEMRHKR
EE N, R TR ERE.

I ERMREARENXFREBINELSELANET RERXWEE
ERER. SEGERTHRAARIIETLUAENANREELTR HFRFE.
RIFEREE TN RPRERSEHBRAENNE. XBEFMFEENX
FRESXHBEMEH,BEHT 5 B84,

Fl2 TEHER-RESHERE.

Abstract®®? It is well-known that the length spectrum of a geometrically
finite hyperbolic manifold is discrete. In this paper, we begin a study of the
length spectrum for geometrically infinite hyperbolic surfaces. In this generali-
ty, it is possible that the spectrum is not discrete and the main focus of this
work is to find necessary and sufficient conditions for a geometrically infinite
surface to have a discrete spectrum. After deriving a number of properties of
the length spectrum, we show that every topological surface of infinite type ad-
mits both an infinite dimensional family of quasi-conformally distinct hyperbol-
ic structures having a discrete length spectrum, and an infinite dimensional
family of quasi-conformally distinct structures with a nondiscrete spectrum.
Moreover, there exists such an infinite dimensional subspace arbitrarily close
to (in the Fenchel-Nielsen topology)any hyperbolic structure,

[(RE BAVEGE, — AU LA R R KSR BB, Mk
S0 FF g % LA - ERR AU W K IR . FEX R — ML, ¥
A B RE AN PR B O . BT DA O T4 69 8 8 R OR th L B JE R B9 Xt i A
ABREENESDERG. RINEBHEE BN - BHEFRZFIEAT .81
ARBAOHIHEERF TR TFRELEHFER DLW RN EBEK LS

ELWRENETEABARTARGBMERL LT, 5IHHHZEE Abstract Z JSHH # F (R Ab-
stract” F)R A SCIRRGBEZENTE MM A REGSENY).
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B MK ER, YA - ER ARG, #—5 CERATHECET
Fenchel-Nielsen #1 ¥ 4E 8522 DU 45 /9 1) EFR 4% = 6] . ]

I SEMREARFAN T ELRPWAMEZE, LR REREERT L
FREREME. BT 2E 44, BEAREENE - REAKOEEFEIRX
ARASGAERE ANENXFBREREENRGR, URHE LM AR 2 AR
fiE, THIMRME FHEaERE.

1 3 Abstract® In this Paper, by using the method of Dulac functions,
it is proved that under certain conditions a two dimensional system has at most
(n—1)limit cycles on an n-connected region. As an illustration, two examples
are discussed for the existence of a unique limit cycle of at most two limit cy-
cles.

[T A CH A Dulac RELE—EWRETIERAT,, MR RGE—
T EEXBEEZRAG—DANRBE., ERHREA,XPTRTESFE 2
A 1% PR P T SE B b R AE A v — IR PR BB 9 B4 . )

RREBESLABOE B—AAH TEENRERMFEMNETERFL,H
ZAIFN VB A SRS

1 4 Abstract®* Let G be a complex, linear algebraic group acting on an
algebraic space X. The purpose of this article is to prove a Riemann-Roch the-
orem that gives a description of the completion of the equivariant Grothendieck
group G, (G, X)XC. The main new technique for proving this theorem is our
non-Abelian completion theorem for equivariant K-theory. The second theorem
generalizes the classical localization theorems for diagonalizable group actions
to arbitrary groups.

(RE BRGCREAEARBZRX EW—-MEREREHE. AXWENE
WEB — 1 #R %% Grothendieck 8 G, (G, X)XC 5 % ¥ # Riemann-Roch
EE, X RN FEFETRRILTFHE K-HigMIE Abel E&HE
B, e TN X TEREEEE LN AL RTLEHE.]

XEMELERARXMHRAFENES FEBR) ZIEH —1 Riemann-
Roch B E B (EHNEMETHR)  REN AT REBERALBERA —#
FRER — BT HCOHIE Abel E&MHEH . BRGH NG — BN,
ERABENBAGFEEXE, EARY RAEE . ARE, BR—RABEFNES
M.

MNTFWMEE . RIMNBUER¥XIGHEREERFH=1, FEL U HNEE
HHE., FLETENMEHES. YR, FEIHMEENFTE, TEFMBs
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B-wuHEFEEMENTIR,

2. SERENEEXER

SERENEAERE: WASH, AEH, BARN, CARW; Hid
W RB T A R, M . o,

“ILEEH, AV ERISANEHNEERAENTARSHKN . Fin,
AEGHN SHABX", MEEHLXBIETHA” “FETHA.

“EAERSE, X AEEEREXHABFEEAEESR, REES, AR
mEERR, AW EEMIERE AN, B0, Ao ERE PRIt ig RS, R e
Bl HESE O AHBEEZLHNE. ARNAENHEFZEEETRE. W
¥EBNZEEME RAEBRKEANXE, MEAHMEROILS, BT B
BRE.

“HEIMLE, KB L LN B E R IEMAES ARERN T LETLREE.

“REXT MR RENRER L RMMER, FULMER G fTH
P L RS BIAS W A rp 5 | A 0 U T A PN 2 B A STk

RMERAEIOCRFRL, WEERCHEN, EEFS LANTRAEKER.

(D) RBERE - EXHEMNRANELAELARBEN  AERHETE
EREAMIERTAE. EEMALENENTURENEXEREFX, AT EH
AR,

(2) AFEE EXHENENMFRLARTEN. HIR AERTH
PXHELFTARES, FHUEXHENEREEI L. A, —HPXREY
B—AETUE .

“BIR—RERTENOR.SH AREENE TR REG.”
HEARTER:

“Study solutions of a kind of singular equations and obtain some sufficient
conditions for the existence of generalized solutions. ”

BAZANF AR, BT, REAMBRIPERENTFHFL
#h 3 : “The authors” & “We”, 48 Study M — M F8 S R/ NG ol UKk
L8 8115 7S : Solutions of a kind of singular equations are studied and some suf-
ficient conditions for the existence of generalized solutions obtained.

Q) BEEM - FHEREBEHNRASFIAEIR . EEMAAER. T—AT
RG-S E ARG, SHiEESE, XENEHBEERNSESFA

B 3GER DB —EHEPHRIHSE MRG0 [2]%,. ¥ R Fm S5 3 ). kEk R
ATHAZEXRNEE. BAXRNEES WENB TR XM EREE EFB8BLAERE.
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PR T —S64F £,

D) B#: FFRERFECHBEET R —BRREN, REDBAEHKREL
FTRA—BITENFW EHRELEZXNBARESEA RRERE, EF6RE
HREENPRMTER.BR§5.3. )%,

2) BEMAR: A TEARRAEWNENH  BEMENEZRHEEINE
A Al PSR A% = AR (4N this paper, the author(s) %) A FEM EHBELEE
XENMBEEN T, IENBEREANREBERAMERN . A, ExE%
FZHMECRZABANE SF T RIAREHEIEE - AR ‘we”" RELE = AFK
MEFEMEE. BR NEENE, XE we RATHT"REF.

(1) WiBRAT: ARPFENEHNPABEALAGRERBRINAREN TS
MAEZR  FERFESEE, BRI EENZEEEF P XHE,
FZHEASTHIE RN, ANRBEBEIRPRANMAEE, ZLBER P X
WE.

§5.3.2 EEEXRETANELGRE

PIFEERER AWM ENTEEREELTF. HE  AEZZ R . L4 . £
%3 . BAEES., 2R BURZEKFRRMIE LR ; 43,30
BREXEIE. AWEZR . FTE - ITXBEMNLEGHTRE. R THEBIEEES
MEBYE AN TN AEEXIREN - X RAE, SEXER, JEEHE
AUREHEENRBRXWATHARA THHATENED, EXERM L,
§5.3. M EMA AWM EEAL W AT TRERIH —BRETE.

THEMAKHOGENEFENEHLEHEE, HaH - REAREFEE
ZERFYHILCRHEND T,

1. TEMRNRB. AENTE

B RS AT , M R LAFF 1T L ) B SCBE BB ST B IR R N A R T DL R B
DMRREFAEE. TEHDOMROBWEAEEH . EZPBHERTHRERHAGH
XK.

(1) BEEMEHEERERE

X EAR L the author, authors, we, this article, this paper %4 ¥1iF,
¥ W BhiE) & consider, discuss, study, investigate %5 . Al FHERER M.

E4AROAD - SR AHECERXNBERA - ML ERSHL 5. 3.2/ 14)  BAAEKE
WEFHERFAAFTNRAARANE. ROMAWMFENERGEATRAER. B4 . XFHFEHRAA
HFLR UM AN MM ARSI RIE.
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we consider++ [RITH B+ 1, A 5 FiE 5 30 18 AT A b T 51 2 84 98] 1
A RE M AR,

# 5 1In this paper, we consider properties of the Perron complements of
diagonally dominant matrices and H-matrices.

(A& 3% B A G EEREA H 2R Perron 2y JES64 R ]

(2) BB RRE

KB 1. XHFRRELERDFOATFHRBRBENES, LEMBM in this
paper(E, in this article),

R 2. ZFANBREFFHEIRAGTE TRANTERXR LY.

# 6 A generalized concept of boundary limit is introduced to investigate
the behaviors of the superharmonic functions.

(4 SCF| A —Fb ™ SCH0 75 PR A B2 B 5 LR A R B A tE G . )

2R/ 3. R be concerned with---3E BPFEL IR,

$ 7 This article is concerned with the semilinear elliptic systems for the

polyharmonic operator having a critical growth nonlinearity. We establish con-
ditions for existence and nonexistence of nontrivial solutions to these systems.

(AXHARTARAHKNERXUELZERANE FRLREMBFRA, 8T
TRFRXEABANEFABRNFEERFEFEEAFE.]

(3) lEEM EEERRE

XFERELZEWEY, &1 subject, scope of the research &4k 1B,

% B 1: The chief subject of the investigation(&} research 3 study)is--
(A B RT R R eeee 1.

% & 2. The scope of the research covers» [ARBFFTALIE T oo 1.

XML EAEREOREZ P, BERHEAI D M) BRI ER X
BEETY.

2. RAMEEFANERNGR

MEMF L AT EAXERRENERRENER. TEHAH XA
H—seF AR, RZEHAR, TRANAMEEMHTREMXEIHAANE
(W61 8).

(1) fZRm B 8R4 X EiE 8 a1

W R¥ZR)N H e EE AL W0 aim, attempt, purpose, goal &, A XL
.

28 1. The aim of this paper is to-- [A&LH HER - 1. K aim #2115
. PT A B, our, BUTE 4] B s 55— A 1 » paper t 7] # i study B investigation %,
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N, H &4 18 aim 7] PL 2k B, attempt, goal, purpose %, 4% H attempt
B, AT AE AR IE R, 0.

R 2, An attempt is made tor-- [HBTETF ==+ Y, Hh made ATEA#
undertook 5% fth 2K 131,

¥R 3, The present study is an attempt to replicate earlier evidence
that--- [4RiAR KB EE L HHUERA - ) I

18 Abstract® The aim of this paper is to study the canonical partial
metric associated to the norm of a normed space, whose related non-transla-
tion-invariant topology can be used to characterize the convexity properties of
the original space. In order to do this, we define and characterize a new inter-
mediate geometric property that we call continuous convexity, which appears
in a natural way in the context of the canonical partial metric topology.

[RE A HKRDI S RG2S (8] #7580 B 5 S 2 (e B 8 , M)
EFB AR AT LRI 2] B Rk 2 m eyt i, BATE LH-Z @ T —F
FHRZAhEZOMPEILMRE, EU—MERAN TR BAEY R AR RE
HHId ETF 3.

(2) A#x B EE N shRR R AR

W F K 3hiE 0 aim,intend,attempt %,

2# A. This research aims to*-- [ILHFFE B BIFE TFooreer L EFFiETU MR
Hi % M 15,577 0] LA intend,attempt FH# (3R o #EHE) .
3 B: This study is aimed at identifying+- [ZA&BF3Y H B E F RG],

Bl 8 FFrk—HEALARE RN .

#l 8° This paper aims to study the canonical partial metric associated to
the norm of a normed space-+-,

(3) AAEREIEEHBRE

TEHARABEEIERA TR XN REBR EENTRERS. KW
BEERAAEREEERNEROREBNGD , BREERHERERE (WER T,
THBFTHMBIETEEINERN. S0 8 HBE—A4.

WA EhiEA

analyze(43#7), characterize(Z| i), clarify(#Bd), construct(#J3&), de-
scribe(3 iR ), determine (H§5E ), establish (B 3r), estimate (fiit), evaluate
G+#E) ., examine(# %), identify (B {F), investigate (&), report (##45),
study(BF%E) , test( #fiF) -+
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3. NMESHREANERIEXARH TR

BEAMNTESHBRBRAZL R EMBAHXWETH TE. REESH
X 24 ) Bl 49— 2o LB K,

() AEBERERAFRNHEESHSEMNR

TEN BHFFE BB | Oy Bl R B 5 DA — A 43 18) A 8 A R B VR PR R 4
PR R SRS E X R, A based onses (T rereer ), inspired by« (3%
Feeon f1 3 ) HE by means of - (fE )T oeeeer YW RGI FHEIE.

]9 Inspired by the fine boundary topology which was proposed and well
studied by B. Brelot, a new concept named with the AT-fine topology is intro-
duced to investigate the boundary behaviors of semi-continuous functions.

[ F B. Brelot 42 tH B 3F4E T R 47 B BF 55 00 40 30 R0 #h A< 3T 33— Fp &
BB A AT-Z0R Fh A BE SR TR R L ELE R ML R 1T R .

X F based onJEXS W T EH 11.

(2) AN THHAEHR WP IRERER T %

WMEMNESRNBACHRER. BE, LMK PR AT mE K, XE
B HAUR A ST D A AR, BT — 7 A RSB AT A B 8T A BT ST SBE SR 1
HEARR UEZTRASTHBEOTENBACHRE. B THE-BAIH
HALSTER T A BN BHABRTLAEAIN A —ERHIRHBR., FTEHE—
A Z3 N B B 7 BLSR B VR B B S R O A A B, v st R AT o 2 e BB
e 58 LA .

XA ARA B TE B HEWE T ESF .

KB 1. BAAWREREFFENG. 0,

It is well-known that--- [Ax B B &l ------)8% It has been reported that--+ [#§

B2 BNANAEREERENT. W,

Previous studies have shown(that)--- [FcBiTFs B 2 FBH -],

B3 ENAWHABTREANPRELERL. W,

%] 10 Abstract The problem on boundary limit of the subharmonic functions
was first studied by Haymann G and later was improved by Hanack P. The
purpose of this paper is to prove that a similar theorem holds in a more general
frame.

[WE XTTFRMEHEWAABRRBFEE E£H Haymann. G EHBFSR,
3% Hanack. PAET . A X B HEE—-MWEZEPIEHARXUN ER
YA |



390 BhE WFLOUHRERE

. WEPSREFARROEIRTHTRALIHREMEMBERIEZ
ShEERMERATRABCHIFFRBROE S, NEHEAEARABRROHE
BEL. M BTEXQORXELMNHMFBCAERROTGTIN EXZHRRAS
— R R BB RS EE TR R R BRI B R, AT
HEH S &2,

4. TERARAENE AR

EMEPEFEREHRFTERAOTE FIESEH T HNFESX L&
FEEHAT T HEMBER  EALENHR RS E SRS,

THER— B WA RUFR RN E R

() EEEB“HRTERMAAHAE

Al L A method, tool, technique 3 X4 i, be fE3h 17, EHE WA T H
%o AR,

An important tool of these investigations is*» [IX&HRH—IEETH

The main new technique for proving this theorem is--- [ B 3 iF B X~ F B
M EERF LR L, S L 4.

(2) PEREBF R N AR R KN B H 5

IR E =

EB 1 EENTRHZELHERYREE. W,

The well-known--+ theorem is used to study+++ [Z3CH FHEZ e ER
FWFF =), K+ theorem W] A | method 88 formula ZE##, 3 in F3&E 48
FEiE.

EB 2. EACHMAERMAFHIE. W,

#l 11 Based on the extended Tanh method, an efficient method is pro-
posed to obtain the exact solutions to the coupled nonlinear evolution equations.

[T B Tanh ik, AXRHE -FHAROFERRBEREBELE
H RN %]

KB 3. HRRTAFANEERBRE I

By using the method of+ we-- (i &k Bi F{ »oe o L, AT ). S I
Bl 3,

5. TEMIRERNG L RAR

ERENGREBTEEARPREXRATHA . MABHTHAGER. B
HRMLFHA AR, RERE B,
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(1) HRAEATEEAOSRRGERN— B AR

BEHAFEREEMNRFRTRRR. INFEEYHEREAHZ)
idl , # F 5hi8 4 present, find.result in, prove, show, reveal, observe, obtain,
conclude, solve, establish %,

B 1. It BETEN EFENA I

It is found thates- [ E - - Y, Hf found 7] A indicated, observed,
shown, concluded & ¥, 4] F & XAHMBUE(Z R THD.

i 12  Abstract® The Noether symmetry of three dimensional isotropic
system is investigated in terms of one parameter Lie group. All five possible
potentials are studied. The corresponding symmetry transformations, the con-

served quantities and symmetry algebras are also obtained. It is concluded that

the minimal non-trivial Noether symmetry of three dimensional isotropic sys-
tems is SO(2. 1) XSO(3).

[T AXHFTHARSEFERITR =4 & m E ¥ RSB Noether IR
£, WF5E 7 A0 O] BR Y 2 5 5K T AH L B9 3 BR 28 R R 2 B A0 0 BR AR 8 iE A
T B/MEFE L= R AR Noether 3HFRHE R SO(2. 1) XS0O(3),]

PR 2. HEMHESIESAR, W

# 13 Abstract In this paper, two existence theorems for second order
ordinary differential inclusions are proved without the continuity of multi-val-
ued functions involved in the inclusions and using the multi-valued fixed point
theorem of Dhage(1988).

[ME ANEHATXT_HEBMIEIXEANTIFEEEHE, XERE
KRZBEFRR PR B E KB L, B A A F] Dhage(1988) 45 th 49 £ {8 i B 1
AR ER.] -

il 14 Abstract* The s-dimensional Hausdorff measure in the case of
5=0 was perfected, and the equivalence of the definition revised to a few other
definitions was proved, so the conclusion that the results in different litera-
tures according to different definitions are identical was obtained.

[HE AX%EET s 4 Hausdorff HELE s=0 WIHE.IEBTEEXS
HoAILANTE 58 SO F 4, BRI 78 B BE RO 45 0 - 76 R [ A SO P ARB R R
NGHMERE—BH.]

BE XRMERALERNRNMBACHRR.

EB3I. AEFHESEAFRE W

We obtain that-- [E {115 Z]------ Y. v F1E 7 L B the author, authors,



392 BHhE WFENNRERZA

this article, this paper % ##i; 5117 a] LA # # % & ] present, prove, find, ob-
serve, show, conclude, establish % lia] & #.
#1 15 Abstract The authors present an algorithm for computing the

greatest integer that is not a solution of the modular Diophantine inequality ax
mod b<{x, with complexity similar to the complexity of the Euclid algorithm
for computing the greatest common divisor of two integers.

[RE HERIT -MHATHABEARENZFBAERX ax mod
bR BRAKBHNAE, IMBEENE XU TRHTHERNBRNE
KAWBHKILEHREE.]

(2) BRI CFFE ] & & E A BRRKIES

B A CHBTFBRR R E A, %@ B A SRR k&
B. XA H R 3018 develop, improve, generalize, solve %5 8l 48 I Y 45 18] 3 {k
B, XROFERERENEERTSBG. 9 FTRAEHES.HERA
WEES,

EB 1. AEasESELRE. W

#1 16 Theorem 1 in this paper can be considered as a generalization of the

classical remainder theorem in the complex analysis.

(AXHE®d 1 TUERREEATTEAMEREEN—1E.]

KB 2. HEFHBESMIERARE, I

f 17 Abstract® In this paper we give a new simple proof of a result of
Luigi De Pascale, which states that the Morse-Sard Theorem holds under the
hypothesis of Sobolev regularity. Moreover, as our proof is independent of the
Morse-Sard Theorem with C-K regularity, our result implies the classical
Morse-Sard Theorem.

[T A Luigi De Pascale (%5545 ) — R8T 69 . 181 SR IO IE BA O 8% 5 1%
R F M , Morse-Sard 5 # #£ Sobolev I M MR > F . MA ., FRA1W
IEB F M FRA CK EM & 48 Morse-Sard EFH, FrARINIMWGE RE S
T2 M) Morse-Sard ¥ . )

RRBEMLZRMELHHOM L, BREENEIFRR. BE— A
B, ZRRE T T LM Morse-Sard E 8, Bl iZ % £ H — M1k

il 18 Abstract® We show that the fourth degree polynomials that satis-
fy Rolle’s Theorem in the unit ball of a real Hilbert space are dense in the
space of polynomials that vanish in the unit sphere. As a consequence, we ob-

tain a sort of approximate Rolle’s Theorem for those polynomials.
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[WE A SCIFRA . 7 3 Hilbert 25 [6] 4 847 3R 4 % £ Rolle & H & 14 fir &
WAERIRLE TFRMREAR O HHLZTMAARME R EBEEN. Bik, &KA]
BHT AKX TFxELMA R Rolle &3, ]

XRHEEL FTES RO R BB CNHEE L,

(3) F&E 87 A REF W OMFT 5 %

AR HFHNEBRF A B AEHMFUNATROES HAISH—E
B, b THER WL, st R A8 AT R E6A , 8 % R A LL suggest A8
& hinl 6 ) F , 0] LA A 42 i8] suggestion RN

R 1. fi 417 suggestion T, M

Suggestions were made for further study of « [MEi Bt — KRB
B P

KB 2. [ suggest B BIEEERARR. M

It is suggested thatess [EEIY -+e e )|
17

The method is suggested fore«+ [EtY X A Hk g oo Y, H # method i
Ja ®T AN | & # e e LA

PR 3. F suggest M ESNBEBERER, W

The author suggests thate- [{E# & — Ffteeeeer A &Y, ¥ the author

Al LA we ZRR AM BB E,suggest "HETFH EH recommend B,

#1 19 Abstract® In this paper, current matching methods for the solu-
tions of the simplified Navier-Stokes equations are reviewed systematically and
elementary theoretical analysis of some experimental approaches are given. In

addition, the authors also suggest some improvements on the current differ-

ence schemes and the methods of solving the equations.

[RE FACXHITHRM A LA Navier-Stokes HBRHIIILE HEET &4
Wig X R TEAU TEANE R, KA EENBILTENE
AR FEMAEBRET —TaHEI]

FTHMAEEE AT RERARER, BIEAH M suggest HERR
R, MR BRECRA”BHRE ZEHEK,

The results obtained suggest that--- [FFi§ BHMER B R (FHH) - 1.5
& results A L #5% ¥ A solutions, methods & H&EFK KR E M iREHH,

ft 20 Abstract®* We prove the existence of a positive radial solution for
the Hénon equation with arbitrary growth. The solution is found by means of a

shooting method and turns out to be an increasing function of the radial varia-
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ble. Some numerical experiments suggest the existence of many positive oscil-

lating solutions.

UAE ASCEHTRAEENKHELN Henon FERMENERMYFE
. XHBEZATEERENFARIELRERXRTRMERMAEEH. X
JINBEER R T 2T IERNRSNRFEE.]

§5.3.3 FAEXABNEFRLEHEEREIMRE

1. A¥MERSRRYE

LSRR EN R R EREE BTREXR IR EM AR
SREANEBGHPET —EE ARG, £NHENSEREZA,
A e T X X 2 ) B A ) Ve 2 — B BN

HARMNEXFERAXNAEM T IGESHEREZA -EHFB. FX
E o FREXERMAILDERBFEXOFRMNR FRTEMFRBR.
fEF MRRE T HEXLE M EAMB MG A, 5T REB L RN BT,
%S SRR RAT B M - 2 RAAKFE KRR ENE R EERIEYE
HOM S REE) R G R IR — B4 (ZRIF) B F KL I RIEX &iE A BEKE
¥ AT IRBUEIC. MR . BadbERF SO0 ENBER ABZREMT.

B, RS, 7N A w8 6 R FF e, B EE T ILp
FE .

(D ARNZETEAEX AEEQHEGTFRRONETFTBREL . BHAT
ETFRMNWAFMBEERFET . BRXFFEIFETREK, FRZE T HEE R
X. . NEEEGEH ER. T AR AFA R BT AT HARR, RER
ZhiAE Y F R AN RNFREEH R, W, w30k A8k
CnFH HFE AN REFRAT SRR —Ea.

@ AEMmERARRYE: LEAMANNE—B2NADE, EEETE,
HERDAEABBIRAERIL. KL ¥ EREEAMEFSFHERBH—BR
BRI LUIIET . Ni%fEH, XBRMETHE. EhE, XENERRETER
Ll BET IR SR L" . ¥FH N A6 AW I f B4, AR,
S HEFRRHEX.

Q) ARTHUERNES . CANABRITLURRRES. EWERMNEE
6 H A G TE AT B B 07 R B B A0 R I R a0 T B A, T 4R O A
AN HBRRE AR BROAFHE— D AREBOLH 3), LR EBRE
TEMEENRE  ETLEZHELEAE—BRE R - TR AL
FREHGE., TEANMEXE 10T EREI MHERER —-MIF.
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%1 21 Abstract® The authors extend the bitopological notion of sequen-
tial normality to ditopological texture spaces, and use this notion to state and
prove a (pseudo-)dimetrizability theorem.

GRE ASCBFFERCASER I RS S 0 9 8 36 0= (8 3+ 7
AX—BSIERT M amERLEHE.]

2. PR ENIBHSN

FESS. 32Kk . RINCERH EREMNERR -SSR CGERKF) R
BEREXIMERZICXFLEMNEMNBREER., RERKBEIN—-THRED
HEALGMAIESTREIMR.

(1) Bt E G v o 2 A S8 3%

N T EE A R TR A R E B R R BOE UM EEFE
ERLAEBREEAT FLORE . BXRSH TiEHR. Bt EEEREZ
ALERERB RN RITFRERERLSH, BRI F s XH &
MERBUBRGEN T HAERE L KR,

RF BRI R E G A BB, o LA D9 A 35 R AR - “ S I B9 X R R
FEAR ZEHAUHFA . REHRATE”. HERE:

D) X e IRl N 2 % X 5, HE R i BB A 48 B AT

) TR HANMBIEAR, MM TEERRAN AL REMEMD
(AR,

3) MWXMBIFZA (LR LSRN LR NEEFGE, EMURE;
LBARMRF A EHBEARGRE ARLEH,

O MTFRARATE . EFAEEELN(RALIFAS R, TR - ERH
ZMEBN—BE, AT FEREMENMBATRBRMEDRLLHARED
RSB ;X TREAWBE AT LIAE,

(2) HESHMEARLAY

FRRELSHXKBAMTHERERX.

BRI-EARX:HE—-FHEREABENEHTNR, REHFNARAFTERRE
(RN REGEREE—ENME) AFESN AHEN MG L BIF F5e .07
B, XA A AR TP, i E R T MBI XN A
EER,. FTERRAHARFC . EHATSEREOMELY 3.4 13),

B 22— 5 AK BRI FHEH T REWSHERILS,. ZNE5HE
FEARFATRELHERR) . RARHERT AR R AR R, LERBE Y
NTRAMER. XHMRANEAR ETRFABNMBRIXNEHERL.ERAT
BEMKHHZELE 4.
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B ¥ AR R EEEERRFFTEREENAZ N
ROGEFEETENRRERGEME, LEENELS RO TG A4 E Y1t
NEAMENEALG B QI O FTES), IMEXHRARETAALBX
RENRREURERRZE KR AL XHBIERRE, &HTFEEMKOR
ELH 176119,

B A— B FLENBEAMHESHR(EEFESIAMAKTAR, A
el B T A BA XK BR (BE T ES)  BEAE YA ARENH
fER . XHEALELH EETAS EESGRA TR R E L] 10),

T P A AR CBR T AT DA AN T LI AR S . B,
Bl 2 ATLAEBER 3 58X 4 KGFM.

(3) tfa A A B M E RS EERE

D EEAT. SGW5EXPOATNETI R, 5 5] G o o 2 e
WICHISER .

2) EEAFZEMAFEXR (QEEZANER MBEXRNYERE.

) MRZEEME B EANEREA. K -REER R p—a
FH wetE £, 5 —2%4) F M the author(s)EEIE. FE—ESBRENBER,
il % RAEA — 4 F A the author(s) 3K the paper #E 3 i ; 3 fth 4] F W R FA 8 30
AWMEAKRIED.

4O REAFESHEAERWES . ANSHAEEHSENBRERFTER
A F A4k B ; @A “it is fund---”, “it is revealed«-” & “a new method is give
to++«" 35 /] RY BT 5 B0 00 FH T A0 48 €0 35 i £ SR P 4 /) F 3 S0 30K R b LA
EABLERR L Bl A B SRBEE, I

FRARHEBEEMN —SEL, BEAY FERELEEH EXELE
LA RZR B E A S KE.

% 3] 5.3

1 BFIETEAMBEE(EER HEARS MR IFRNE.

(1) BRI - 74 I 55 0 UG 55 200 10 16 R 7 72 04 I 8

BE SR XFRFINKERTAME TR, EHESEMIHHED
EB THE—ERRIMPS), £4T EMRMTEERE.

XEE EREFRTGKIERDT; WE TR (PS), &4 B0%

(2) BRRR - BCF T BUE TR E A T R S BR R

WE ETHHUHEFESTRBRHFEPHAENFERBHANELS T EE
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FARL B BRI, B S B X SR A B TR HERR.

KR BEESVEFE TR BEBUE BUERCR

2. {E T HRESHE P FEMRLE, B2 % .

(1) Abstract Apply Lagrange mean value theorem, solve a kind of ine-
qualities and generalize some well-known results.

(2) Abstract In this paper, the authors mainly focus on the Riesz means
of eigenvalues of the subelliptic Laplacian on the Heisenberg group H". We es-
tablish a trace formula of associated eigenvalues, then we prove differential in-
equalities, difference inequalities and monotonicity formulas for the Riesz

means of eigenvalues of the subelliptic Laplacian.

§5.4 BAGIFHRIERIE

1. SIEMEXANBESHEER

51 & (introduction) fE A X FFH H , A EXHF LT, EREEFR
AR 2 SURT B BT 55 9 0k 6 25 Bk o 9 X 38 SCAY SR 38 R AE — R .

—HEBWIIERAEUT =1 HE:

D) AXHARNEEMEALTR(BERARTE.AR. SEHEREM
HED; .
(2) AW B IRARIE MBS s

Q) AR FHEEMRR I E C(ER ERMMNAERD.

SIEEEMERERE . FNRL. EMFEEB . RHEL.HAHEE.

S5HEAL.FISXAFEMEANERGFUNT AR Z4

H— 55BN E— —BABIE LR =P A KKRBGREA],

HOSIFWREAT KA, SR AT £ a0 (k£ maE Q) , ¥ inHi
FHEMAE, FHRBRA RS X RN — 247 (AT 24 8HE . itie
FIBAFREMORRT R, _

H=5|5A8REMB L, ERREXH—TMHHA. #ESIFHALSIH
Hft X A SCHMA M NE ME. ERA AR HBERBENMBIARE
W BES S RO E LIRS, BN 5| I H f SC ik, X B, 7 78 3 A “4n
F1"E AL, I EFESMEPHCREFESHBR B M, (2D, Eh[2]FER
B 51 69 30k 2 HE 5 25 18 UK B Refferences At B9 5 — B SClk. R8I Al Bl
85| FCREER 2 FRES I BNENSG L (UL EdRs R 3D S A 7
BEANES (n-ein (2]  AMELEFR). B FRESRTFTEH LTI SHHEF,
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HU SIS AnERErEE THENAS, M EAREME Ll
B, ki 3IEPEAUNELIXANENEH, FEEAIINEE LS HES,
FELR BEMANESMEERBEER, SR OIRBRNASH T, KA
(XBREHHARAREREES.

HA EEEKRX L HENF L —EZEM Abstract #7 il ;51 F WFF kKL
E H Instruction #5 & ; Bl 4 Instruction H M, W EU/PIREHERS ;&
2.5 5 Al A /bR B ET DU B, i, X751 E PR B T A& RRE, MR
Birl R E“3)| & 5 & 4i1” (Introduction and preliminaries) ,

2. SIEMRXRE

E— EARFE.S FANERERER NPT REZEREREESTHOR
TSI ENBMNEEERNESTREMNHNEA B RITESS.3NANE
BEPFERANABRKESES THHBTUA. 515 P BRFHNENFALL
2% 8§5.5M85.6. WA BIFSHPHFZNFRAFNHOELRE EHXFRE
REHEBEXREIBRE HEPA .

B AEREFE.FIFENMBUENBRWEIE, f51 27 & 3Lt AR EH
AT, NEER - L EREE ST TIER, T HAEZBA . &
HREAT B8 —BBEN.,

BEEBESIE. I EHREATFREMAEHES MEMHERXNEIES
W HA,

BN EARTE, EEIESENP, EEXEREH BHH we B, B
YRS OLAh . A the author(s) & this paper B E£iE. X—HARANTFRHEMN.,

i T mR—E & M Undecidability Of Uzawa Equivalence Theorem And
Cantor’s Diagonal Argument)™(Uzawa % #1 & # A 8 & £ 5 Cantor %f £f
LWIEEWIFE .-

Introduction

The existence of Walrasian equilibrium in an economy with continuous ex-
cess demand functions is proved by Brouwer’s fixed point theorem. It is widely
recognized that Brouwer’s fixed point theorem is not a constructively proved
theorem. The so-called Uzawa equivalence theorem ([3])showed that the ex-
istence of Walrasian equilibrium is equivalent to Brouwer’s fixed point theo-
rem, that is, the existence of a fixed point for any continuous function from an
n-dimensional simplex to itself. The existence of an equilibrium price vector,

however, may be undecidable, and in [4] Velupillai said that the Uzawa equiv-



§5.4 BXEISHEERA 399

alence theorem implies decidability of the halting problem of the Turing ma-
chine. In this paper we examine the decidability problem of the Uzawa equiva-
lence theorem, properly speaking, the decidability problem of the existence of
a Walrasian equilibrium price vector which is assumed in the Uzawa equiva-
lence theorem, and show that the existence of an equilibrium price vector is not
decidable using an extended version of Cantor’s diagonal argument presented
by Yanofsky [5] which is based on Lawvere [2].

According to [ 5] an extended version of Cantor’s theorem is stated as fol-
lows. LetY be a set, and a: Y=Y a function without a
fixed point (for all y€Y, a(3)% »), T and S sets and
B: T—S a function that is onto (i. e. ; has a right inverse <m ,84

T

TS—""'Y
2

ing diagram is not representable by f, where Id is the identity mapping on T.

B: S—T), then for all functions f : TXS—Y the func-

tion g : T—Y constructed as represented by the follow-

—-..

It is an extension of the famous Cantor’s theorem that the cardinality of
the power set P(N)of the set N of positive integers is larger than the cardinali-
ty of N, or in other words, there is no onto map N—=P(N). In the proof of our
main result we will use similar arguments to those in the proof of this theorem.

In the next section we present the theorem of the existence of Walrasian
equilibrium and the Uzawa equivalence theorem. In Section 3 we present an ex-
tended version of Cantor’s theorem and its proof, and prove the undecidability
of the existence of an equilibrium price vector assumed in the Uzawa equiva-
lence theorem.

EXRGIFEMER EMESRY2E. X0 NE., BE—BENEHR
B ARENAEXHHRATMBIET X, KPS HTHES XM NG R R
RATRGZ AW EEEER., £ _BELFIAFS RN B il AHES 4 Can-
tor EMMART A THHA SN AHARTHNEERESE. B=BENH Cantor E
B A —FHE B FRHERRIE RS ATAXN EE S HAIEN.
EBHETEM N (B 2 WME 3 THHIINARFLENFRNFTEETE.,

% 3] 5.4

1. #BEYHFHH Introduction FEIGE .
2. ZEAYTFIF Introduction R B4 F SCEkARaI 03] (4R [5]. F & &
T BB X R A F /e -
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(1) The so-called Uzawa equivalence theorem ([3])showed that+++

(2) The existence of an equilibrium price vector, however, may be unde-
cidable, and in [4] Velupillai said that-:-

(3) ++Cantor’s diagonal argument presented by Yanofsky [5] which-:*

§5.5 EEMENHKIERIE

TERF R AR Y S SO B S HE 4 0 o LS 2 fh R NS5 W 0 4
M. ERED, XEGEHRETARSHEEN, HEERERTHLSE
“Ifee-y then---"H9FE 5K, o9k 2 15, A 6 338 T 2 — M idd e &R vl 9 X — 4% X
£ 78] 4k | JE {2 AR TE

§5.5.1 BETEMRERE

ER G ST EF RN EME, ERABFERIENSE RO EEER,
EMNERFRXPLE A, EX=FZP, EHRE LXMW EELR, 5182
EHNRIERAMGEENNERER LR EASGI BANE LW EEEMN.
BRE . EFHEFRIEA L, =FR—BM. Bk, THUEEIRBEFTENE.

1. AR AMRNER

a0 2R E B A SR LB B (RT A — A R B B R B £18) , B45 IR
LRI LA R A AL . . -

#l 1 The vertical opposite angels are equal.

Ox T #R A 4.1

$1 2 The union of a finite number of closed sets is still a closed set.

[(ARAERIFNEFE.]

#l 3 Every integer greater than one has a positive prime divisor.

(-1 KF1HBEEHBAENEAT.]

XA F AT LA BRI, then--"JEX M EL. B0, 6 1 7T LIRS R -

#)1° 1f A and B are the vertical opposite angels, then they are equal.

BR .G MREHE " ERASIC, HEARIOTE, A% RAHE.

2. AN FHNAMEANAN EE

WNSRE B R AT E T BT RE A — A ) RATE R, o] LU “If -+, then--+”
T2 2t BT DUAE S5 38 B 7E 5 T, /5 B b — A SR 4 g, A O S A 2 0
AR EMNHRE .

Bl 4 If function f(x) is continuous on [a, 6], then there exists a point ¢
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in[a, b] such that f(x)<f(c) for all x in[a, &].

CE ¥ f(o) 2 la, b FiEZ, MTELa, b]EH—TR c FH f(O<f(0)
ST A ) 2 € [a,bJEBALAL ]

5l 5 A quadratic equation ax®+bxr+c =0 has two different real roots
when the discriminant # —d4ac is greater than 0.

C4HHRK O —dac KF OB, ZKFE ax’ +bxt+c =0 HFRMNARE K
i

3. A M RENANEQRRNEE

M EHAFMLBRESN TUCKBEEXRAFXELZFNER AR
H“I--, then-"ME S (EB)ELRKRE., GBI B HFIHFEHN
AR YR AE AT T 5 5 #% then 5| @) £ 4], W0 . If+--and if+-+, then-,

‘EII 6 If ABCD is a parallelogram, then it is a rectangle if one of its interi-

or angles is right angel or is a rhombus if a pair of its adjacent sides are equal.

[k ABCD 2 — A Fi7 M . 2 ¥ H - 1TAAREAN  ER—1HE
JE 5 1 4 A — xR ER, EREEE . ]

A FF 3k 0 if 5] F A M BUR B R AF BN RATR”, FEMAA i 5128
MR R BAR KA, fEXA P, FE A if 80 LI when,

ATHREGRELEETRE, -BAEXRKRAZE  LHEZTHENESA
{4y , TR BB SR H T B —Rh Oy AR R

4. EEE KRR 5 ST BL A

(1) #BEMGMERE A ML A

FBAFENAWE MR EH, MR EHA MM REBEREK, BT 4H
T 067 6 T 0 3, R R B AT IR, M B AR E WA, ARSI
Z B, XA, —fBR A Suppose, Assume 5% Let MMM B0, BN

Suppose/Assume+*+ Then++"or “Letss+ Then-+
%17 Let u be an infinitesimal and v is a bounded quantity as x tends to

a. Then the multiple uv is also an infinitesimal and the sum u—+wv is a bounded

quantity as x tends to a.

(&Y% r#&Tabdu B—NTEFHREMv BT ARE. MAKE 2 B Fa
B e wv LR —ATH /DR, T utovB—ITHRE.]

(2) I HTH. 2 S A4, Je e SR )

L6 A UIKE R

#5l 6 Suppose ABCD is a parallelogram. Then ABCD is a rectangle if

one of its interior angles is right angel or it is a thombus if a pair of its adjacent
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sides are equal.

R KRR BGRZ )G , KA A B E S & 2 80, B 6 AT 5 AL

i 6 Suppose ABCD is a parallelogram. If one of its interior angles is
right angel, then ABCD is a rectangle; if a pair of its adjacent sides are equal,
then ABCD is a rhombus.

(3) ZANRIRKKT T, GRAEGEH

mEEHWHEA 2PMAFER, THINTFEX:

Let(KAT#)++, and assume /suppose(/NHj$E) -, If-+, then---
SE T 1 B 32 42 43 B B K R B B -
Let(JCRHi42) --. Assume/Suppose(/NRi$E)+-+. If+++, then--
MR RREHFIN, T and EHR—1FHFFIE A
Suppose(R[# 1)+ and suppose(B[i& 2)+. If+:-, then«-
%1 8 Let I be an open interval and f(x) be a function defined on I. As-

sume that f(z)has a relative maximum or a relative minimum at an interior
point c of I. If the derivative f'(c) exists, then f'(¢)=0.

[ I BFXE, ((OREXET EHRE. BE (ODFETHASc AH
xR KRR ME, MRS S OFEM ' (0)=0.)

5. AREEAMERANER

HAVERGRASVESZGSRENMBREFHMAWEX. EEEENR
RAHCEVRMFEL TSN,

(1) HFES R M4POR G

%19 Suppose f{(x) is a polynomial. Then the sufficient and necessary
condition for f(x) to be divisible by (x—a) is f(a)=0.

(& f(DOR—PTZHRX. B4 fFOBFEGC—ODBRIESLERGE
fla)=0,])

B9 TR E /L

Bl 9° Suppose f(z) is a polynomial. Then f(x) is divisible by (x—a)if
and only if f(a)=0.

H e if and only if ] LL# i when and only when,

(2) HEFMBUR M 6y

] 10 Suppose {a,} is a real sequence. Then the necessary condition for

{a,} to be convergent is that a, is bounded.
[#{a, )} BE—1PEEI]. Bala, ) WHAHLEEGR . FF.]
Bl 1I0MREERXFERLRAARIMMEEEIIBAHHERE” ; MERER
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SR, XA R R LAS R an T E I A A T ok R

#1 10° Suppose {a,} is a real sequence. If {a,} is convergent, then a, is
bounded.

R A8 W RIS, AT A E R A I, then-- BFE KR BUR , BT LA
fRZ> A the sufficient condition(FE4 F 1) 24 3 18 e SR fir B, B AR Xt &2 AL 15
. REXCHERERE, RITEATEH.

§5.5.2 MEENMHEFERE

BELBXEEF GNP REXLLEUARE. BRTHP-EEREHHORE
TEMEZEEN R ANEELETEETIHAREBELRBEE L. FRB¥ERE
%8 SCBY , BEOR MEW AR BLIEMT . AURE X WiBHESH Eth B2 R EMEL
PR AR . BEREEZMBINRASE, EXHERELMR, —F80E
BEXHETES MR TE. LhE, ELOHATHRE XK LHAE
AR ZE, RO NEE. I EREMNE A TEXPEILSRH
KXRBRASVENXRBHN, BEARRAISS.IHNBS AR RBARE
AR LERGMEXE S, A -, then--MERARS HEMHE
REGR .

AN EBEEETNABERBPIEARAZR T EEZL A — &%
WA BEMEA T ZETS5EHEPARMAIZ 4, WABFEZRH, 585, §5.5.1
I B H SR & B & B BT DO A AR T AEBUR 2 L EE .

1. FEREBEBHFE

BEARERBEAERKE LTI R,

L fERBEN BB BZEXAMLZR: EHROBERERZARL A
WA, AT RARBENBEMNRZE R MEZIK. B0 HLR (straight line) , #
£k (curved line), iIF £ i1 (regular polygonal), H fi = (right triangle),
2% ¥4 # 2 (linear dependence), £§ % 3% (linear independence) %,

I AT#HARBEN R EEMFE XX RESHELEE, G, B H
(convergent), K E#Y (divergent), ¥EZE M (continuous), BB A (discrete) .

1L ATFHRBENRATRIBCRE X EARE BB R 3R 4 , 6
i, W& (converge) , WA F (converge to), MY F (tangent at), BHFHFHE P
(has property P),

IV. AFHRBENRZEAMXFR . XLXREBELHEAARTF,. MW, P
KT Q (P is greater than Q) ,x J8®T Q (x belongs to Q% ., XL RIFLH L
(D AR M X TR MR
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2. RRENERARAEEXAEA

BURE XMIEF S ¥ A EE & call, say, define Ml refer, 0,8 E ¥
%69 A 2 L BB B B8E XMARE), ATLLRALUT &H#ERREUE

1) Define: We define B as A. 8% A is defined as B.

2) Call: We call ACE 1 EiE)B(H 2 EiE). i A is called B

3) Say: We say A to be B. 3 A is said to be B.

4) Refer; We refer to A as B. 3 A is referred to as B.

/¥ 5T F B name, be named as;term,be termed as; mean, be meant %
KA BPGRE L . 15, Bhin be AT ARIESUAE L, HAKETENSE.

3. ARBNMEAQR

HRHEBEEEXWARKERAEDES(ERBRAEHESER &
EXHRBRYEEARNFHEOFN ENRNRER S MAEFEMBEN
JE T .

(1) B XHAREEEFT Y8 F RIS

f 1A 1T 8 (BIFERN B FMER B MOARBET E XK, RiIEVEHERL K4
FHRS.

#l 11 A triangle with two equal sides is called an isosceles triangle.

(MAHEN=AERIFE=/AK.]

A m)h, g E LB ARE isosceles triangle &£ call HEE .,

XETURRESES. BRTEMERKRES, HiEE R FR.

We call a triangle with two equal sides an isosceles triangle.

[E-3: 3.0 8 RO RS o8 S5 Ra ) & 0)

If a triangle has two equal sides, then we call it an isosceles triangle.

XA BFE R EENRATRT call W% —iE, B E XHARIE isosce-
les triangle & call 58 —E1iE,

T HE % 3hiA call B bR SGAN M BSESER, FEERERE
A kAR AL LRNER. HUNEHBESELBEEZENGES.

# 11" A triangle with two equal sides is said/defined to be an isosceles

triangle.
a1, BE XM ARE isosceles triangle & FiF M FME R R RIE.
#l 11" A triangle with two equal sides is defined as an isosceles triangle.
A )b, 8 E LB ARIE isosceles triangle B 4117 as MIEIE .,

# 11" A triangle with two equal sides is referred to as an isosceles tri-

angle.
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A A, B L BIARIE isosceles triangle 4117 as B EE,

] 12 A function f (z) defined onla, &] is said to be bounded if there
exists some positive number C such that | f (2)|<C for all x&[a, &].

[ A, 6] EMBRE f (OWMRFE—-NIER CEF|f () |<C XFr
AHx€la, b]JES K f(DORFHRH.]

X 4] E LR bounded & —NE 4 i8], Al F /R 1% 5 3 & 1 s bounded
EAME R R YRR,

(2) #EXHARERNARF to BEhFAAERXER

BGR 111 F TV 2 (B HGR S 7R RS TR RO ARE M E X, RiFH LU A K
A E AR R YA FRRS .

$| 13 Suppose {f,} is a sequence of functions defined on a set E. If for
any >0, there is an integer N such that || f,— f.. || <<e whenever n, m>N,
then we say that { f,} has the Cauchy property uniformly on a set E.

(R fIEEXEEE FH—FIRKH. WRWEE SOMEEBHEN
#38 I fo—full <e BB n, m>N B, MFR{f,)7EE ERA —BWNATE
.1

#l 13 PR EBEBNEATUREIRER

%l 13 Suppose {f,} is a sequence of functions defined on a set E. Then

{f.} is said to have the Cauchy property uniformly on E, if for any e>0 there
is an integer N such that || f,— f. || <<e whenever n, m>>N.

4. MRAENHR/HEAR

#E XA EBE LS FROEFERS (R E—BD), M BBE F 8 fig
WEREH . BENKEAT(FMATRBAZARE REERWTCLBEZAR
B W LU AR ELE N AT EEREENNMARBEREAREINDE. AX
MIEXSANE XA HRAMBEREE., RAMNARFEFNT =/,

%l 14 A square is a quadratic with four equal sides and four equal angles.

(UAHEE N MESNNEAERINENE.]

X B BRKEOCH is X430, JHRFR“FRA.

XA B 5 5 B F AR S E T 8 E L ARIE square X Fi5 B HiE
I BIiA R be, BVAABAIMERAREN., XMAE —BERTRELRER
BEFHRMIEE.

] 15 The derivative f'(x) is defined by the equation

y — i JCxHR)— f(2)
f(x) lﬁt_?:'lg B
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provided the limit exists.

AR (o) = lim LS LD gent, 7 o g X £ B9

F3.1
XA A E LA ARTE Y 15, define B # 31iE S 4301785, A by W i
REARBERNENRME.

# 16 By “the graph of the set of ordered pairs” is meant the set of all
points of the plane corresponding to the set of ordered pairs.

LEFE“A X EMBTE" 8 B ¥\ LT R F & F X £ 8 A KR AR
ok |

XA REEA], EBRJFEE the set, HUE XM AREEN by #1858 K
FERT M, RARRA .

FRFe BB A, M EE REXNENAR TR,

5. MRE N MBEANHYT X

(1) 75 AR E M R a5 3GE S

ERR—-BRIBFELFIXRBDINEXG CEFTEAFS LR X
BRI 0 E LAY 5 N — 4 1 and EEK I 4, KT EENG
(7] F%in which case”# 8) sl 4r5E— 50 A]. 0.

&) 17 A set A is called a subset of a set B, and will be denoted by ACB
whenever every element of A also belongs to B.

[MREAMNTERBRTEB, MK A BB FHEIFICEACB.]

1 18 Two sets A and B are said to be equal if they consist of exactly the
same elements, in which case we write A=B.

[INEFHNES AH BHRL—HFHTRAR, WHEENHEEFHICHE A=B.]

H in which case AT Li#a i in this case 2 in that case,

(2) [FImt4s it XK E X

BEEMHXHAREHE-RELLETFERRAEMNZAMXRERZR LT
W PR M E LA T RS S,

i 19 A sequence { f(n)} is said to be increasing if f(n)< f(n+1)for all
n=1.

If, on the other hand, we have f(n)=f(n+1) for all n=>1, we call the

sequence decreasing. A sequence is called monotonic if it is increasing or if it is

decreasing.

OFFI{ fG YRR RIE M, MR FTAE n =1 BE f(O<f(n+D, B
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ZLEMFAERN 2 =1 A fO=f+D, WK ) RBDH . E—1FF
RIS E R A, MFRZ A B ]

% 3] 5.5

1. 38T 5 8o i R i I 0

M BFENR—AKRFIHER. RN HREHCACHARHEHMBLT
1 AR BOREBR , SRR N 9 REG IR N AR B MFR 8 & .

(2) HHLK AB#ICD ¥47. Xi&H—HZX EF 4+5|5 AB MICD XTE,
F, eI B0 67 F A 55

(3) IR KB fCOFEXE [a, o] EBELET B R o< f(0)<b, W LFFE—
B c€(a, ER flc)=c,

(4) % fRNFINEE X BlinihsE Y s, a€ X, beY #iff f(a) =
b, WREXF b WAEESIB U, BAFLE « BBV ER F(VHICSU, MFRBES f £E
a HELE (T b2 ] (topological space) ; 4848 (neighborhood) ),

2. EBFHEEXFHENESHRENES:

(1) A triangle with two equal sides is said/defined to be an isosceles triangle.

(2) A triangle with two equal sides is defined as an isosceles triangle.

(3) A triangle with two equal sides is referred to as an isosceles triangle.

3. THEHAEXEEMNERAE LFEFLLHRRRZZA4L, 3 L& S
e

(1) Theorem If a function f(x) is continuous on[a, 6] and f(a)=f(b),
there is a point C in (a, b) such that f'(C)=0, when f(z) is differentiable at C.

(2) Theorem Let ABCD is a quadrilateral, then if it has two sides which
are parallel then it is a trapezium and it is a parallelogram if they are also equal.

(3) Definition If there exists a constant M such that f(z)=M for any x
inLa, ], we call M to be a lower bound of f(z) on[a, b].

(4) Definition A triangle is said to be a regular triangle if and only if its

three sides are equal.

§5.6 BFEHBESRIENRIFERE

A5 S 804 K A 0 FR B HE B 5 R E L B 69 ) B RNRNE L 3 4 A L
BT U2 EEENSE . BT HRITE, RITER RS RAR
(RBVE REBHSRE REER KX TR G0 REHEERIT R KA
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B, RIBATN R . LBIE XA B E B BT B SR T
I EMRNBERN B REAREETHANAET RIMNEAEK . ZAR
REERE.

§5.6.1 REXEEHAR

TEWIE RNk, —BEBEMNZRARGRATRHATRE. TESAH
B 534 AR .

1. —@%igE _

—ES T, BRI BERIENEERTES EBNE N ITRAGEEHETRE.

(1) i@ % EH %R let/suppose/assume A B E MW EA KRR, X=43)
A kA X5,

let % A F HL B LA , T

$1 1 Let x be the length of the rectangle.

[Zx BREEHKEL

suppose Fll assume MG EABEEEMN, THATFREVEE. EEFE KX
FE B}, suppose fl assume ] LA B AHEE#e . M assume B % FH T E#pa A H M)
REMIIRE . _

(2) HfRH given 5| R HEIERREE.

42 Given a rectangle ABCD whose area is 54 cm?, find the perimeter of
ABCD if its width is two third of its length.

(4 E MK 54 em® WKFF ABCD, MREMBERKEN =22
“LaREMRAK.]

(3) DEIELL T R B Z- BRAE------ "HRRE .

# 3 The term measurable applied to a set in S will always mean V-meas-

urable unless stated otherwise.

&L s, sTREX AR ER T S P RER B2 V . ]

2. BHiEE

WO UE o B A B X B 0 0 [a) B AT AT AL, A LA A T B R &k
B
(1) 48 W1 Z F 1 OL AT fa] 46 D8 Fo o —Fb
il 4 We can assume X>—oco, otherwise there is nothing to show.
[RMATUBRE X>—co, BUARIEHH.]

$ 5 We may assume the index n>0 without loss of generality since the

cases for n<C0 and n=0 are the direct consequence of the case of n>>0.
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[Rg%—BE . BIOTUBERE n=>0,HN n<<0 Ml n=0 KIFEKHE R >0
MEENEERER.]
A B8 without loss of generality EEAI &, LS| EEEFE.

# 5 Without loss of generality, we may assume the index n>0 since

the cases for n<<0 and n=0 are the direct consequence of the case of n=>0.

XEATREREATARBEZ G, HRERLEHEEARR, K% R
LA i : since the other cases can be proven similarly (B Y9 H ftb 15 7 a7 L2
#1iFE BH ) & the conclusion for the other cases are obvious (N%Eﬁif&ﬁ}fé??ﬁ
REARAB)F.

(2) H] for simplicity £ R & 41k,

$l 6 For simplicity, we will refer to the elements of L' (X) as a function

instead of equivalence class.

Ch T RERLRITE L' (OB TER R RELTARZ HEME.]

3. FRIREE

F R E BT R B SR e — A U o BRI
EITE BT IS, LA 5 B 2 W€ . X B BT 31 B BR assume Z b, & AT
consider % R AT EERD) » 75 5 38 5 B — 245 B B (] UK P 4 0 34

) 7 Assume the index n>>0 first,++-. Then we assume n<0,---. Finally

we consider the case n=0.

[HABEHEH n>0,- o RIEVBAMBRE n<<0, -, BIF.RINFE
n=0M1&E .1

4. REtkigE

(1) ABER KRR EEE

AREERIEREEN, AL EREECHMEAG TS AR, &%
FRANTF 15X 28 % 838 A 1 AR A e IE Y T 8A

#1 8 Assume the conclusion of the proposition is false under the given

hypotheses.

(BREELEMEGTENELARNRL.]

AT R RIES:, ATfE EAAFF L b contrarily 8 in contradiction Z 3
i) i

#1 9 Contrarily, we assume the conclusion is untrue.

AR B, AR E S A AL . ]

FEAE ROE B B B, 2 8T DASE ZR 44 AN 4538 40 5 Bk 4k s th 7T LAB 8 45 18 A9 2
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BRI 5 M S 55— /A T A RBUE G530 A BUAL » T BR A B ) SR AR L, B HE
RHAEET —HHPRZF.

(2) ARBESFTR R EEE

R A /A B A T i R E a8, wmT LU F RIER M Ik

1 10 If the set were unbounded, then the function f(z) would be dis-

continuous at the point &, which is impossible since f(x) is proven to be con-
tinuous on the interval[a, &].

DR ZLEELHFH, MR [(OFER 6 AEL, HXERATEYN, BAR
1B T (D ERXE e, 6] F#EZ.]

5. #S@®

B T84 1 LR let iIBAREN 54,8 % A denote 5Y designate %5 57
RS ARBTEFS. W :

] 11 Denoted by df the differential of the function f.

(8 The differential of the function f is denoted by df.)

[ df RARRE f #1351

FABESKBENFSH BT denote I designate Z 4, iF % A 3hid] set #I

put, i,
412 Set N={1, 2, 3, ).
(8%  Put N={1, 2, 3, «}.)
[4 N={1, 2, 3, =}.]
6. fEEMIQRE

EBFET 2 AN A E for any +Z EHEE"H “for any +— ¥
KXF7HAERE . Ra T HEHER—NEE — T BUE X R KHTH.

w13 For any positive number ¢ (8 For any ¢e0), there exists a num-
ber N such that |a,—A|<Ce for all n>>N.

[(HEBER « BEE—DTBN, #18la, — Al <e SHFH n >N #AL.]

EE,F T lor HEPH c REABMENEZER . BN for HBEEE
HTFHEA-HATEE KARNES: XN, ARFLREN.

§5.6.2 RIEBHANMBEBENAFESEIE

1. ARENARRRE
RIEMIEEFHTEREBREARXR. FRFFAERTERA—1RE
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MWaIEFEDE ,REFAMITESRE Y™, ERFERES,5FEEMNGHRE
B8 B % FH since, A B owing to, 1B F because, ZEPr L since #l owing
to #AI LR B TR EE 455 since BA “BER"HI & X, F since HHEMM
MEEZEZEHEANECLBANEL” BRSHFHRHERHTE. M because
ZRATHEFRARENEE.

since 5| M AT LAREFMZE(LEA ) BEEEZHRBAENE.

%] 14 Since the function f(x) is differentiable at x,, we have f(z,)=0.

(BT f(OFE x BREIHA, IR f(2,)=0.]

MZEBAR . DUERE N B LA veeeee T A A TE TR PN BB S X I
BE A “sinces+so- "X AR 4] F, B K since 51 FIRBE R BN AT so 51 F
S5 5ORIE A T “sincesso"RIFA TR THRHWEEHE G . BZ %
PIEPARBERH —FACHT LAY #38 (4 hence, therefore 5 so %) ¥ 5 since
#re.

2. ANMAGEERTRIENRES

HRby AR (FEARB)"RRAEFHBRER T .

%l 15 We obtain z=(a’+4*)"’by Pythagoras theorem.

(EARERE ="+ .]

%116 By L’Hospital rule it follows that lim z=4.

(A% R B M AT LIRS lim x=4.]

3. ApRAEERTBREBSAHZE

& Bt 2t 25 43 18] 46 18 “based on+ & AR A "R R RIBRE.

#) 17 Based on Newton’s interpolation formula, a new method to com-
pute the approximate solutions is presented.

R HEAEA X AR T —FiH B U a5 7 2]

At ESARBREARR G TRH] T(HER) .

#1 18 Divided by cosx on both sides, the equality above becomes 2tan® r—
Jtanr=4. ;
[# F—%XP:h R L cosx, 184 2tan’r —3tanr=4,])

) 19 Multiplying both sides of the inequality with (z+2), we have 2x—
3=5(x+2).

LR ZARERF AR (+2), 88 22—3=5(2+2).)

ESBRTRENZGERMSN . EMLM for EENATFRIFE  KE— TSRS RHEFZ
B. BMEEMR X for MG FAREMNG. WA SHEFFIMS4a,
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§5.6.3 RIERARMURMNAFEEE

EXERAARFAABFERAHRAITA.

1. ARENAERANSH 2R

Il 20 Suppose f(x)is a function on a domain D which satisfies that
| f(x)|<<M for all x&€ D, where M is a constant.

[ f(OHORXED LHARE.EXFA c€eDBA| (| <M B, X B
ME—1H¥.]

2. FA such that RN QER4ER

EEVEIFEPERIENRZENRZERHEHF L such that REFERIGMN
L HTFRAZNRAEFERSRHEER &G, 60,6 20 FHAE R

#l 20© Suppose f(x)is a function on a domain D such that | f(z) | <M
for all x€ D, where M is a constant.

[BE f(ORKE D EH— T RBEBMAA €D, AERX| f(2) | <M
AL HP M B2 —1H ]

3. Ao iniEAX &R

XFHEEIENTFEMNATR §3.1, XBEIESH.H 20 hEHE R

%1 20" Suppose f(x)is a function on a domain D satisfying that | f(x) | <<
M for all x€ D, where M is a constant.

4. RENGR RN RAEEREALER

{e B T8 with 515 #5815 aT AU B HAE 1 B9 X R Br B4 B4R

#1 21 Suppose D is an open set with its closure in G.

[BEDE—THHALUET TG HFFE.]

B AL

[BE DR ITFEBHANEG F.]

5. Ahave AIBIRREERAMNER

2,307 have WINEER L, XBE R BB —ER R EMNZEA KM
Ji B B -F

%1 22 The lighthouse has a height of 25 meters.

DX AT & 25 K .1

%1 23 This circle has a smaller area than that square.

[ix 4~ 8] &4 1 AR B AR A~ IE T Rk 13/ . 1

%1 24 The unit matrix I has the property that A=A for any square ma-

trix A with the same order.
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i 5ERE I A XGPSR : SR EIBY i A W2 AI=A.]
6. Abe ABARTETERFNERMNFER

FHEH have A]JERAR B 22,23 B AH RSO, :

#il 22 The lighthouse is 25 meters height.

i 23°  This circle is smaller in area than that square (is).
betEFREXFEFATRAAAEMEA,

# 25 The two straight line are perpendicular to each other.

[XFEHELEHEEH.]
§5.6.4 ATFiTitsSomaBHaR

1. AFH#HEa#RiTITE

% M if, when,as 3% 58 i 2% (4R 1B A ) s B B R B A A) Rom ki BEE
MRS, XTXRENAGHNRZETUSH §3.6 X §5.5.1 9F %
o, XERRE—-LTEHN.

A G R If-++, thene AT LIE 4L AR 2 0 HARTE 2, 0 7] DL 48 £ 4] BOFE A T
(REH then) , B FI WA ARERTMHAFE) WATLLHEEZREIL. .,
then... E&., Y5 SFHNGAEEN, WAl LLH when f{F. As HEEAM
FHRIEAFEGE, RAEREELRE L, XM —BAREA if, when RF.

$1 26 The function u(t) approaches to 0 as ¢ tends to oo.

[ ¢ ¥ Fooltt, REL u()ETF 0.]

2. AfriREiEEASAIR I E

WH for MEMAERS KNG ERR L0 ML 8 & F SR LF 13
B8 A for SiE, LA KB 24 i for 8.

X— e ST, BT LA EZAHFIE -, then-- BRI K E
Ry BIEARH then B HHEE T % A for RRE f R KME.

% 27 The series is convergent for n>>1 and divergent for n<1.

OXZ B n>1 B, T2 <1 B 48]

3. ExsisraR

SFTEREEHREN -MEEFR. ERERBMIUNLE L, I REZ R T
B &M HEARKR:

(1) To prove the conclusion P, it is sufficient to prove (or verify) Q.

[h THEBIZEe P, REUERA (BRRIE)Q BRI ¥ . )

B EHWEZLWHET, 87w A & X 515 A then 5} thus 2 25 a9 8l 7 3k L
B, Hd,B0849 R it is sufflicient (JE & 18] ) to do-+-, 7 A8 H it suffices to
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dos, X B suffice BEARRYBNA ., % suffice HA — A RY3FhiA remain [ #
B, BT

(2) It remains to do*++, (& F REff--- BOAT ) , X b ) B 42 8 4 B TFUE B
BB, AT T — 2 WigiE e 55 (LB 42).

4, EPEHSTHESEITOATF

(1) ARREAWTaR#ETSESEST.

It is necessary for sb. to do sth.

It is necessary to do sth.

#i 28 It is necessary for a series 2 u, to converge that the sequence {u,}
has a limit 0.

DR u, WS H (. ML) O SRR ]

AFLEHRBROFIGEFRSS. 5.1 XTFEEMNRRFT .

(2) 25l , 5 F o] BB (BOA AT BB ) 9 A M el BRI F ) & .

It is possible (& impossible) for sb. to do sth.

It is possible (& impossible) to do sth.

# 29 Is it possible to find a continuous solution to the equation?

[BARAREK N Z T BRI ELER7]

5. RRFEENDRSaR

FER be 5 exist LRI AR ; there is (are) - (FR—BHFEBI“HE™
F there exist (s) - GREELEN). HEEE K4 5K : there is (are) not-+-Hl
there does not exist--,

% 30 Does there exist an accurate upper bound for these constants?

(XEEBESFEERN LR ]

] F1 an accurate upper bound & X iE,

6. RrgE—ENaR

B i7] unique, uniquely, uniqueness 4+ B F R “ME — B 7. “ME — Hb 7 F0 “ o
—#”,

$i1 31 The equation has a unique real root.

Oz BRAH—RER.]

#l 32 For any square matrix A there exists uniquely matrix B such that

AB=BA=1I when and only when A is nonsingular.
IHERTEAFER-NEREBHEBAB=BA=I ¥H{{ %A BHF
.1



§5.6 WREBSOINRBRE 415

§5.6.5 RAB|EITHNABMAIF

1. RFABHBRaR

B W shiA imply 2 yield AT R MR “HE AGRRE A WREDHEE (REA
W) A B” M HEE, Ko imply 8H M.

$1 33 That AB//CD and CD // EF implies that AB//EF.

[AB//CD #CD //EF #¥% AB //EF.]}

2. RFTHAFESBAHBNAR

# A B shia follow ¥R A ) T from A follows B(¥Y B BR— 4 &7t
A 4H) B from A it follows that B(¥ B R—4A]F), FRn i A =SB 1
& B,

# 34 From the above discussion follows the conclusion of theorem 1.

[ LBt e 1 M.l

#135 By Lemma 1, from (2) and the above inequality follows that the
function f(x)arrives at its maximum value at x,.

(EBEE 1, HQORXK E-RELXBH, BY (O z ABIHEKE.]

JLREAZEMT BB

(1) A% #iR when and only when, if and only if #2R T UEEKHE.

# 36 The sufficient and necessary condition for the inequality is «>0
and p=3.

[(ZAEXBM LTS LEEMNER >0 H p=3.1

F—aFrAI A TR REE

#1 36" The inequality is valid when and only when ¢>>0 and p>>3.

H p“when and only when” 8] ] “if and only if” £ 4% 2 ¥ &y 8 Hb JH “iff”
BER.

(2) %A equivalent R m A HE KRG

] 37 P is equivalent to Q.

[PEHT Q.]

# 37" P and Q are equivalent.

4. ERBHEI I EENR

(D) BE-#-EE5HRER

M we fE £15, 5 # obtain, deduce, conclude, have, yield ZEF“8 H”
FXHNEYFFAMEEREENA(RRGR). XXBREENE T, EHAE
RN EERE AN ESE, I by,
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#] 38 By induction, we obtain the general formula s. :Za_ﬂ_rzr—ﬁ.
(mu.m%.muam—mmmts,;L;—lﬁu,

(2) R it g RIERX L, BERWABTRAE that 31 R EFENEZ
.o

% 39 It is clear that the equation has only one solution on the interval.

(B, ZHTBEXTXEERAE—-1#.]

Hr it is clear A] LA 1Y it is obvious, it follows, it is concluded %,

(3) RRAKEAZLEHAEN,  THNTHANEEARSNER.

#5l 40 Consequently, the conclusion is proved.

[H . 24 EL3KiE.]

5. kEHEANER.ABRWMEBNAFEE

E—AERKOSIESBES ANERIEENSFHEZAN, ETEAHE R,
MG in fact & indeed fENFYT . RET EHIEHZ. K ARERX K.

We assert/claim that-+-. In fact/ Indeed, -

It will be seen thats*:. In fact/ Indeed,-*

It is easy to see thats-s. In fact / Indeed,

#1 41 We claim that the order of this polynomial is less than 3. In fact,«-

[(RNE T ZEIXAOHBDTF 3, FEL L, ]

6. REAFHHE—SHSHER

#i8 hence(H itt) , therefore(H ik, FrLl), consequently (A t), thus(F
2, M), furthermore G — 2, T FH R ERI A - L HIF NG FZA0,
R EERM . NEE, XEEHIEEEF, BN A since B because ¥ e
A,

1 42 By Lemma 2, the inequality is valid for the case L=+co. Thus it

remains to prove the conclusion holds for the case L<C—+oo.
(518 1, ZAFERXY L =t oolf . TR, REEHLERE L+
K1 T WAL BRI Al ]

§5.6.6 RABIELSRKPHAR

1. BERFARIESRHAF
f 43 The proof of theorem is complete.

CiEW 525 .3
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%1 43° We have completed the proof.

2. FEHMNBEHBIELERNAF

f| 44 Because r is arbitrary, we conclude the proof of Inequality (I).

CEH r RIEEH, A EXDIEHZEE]

(1%

[HATES T AERXD.])

AT ) conclude AT #2 f%, complete(BhiF) .

3. RERIUEZEERNAR

W F LA contradict iR iE BB ] FRR“ G FE” .

f5] 45 This contradicts the fact provided above.

X5 FEEEEHFELFE.]

% 4b, 120 be contradictory to-:+F| be in contradiction with«+-ZE 5 7] FF
RrRAHEEE  ZEFNEBEPMEAHEERE.

f5] 46 This result is contradictory to the hypotheses of the theorem and

the proof is complete.

XA RES e BB F &R, A IEB 58 . ]

H e contradictory to A] DI# ¥, in contradiction with,

W RAXFE 4 F J& - 7] LASR B “this is a contradiction” , 41 AT LA R F 9 bR ] $%
SE i M) “which is a contradiction” ., IEE FEHNEZ L ZE .

ARG DL T AR R REE L b 2055 75 31 R B2 X & e I B
BRI RE N EABMREFR. ERZMABNESHEEH T
FHELEBIANEREGELSEE., Ao BEAEFANEIMBERE, ¥H
RESRERU LRGBG8 LRAKRBEEEL XN EEREMAKE,

ERFLZVRBR B FEAATHEISBRD, KEBAEELD . HF
(] S8 b B0 (1) 8] BE 3G 0 T R A0 3EBE s i SRAB S /E 5 B R AH b, ADUE N FEIBE M A
ZHREEH X EMNEERERT . AETEEZH% U5, 5 ko

EEFEISGENT G SN EEEEAREACEHNATFREEER . B5
—BRH—RZE ERENLRE, -~ BLAHER, THRERE. JEZERN
(R8I B T AT 7E b T A B B 9 A T 48 B, Bo e A 43 ) 5 3538 B R 1 ST AR P A
AT ISR FNVEAT . 61 2, 330 R (R B B R O R B R#5 ) 526 T
P EMEEFEERNGER. JEESRIERNE, BRI EIRGEES.
HEHEENT EREFMBEREEKE BB LN REAE IR ER.ET
ACEENKGENE, 5K, Xk aitss,
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“BRARE HESIMTBTLAHAMYEMRNIEE S RE R
KEX.

% 3] 5.6

1. T3 EREREE.

) HARERX AFUEHNTER:m 5 RERN,. X5BBFE.

(2) RR—MtE, ATAMBREE & FEREH, R ARRKWERIERRELH.

Q) BRI EFHERBARR, LHF L ZERTHSBAERIEER —1TX
FE,

4) TR, E/EER, RERIEXNBWKX RA —-1F LR,

(5) E—AERXFAXRTER ¢ %E[a, 6] LRSS REBHFTENLER.

(6) MIFA(IHFAH Zensen 43X, AT LI A #1 B WS4,

2. BT HEIEIGEAPHRER.

(1) Let ¢ is the time of the car to catch the bus.

(2) Because that x™>a, y>0, hence ry~>ay, and obtain the conclusion
is valid.

(3) The house is a height of 25 meters.

(4) There exists unique matrix B such that AB=BA =1 when and only
when A is nonsingular for any square matrix A.

(5) The proof of the conclusion is remaining to verify the necessary condi-
tion.

(6) We are sufficient to consider the case a>0.

HRA B Ei& X

THE—FEWHERGRI™  BAFERABFAHELRRE EFARE LU R¥
R BT LIS B T ot Bt FER R B E R X MEE S,

Values Taken by Linear Combinations

of Cosine Functions
Vichian Laohakosol, Pinthira Tangsupphathawat and Supreedee Dangskul
(Department of Mathematics, Kasetsart University, Bangkok 10900,

H 6. XRRXRAET Applied Mathematics E-Notes!™] , ZZ LM A AN H I ARENT &.
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and Centre of Excellence in Mathematics, CHE, Si Ayutthaya
Road, Bangkok 10400, Thailand)
Abstract For 8, €[ —=, nm)and 8¢ { —=, 0}, it is shown that as n runs through the

nonnegative integers, the nonzero sequence (cos(n #+@)) takes infinitely many positive and
negative values; and if 8=ti is a rational multiple of =, the sequence is purely periodic whose

least period is equal to ¢ when s is even and equal to 2¢ when s is odd; while if 4 is not a ration-

al multiple of =, the range of values of the sequence is dense in the unit interval (0, 1). Any

d 2nns ; 5 s ; -
sequence of the form (E _a,cos %-{-ﬁ, ) » with rational £—’~ belonging to the unit interval

(0, 1), is shown to be purely periodic whose least period is equal to the least common multi-
ple of ¢,y =, 2.

Keywords Linear Combinations; Cosine Functions; period; infinitely many values

Mathematics Subject Classifications: 33B10, 30D35, 11B83.
1 Introduction

Let §, €[ —mx, n)and 8¢ { —n, 0}. The distribution of the values of cos(n6+pg) as n
varies over the nonnegative integers No: = NU {0} has been of much interest recently. To
mention one instance, in the course of establishing the positivity of elements in a binary se-
quence, it is shown by Halava, Harju and Hirvensalo ([2, Lemma 5], see also [3])using ele-
mentary means that the inequality cos(n §+ ) =0 cannot hold for all n€ N;. We endeavor
here to carry out two particular tasks. In the next section, we improve upon the above-men-
tioned result of Halava-Harju-Hirvensalo by showing that both positive and negative values
occur infinitely often. When £ is not a rational multiple of =, through the use of a theorem of
Kronecker in Diophantine approximation, we show even more that the value set of such cosine
function is dense in the closed interval [—1, 1].

Qur second task arises from a result of Bell and Gerhold, [1, Lemma 8], dealing with a
linear combination of cosine functions which states that; If 8, *+-, §, are rational numbers in
the open interval (0, 1), and if a; » B are real numbers such that the purely periodic sequence.

o
u, = E a;cos(Zrlin+5)

i=1
is not identically zero, then the sequence (,)takes both positive and negative values.

Our next objective is to obtain more information about the periodicity of the sequence
(u,). We show that the least period of the sequence (u,)is exactly equal to T, the least com-
mon multiple of the denominators #; ,-*+, ¢,.

2 Positive and Negative Values
We begin with a result on negative values. For an angle , it is convenient to use the

phrase ¥y mod ( —x, =], when we mean an angle 7, € (— =, n] for which y=17 mod 2.

Clearly, the method employed here can also be adapted to examine the values taken by other
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trigonometric functions.
Proposition 2. 1. Let @, 8€[ —n, n)and 8¢ { —x, 0} . There are infinitely many n€ N,
such that cos(ng+ @) <C0.
Proof. Assume that there are only finitely many n€ N, , say n; ,+**, n. s such that
cos(nd+ M <<0 (n=ny, **+y ).
Thus,
cos(((n, +1)8+ P+ k) =cos ((n, +1+E)0+H=0

for all £ € Ny, which contradicts the result in Lemma 5 of [2] when ¢ is replaced by
(n, +1)8+B mod (—x, =]

PROPOSITION 2.2. Letd, B€[—x, =) and ¢ {—m, 0} .

(i) The relation cos(n §+B)<<0 cannot hold for all nE N,.

(i) There are infinitely many n€ N, such that cos(nf+g)>>0.

Proof. (i) Assume that cos(nf+ 8) <0 for all n € N,, which implies that for each
n€ Ny,

B+ pE [_TE"Hkx. %r—l—ka].

for some € Z. Then g€ [*—x, “%—J or BE [%. r:)-
If g€ [—n. -—g- » since |8| <{x, we have
3=

2

Bl —=co(n—c0), which is a contradiction.

Inductively, we obtain n@+8€ |: , :E’—t] for all n€ N,. Since %0, this implies |ng+

If g€ [-!2‘_' -n:) » since |#|<w, we have

o+pe [ . 3]

T

Inductively, we obtain n 8+g8€ [7, 32—“] for all n€ N,. Since 70, this implies | +8|—

co(n—+o0), which is again a contradiction.

(ii) Assume that there are only [initely many n€ Ny, say m »***, n., such that
cos(n @+ >0 (n=mny, *+, n.).
Thus,
cos( ((n, +1)0+B) + k) = cos((n, + 1+ £+ <0
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for all £ € Ny, which contradicts the preceding lemma when g is replaced by (n.+1)6+
gmod (—=, =]

Next, we derive more information by invoking upon a result in Diophantine approxima-
tion known as the Dirichlet approximation theorem.

Theorem 2.3. Let 8, g€[—x. n) with & {—m, 0}.

(a) If 6=% (s€Z, tEN, ged(s, t)=1) is a rational multiple of =, then the sequence

(cos{n @ + B)).en, is purely periodic. Moreover, if s is even, then the least period of the
sequence (cos(n @+ ).en, is £, while if s is odd, then its least period is 2t.

(b) If 4 is not a rational multiple of =, then as n varies over N, the range of values of
cos(n@+p) is demse in [—1, 1].

Proof.  (a)Since the cosine function is periodic of period 2x, the sequence
cos{n €+ﬂ)=cos(n—-:ﬂ+,8) (nEN;)

is purely periodic with at most 2¢ values in a period, corresponding to n= 0, 1, 2, ==, 2t—1,

namely,
cos B, {:05(%—1—,@), ms(g:-’-‘-i-ﬁ), - cos(s_@f%l_}j.‘_ﬁ)_

If t==1, then either §=2kx or #= (2k+ 1) n for some #E€ Z. In either case, §€ [ —n, 1)\
{—m=, 0}, and so there is nothing to consider.

Let now t==2. If s is even, say s=2k, then ¢ must be odd and the sequence
. 2nkxn
cos(m+@) =cos (LT +8)  (n€No)

is periodic of period t with values in each period being

2k(t—1)n

con e on(B545). con(2.5) . co (BT D51),

If ¢ is not the least period, let its least period be . Thus ! |¢, {<t and
cos ﬂ=cos(~——2k:“+ﬁ) ; ccs(&tﬂ*l-ﬂ) =cos(———2k(£j_])“+ﬁ) y o

The first equality yields two possibilities

2”:!“+B=ZN“¢J? for some NE Z.

The possibility 2—?‘!%—3——'21\(:4—,8 yields Nu=%. which is impossible because ¢ Y el, t=3

and so only the other possibility can hold which yields 3= Nx— éiit Similarly, the second ine-
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for some M € Z. Equating the two values of g gives

quality yields 8= Mn — e é'?

t

(N—M)z= —%t which is not tenable because t ¥(2k), :==3. Consequently, ¢ is the least

period.
If s=2k+1 is odd, then the sequence

(n(2k+1)‘n:

cos(n 6+B) =cos +8) (€N

is periodic of period 2¢ with values in each period being

cos iy cos

((Zk-l'l)'.'r ﬂ) (2(2&;"1)n+ﬂ)! ., cos((ZI_l){tZk+1)“+ﬁ).

There remains to show that 2t is the least period in this case. If 2t is not the least period, let

its least period be m. Thus m|2t, m<{2¢ and

(2k+1)mx

cos §=cos(f+ﬂ) ; cos((2k+l)"

((2k+1):m+l)ﬁ .G)»

+8)=c
etc. The first equality yields two possibilities
M+p=2h{nﬂ:ﬁ for some NE Z.

(2k+1)mn
2t

27t (2k+ 1)m, t=2 and so only the other possibility can hold which yields 28=2N=x —

(thl)—mE. Similarly, the second inequality yields 28=2Mnx— 2(2&:—1)1:__ (Zk_};])m’t

(2k+1)n
t

(2k+1)mn
t

The possibility +B=2Nn+j yields Na= » which is impossible because

for

some M€ Z. Equating the two values of g gives (N—M)x=— which is not tenable

because £${2k+1), t=2. Consequently, 2t is the least period.
(b) Assume that § is not a rational multiple of x, sayd=g+2x, where € R\Q. Writing

where [ 9] denotes its integer part, and §: = {8} € (0, 1)denotes its fractional part which must
be irrational, for n€ N, we have
cos(nf~+p) =cos(nd2rn+ B ) =cos(2nen+ g = cos({n} 2n+ .

Since £ is irrational, by the Kronecker’ s approximation theorem, see e. g. Corollary 6. 4 on
page 75 of [4], we know the set {{nf} ; R€ N} is dense in [0,1]. Consequently, the set
{{n&}2x; n€ N} is dense in [0, 2x], implying that the range of values of cos ({ng}2x—+g)
(n€EN)is dense in [—1, 1].

When @ is a rational multiple of n, the values in a period can be distinct or otherwise as
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seen in the next example.

Example 1. Take SPTE=2?K. B=0. The sequence

(H.),Eun = (cos(ggz))

is periodic of length 3 with each period being

aE N,

2x_ 1 Ax_. 1
cos{0)=1, cos 3 71 COs 3 2"
showing that there are exactly 2<C3=1¢ distinct sequence values.

EXAMPLE 2. Take = —?-_ ,6‘-—- X.. The sequence

(u, ),.Eu (cos(;-l-z%r))

is periodic of length 3 with each period being

)0 cs(+25) =% (3 4) S,

nEN,

cos (

2

showing that there are exactly 3=1¢ distinct sequence values.
3 Linear Combination of Cosine Functions
In this section, we consider a linear combination of cosine functions. Such expression is

always periodic as we now see.

Theorem 3.1. Let 81‘;:—’; e, Gy = :" (s, t, EN, gcd(s,, ¢.)=1) be rational num-
1 d

bers in the open interval (0, 1), and let ., 8 be real numbers such that the purely periodic

sequence

Z a,cos(Z2af.n+5.)

is not identically zero. Let T; =14 c.m. (¢, =+, t;). Then the least period of the sequence
(u,)is a divisor of T.

Proof. As seen in the proof of Theorem 2. 3, the sequence

Z acos(2nn 7-+4.) (€N

r=]

is purely periodic with a period T and the values in such a period correspond to n€ {0,1,
2, oy, T—13, namely.

2 a,cos B, E a,cos(Z:r —+B,) é arcos(h: :—:+,8,.),

r=1 r=1

Z a,cos (2(T~ Dx 3=+, ).

r=1

From Theorem 3.1, there then arises a natural question of determining when T is the
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least period. A rather surprising fact that T is always the least period of such sequence is now

proved. To proceed further. let us note the following useful fact. Since
T-1

5 () o,

a=0

T-1
It follows that Z u, =0.

a0

Theorem 3.2. For r€ {1, 2,.... d}, let 'f-'— (s,. t, €N, ged (:' )=1)be rational

numbers in the unit interval (0, 1), and let a,(7£0), B, be real numbers. If the purely periodic,
non-identically zero sequence (u,).ex, is defined by

2‘ - (an _h&)

r=1

then its least period is equal to T: =L c.m. (t) 4 £z, ==, t4).

Proof. Let [ be the least period of (u,). Since {| T, let T=IL for some LEN. We pro-
ceed to prove the theorem by induction on 4.

The case d=1 is contained in Part {a)of Theorem 2. 3. Assume now that d=>2 and that
the theorem holds up to d—1.

1f #,1! for every r& {1, 2, -+, d}, then /=T and we are done. Suppose then that not all
of the ¢, ’s divide . If there are some ¢, s that divide / and some ¢,’s that do not divide /. With-
out loss of generality, assume that / is divisible by ¢,, t:, **-, ., but not divisible by #,,., .

Luizs "y ty for some m€ {1, 2, *=-, d—1}. For k., jEN,, we have

Lu,= E Uy, = E Z a, cos( :“' )

k=0 k=0 r=

L—1 o L1

= zj:a,Z cos(—:—s'j-Fﬁ,)—é— 32 a,Re( o (Zm;,(u_‘_ )+lﬁ,))
=L 2 a,COq(znsr +ﬂ)+,§;a Re(exp(mﬂ +ig, ) _9::;(2211::5::};;;))

=] i: a,t:Os.(Z”'J —|—ﬁ,)

r=1
Thus, u; = Z a, coe(—} +8 ). which shows that u, has m<Cd—1 terms. the induction

hypothesis finishes this case.

If none of the ¢,’s divides [, the same arguments as in the last steps shows that u,=0,
which is untenable.

We remark that the above proof can clearly be applied, with appropriate adjustments, to
certain other trigonometric functions and/or periodic functions.
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§6.1 ¥ REAEFR™

§6.1.1 Green’s Theorem for Multiply Connected Regions'?*’

Green’s theorem can be generalized to apply to certain multiply connected
regions.

Theorem 11. 12. Green’s theorem for multiply connected regions. Let
C,,++,C, be n piecewise smooth Jordan curves having the following properties:

(a) No two of the curves intersect.

(b) The curves C,,+-+, C, all lie in the interior of C,.

(c) Curve C,; lies in the exterior of curve C; for each i==j, i>1, j>1.

Let R denote the region which consists of the union of C; with that portion
of the interior of C, that is not inside any of the curves C,, C;, *+, C,(An ex-
ample of such a region is shown in Figure 6. 1. 1). Let P and Q be continuously

differentiable on an open set S containing R. Then we have the following

ELAFRXFEARPHBAOTER EL ER AESHRSBRENERETNFS. —®
EH
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identity;

”(% ap)d dy = §<Pd_r+Qdy) 2239<de+0@) (11, 24)
R Gy

The theorem can be proved by introducing crosscuts which transform R
into a union of a finite number of simply connected regions bounded by Jordan
curves. Green’s theorem is applied to each part separately, and the results are
added togethef. We shall illustrate how this proof may be carried out when n=
2. The more general case may be dealt with by using induction on the number
n of curves,

The idea of the proof when n=2 is illustrated by the example shown in
Figure 6. 1. 2, where C, and C, are two circles, C, being the larger circle, In-

troduce the crosscuts AB and CD, as shown in the figure.

Figure 6.1.1 A multiply Figure 6. 1.2 Proof of Green’s theorem

connected region for a multiply connected region

Let K, denote the Jordan curve consisting of the upper half of C,, the up-
per half of C,,and the segments AB and CD. Let K, denote the Jordan curve
consisting of the lower half of C,,the lower half of C;,and the two segments
AB and CD.

Now apply Green’s theorem to each of the regions bounded by K, and K,
and add the two identities so obtained. The line integrals along the crosscuts
cancel (since each crosscut is traversed once in each direction), resulting in the

equation
H d.rdy wa 3§(Pd.r+Qdy) -—SB(Pd_r+Qdy)

The minus sign appears because of the direction in which C, is traversed. This
is Equation (11. 24)when n=2,
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: ; .. dP_aqQ. ; ;
For a simply connected region, the condition 5=5§ implies that the line

integral JPd.r-I—Qdy is independent of the path (Theorem 11.11). As we have
aQ

; : ’ 38 d
already noted, if S is not simply connected, the condition a—i?:z does not

necessarily imply independence of the path. However, in this case there is a
substitute for independence that can be deduced from Theorem 11. 12.
Theorem 11. 13 Invariance of a line integral under deformation of the

path. Let P and Q be continuously differentiable on an open connected set §

in the plane, and assume that %{;=%§ everywhere on S. Let C, and C; be two
piecewise smooth Jordan curves lying in S and satisfying the following conditions;
(a) G, lies in the interior of C,.
(b) Those points inside C; which lie outside C, are in S. (Figure 6. 1.3

shows an example, ) Then we have

Ide+Qdy= Jde+Qdy, (11. 25)
Cl

Cy

where both curves are traversed in the same direction,
Proof. Under the conditions stated, Equation (11, 24)is applicable when
n=2. The region R consists of those points lying between the two curves C

and C, and the curves themselves. Since %}f=§—x in S, the left member of

Equation (11. 24) is zero and we obtain (11. 25).

Figure 6. 1.3 Invariance of a line integral under deformation of the path
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Theorem 11. 13 is sometimes described by saying that if 3—I;=%§ in S the

value of a line integral along a piecewise smooth simple closed curve in S is un-
altered if the path is deformed to any other piecewise smooth simple closed
curve in S, provided all intermediate curves remain within the set S during the
deformation. The set S is assumed to be open and connected — it need not be

simply connected.
§ 6.1.2 Invariant Subspaces?*

In this section, we shall introduce a few concepts which are useful in at-
tempting to analyze a linear operator. We shall use these ideas to obtain char-
acterizations of diagonalizable (and triangulable) operators in terms of their
minimal polynomials.

Definition., ILet V be a vector space and T a linear operatoron V. If W is
a subspace of V, we say that W is invariant under T if {or each vector g in W
the vector Ta is in W, i.e. if T(W)is contained in W.

EXAMPLE 6. If T is any linear operator on V, then V is invariant under
T, as is the zero subspace, The range of T and the null space of T are also in-
variant under T.

EXAMPLE 7. Let F be a field and let D be the differentiation operator
on the space F[x] of polynomials over F. Let n be a positive integer and let W
be the subspace of polynomials of degree not greater than n. Then W is invari-
ant under D, This is just another way of saying that D is “degree decreasing”.

EXAMPLE 8. Here is a very useful generalization of Example 6, Let T
be a linear operator on V, Let U be any linear operator on V which commutes
with T,i.e. TU=UT. Let W be the range of U and let N be the null space of
U. Both W and N are invariant under T. If @ is in the range of U, say a=UB,
then Ta=T(UB)=U(TP)so that Ta is in the range of U. If @ is in N, then
U(Ta)=TWUa)=T(0)=0; hence, Ta is in N,

A particular type of operator which commutes with T is an operator U=
g(T), where g is a polynomial. For instance, we might have U= T —¢I,
where ¢ is a characteristic value of T. The null space of U is familiar to us. We
see that this example includes the (obvious)fact that the space of characteristic

vectors of T associated with the characteristic value ¢ is invariant under T.
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EXAMPLE 9. Let T be the linear operator on R* which is represented in

the standard ordered basis by the matrix

0 —1

=[] ]

1 0
Then the only subspaces of R? which are invariant under T are R? and the zero
subspace. Any other invariant subspace would necessarily have dimension 1.
But, if W is the subspace spanned by some non-zero vector &, the fact that W
is invariant under T means that @ is a characteristic vector but A has no real
characteristic values.

When the subspace W is invariant under the operator T, then T induces a
linear operator Ty on the space W. The linear operator Ty is defined by
Tw(a)=T(a), for @ in W, but Ty is quite a different object from T since its
domain is W not V,

When V is finite-dimensional, the invariance of W under T has a simple
matrix interpretation, and perhaps we should mention it at this point, Suppose

we choose all ordered basis & ={a&,+***» @, } for V such that &' ={a;,*, a,}
is an ordered basis for W (r=dim W). Let A=[T]g so that

Ty = 21%1:.—.
i=1

Since W is invariant under T, the vector T, belongs to W for j<<r. This

means that

T,j — ZA,'_,:E,‘ ’ j "-<~., r. (6. 9)
i=1

In other words, A; =0 if j<{r and i>r.
Schematically, A has the block form

B C
O D

where B is an r X r matrix, Cis an r X (n—r)matrix, and D is an (n—r) X (n—
r)matrix. The reader should note that according to (6. 9)the matrix B is pre-
cisely the matrix of the induced operator Ty in the ordered basis 8'.

Most often, we shall carry out arguments about T and Ty without making
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use of the block form of the matrix A in (6, 10). But we should note how cer-
tain relations between Ty and T are apparent from that block form,

Lemma. Let W be an invariant subspace for T. The characteristic poly-
nomial for the restriction operator Ty divides the characteristic polynomial for

T. The minimal polynomial for Tw divides the minimal polynomial for T,
Proof. We have
B C
o
O D

where A=[T]w and B=[Tw Jw. Because of the block form of the matrix
det(zl —A) =det(zI —B)det(zl — D),

That proves the statement about characteristic polynomials, Notice that
we used I to represent identity matrices of three different sizes.

The kth power of the matrix A has the block form

A= [Bli C'].
0o bt
where C, is some r X (n—r) matrix. Therefore, any polynomial which annihi-
lates A also annihilates B (and D too). So, the minimal polynomial for B di-
vides the minimal polynomial for A.

EXAMPLE 10, Let T be any linear operator on a finite-dimensional
space V., Let W be the subspace spanned by all of the characteristic vectors of
T. Letc,***,c; be the distinct characteristic values of T. For each i, let W, be
the space of characteristic vectors associated with the characteristic value ¢;,

and let ; be an ordered basis for W;. The lemma before Theorem 2 tells us
that B'= (B, ,+*+,,)is an ordered basis for W. In particular,

dim W=dim W,++--+ dim W,,

§6.1.3 Introduction to D-Operator Methods!®*
Sc far, in solving differential equations, we have regarded the derivative
g—i as an entity in itself — as the function obtained by differentiating y. There

are advantages in concentrating attention on the actual operation of differentia-



434 ENE VRARSSERER

tion, regarding % as the result of an operator, denoted D=%, applied to the
function y, We write this

Problem 10

Write the differential equation x*y”"+4xy" —3y=1 in D-operator notation.

By the discussion above,

y'=Dy, y'=Dy,
so the equation becomes
x’D*y + 4xDy—3y=1 or (2D +42D—3)y=1.

This is more than just a shorthand. We can in fact regard D (and functions of
D) as the primary object in itself, divorced from functions such as y on which
it operates. For example the operator D* +2D+3 may be treated as an algebra-
ic object in isolation, but having a particular effect when it acts on given func-

tions

(D*+2D+3)(2*)=2+4x+ 3%,
(D* 42D+ 3)(cosx)=2cosxr—2sinr,

and so on,
This motivates the definition
f(D) =anD'+ag'—1D"_l + '"+GID+Q|; [} a..# 0)

where the a; are constants, is called a polynomial differential operator of nth
order,

It follows from the linearity of the D-operator itself
D(au(x)+bv(x)) =aDul(x)+bDuv(x),
the f(D)is also a linear operator
fD) Caulx) +bv(zx)) =af(D)ulzx) +bf(D)v(x)

for u(x), v(x)arbitrary sufficiently differentiable functions of x.

The theory of linear operators is an entire subject in its own right, wheth-
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er the operator be matrix, differential, integral, difference, etc. So, having
shown that differential operators are linear we could apply all this theory to
them., This is not the place for this, however , we will simply concentrate on
some practical applications of the D-operator concept to the solution of inho-
mogeneous differential equations with constant coefficients. The keys to this
are the algebraic properties of the D-operator and the meaning of the inverse D-
operator, D71,

The algebraic properties of D actually mirror those of the auxiliary equa-
tion. Also, there are a number of useful rules satisfied by D and function of D.
For example, polynomials in D may be combined just like ordinary algebraic
quantities, always remembering that the final results must be interpreted by
acting on sufficiently differentiable functions,

Thus

(D+2)(D—1)=D*+D—2
operating on x° gives

(D+2)(D—D(H=(D+2)[(D—1(2*)]
= (D+2)[32*— =]
= fx+32*—22%,

and similarly
(D*+D—2) (£ )=6x+3x*—21°,

Note that such simple rules in which D behaves like an ordinary commutative
algebraic quantity break down when there are x —dependent coefficients. For

example, evaluating (xD)D and D(xD)on an arbitrary function gives
[(zD)D]y=xy"
and
[D(zD)]y=zy"+y'#[(zD)D]y.

Just as we can expand products such as (D+2)(D—1), we can similarly fac-
torize polynomials in D in the obvious way. This can be used to solve differen-

tial equations and is best illustrated by an example

¥ +5y +6y=0.
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Written in D-operator form we have
0=(D*+5D+6)y = (D+2)(D+3)y=0.

Putting z=(D+3) y(it wouldn’t matter if we put z=(D-2) y instead) gives
(D+2)z=0, or 2'+22=0, with solution z=Ae . So

(D+3)y=y"1+3y = Ae™™
with solution y=Be ¥ —Ae™*, with A, B arbitrary constants,
But all of this is a little pedantic — the polynomial D-operator D +5D-+6
is only the auxiliary equation in disguise. The real power of D-operator meth-
ods lies in finding particular integrals of inhomogeneous equations. Useful in

this context is the powerful.

§6.1.4 Smooth Manifolds in R" [¢5]

When is a subset XCR" a smooth manifold? Our definition is based on the
notion of graph,

Definition 3. 1. 1(Graph) The graph I'( f)of a function f;R"—R" is the
set of pairs (z, y) € (R*XR")such that f(z)=y.

You are familiar with graphs of functions f:R—R; most often we graph
such functions with the horizontal x-axis corresponding to the input, and the
vertical axis corresponding to values of f at different x. Note that the graph of

such a function is a subset of R*. For example, the graph of f(z)=x" consists

of the points ( )6 R?, i.e., the points (; )

x
f(x)
The top two surfaces shown in Figure 6. 1. 4 are graphs of functions from

R’ to R: the surface on the left is the graph of f(j) =z'—2xy*; that on the
right is the graph of f(j ) =z"+4*. Although we depict these graphs on a flat
piece of paper, they are actually subsets of R*. The first consists of the points

I i
kY ,» the second of the points y
P —2xy* 4y

More generally, the graph of a function f lives in a space whose dimension

is the sum of the dimension of the domain of f and the dimension of its range;
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the graph of a function f: R"—R" is a subset of R" XR"=R""",

Definition 3. 1. 2 says that if such a function f: R"—R" is C', then its
graph is a smooth n-dimensional manifold in R"*". Thus the top two graphs
shown in Figure 6. 1. 4 are two-dimensional manifolds in R?,

But the torus and helicoid shown in Figure 6. 1. 4 are also two-dimensional
manifolds. Neither one is the graph of a single function expressing one variable

in terms of the other two. But both are locally graphs of functions.

Figure 6. 1.4 Four surfaces in R*. The top two are graphs of functions.
The bottom two are locally graphs of functions. All four qualify as smooth

surfaces (two-dimentional manifolds)under Definition 3. 1. 2.

Remark: A k-dimensional manifold M embedded in R", denoted by MC
R, is sometimes called a submanifold of R". Strictly speaking, it should not
be referred to simply as a “manifold ¥, which can mean an abstract manifold,
not embedded in any space. The manifolds in this book are all submanifolds
of R".

Definition 3. 1. 2 (Smooth manifold in R") A subset MCR" is a smooth k-
dimensional manifold if locally it is the graph of a C' mapping expressing n—#%

variables as functions of the other % variables.
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Generally, “smooth” means “as many times differentialble as is relevant to
the problem at hand”. In this and the next section, it means “of class C'”.

“Locally” means that every point x € M has a neighborhood UCR" such
that MU (the part of M in U)is the graph of a mapping expressing n—% of
the coordinates of each point in terms of the other 4.

Example 3. 1. 3 (Graph of smooth function is smooth manifold) The graph
of any smooth function is a smooth manifold. The curve of equation y=2zx" is a
one-dimentional manifold; it is the graph of y as the function f(x)=uxz%. The
curve of equation r=3* is also one-dimentional manifold, the graph of a func-
tion representing x as a function of y. Each surface at the top of Figure 6. 1.5
is the graph of a funcion representing z as a function of z and y.

Example 3, 1. 4 (Graphs that are not smooth manifolds) The graph of the
function f:R—R, f(z)=|xz]|, shown in Figure 6. 1.5 is not a smooth curve;
it is the graph of the function f expressing y as a function of x, of course, but
f is not differentiable. Nor is it the graph of a function g expressing x as a
function of y, since in a neighborhood of 0 the same value of y gives sometimes

two values of x, sometimes none.

&
T0)=x>
e
S)=lx|
0 %
[2] X /
Figure 6. 1. 5 Figure 6. 1.6

The set XCR? of equation xy=0(i.e. the union of the two axes)is also
: ; 0 e
not a smooth curve; in any neighborhood of (0) , there are infinitely many y’s

corresponding to x=0, and infinitely many z’s corresponding to y=0, so it
isn’t a graph of a function either way.

/3

In contrast, the graph of the function f(zx) = x'®, shown in Figure

6. 1. 6,is a smooth curve; f is not differentiable at the origin, but the curve is
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the graph of the function x=g(y)=y*, which is differentiable.
§6.1.5 What Is Information?.¢¢’

In this section we are going to try to quantify the notion of information.
Before we do this, we should be aware that “information” has a special mean-
ing in probability theory, which is not the same as its use in ordinary lan-
guage. For example, consider the following two statements;

(i) 1 will eat some food tomorrow.

(i1) The prime minister and the leader of the opposition will dance in the
street tOMOIrow.

If I ask which of these two statements conveys the most information, you
will (I hope!)say that it is (ii). Your argument might be that (i)is practically
a statement of the obvious (unless I am prone to fasting), whereas (ii)is ex-
tremely unlikely.

To summaries;

(i) Has very high probability and so conveys little information.

(ii) Has very low probability and so conveys much information.

Clearly, then, quantity of information is closely related to the element of
surprise.

Consider now the following “statement” .

(i) XQWQ YK VZXPU VVBGXWQ

Our immediate reaction to (iii)is that it is meaningless and hence conveys
no information. However, from the point of view of English language struc-
ture we should be aware that (iii)has low probability (e. g. Q is a rarely occur-
ring letter and is generally followed by U, (iii)contains no vowels)and so has a
high surprise element.

The above discussion should indicate that the word “information”, as it
occurs in everyday life, consists of two aspects, “surprise” and “meaning”. Of
the above three examples, (i)has meaning but no surprise, (iii) has surprise
but no meaning and only (ii)has both.

The mathematical theory of information which we are going to develop in
this chapter is solely concerned with the “surprise” aspect of information.
There are two reasons for this. Firstly, information theory was originally de-

veloped within the context of communication engineering, where it was only
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the surprise factor that was of relevance. Secondly, “meaning” has so far
proved too difficult a concept to develop mathematically. The consequence of
this is that we should be aware that “information” in this chapter has the re-
stricted technical meaning of “measure of surprise”. Hence, statements such
as (iii)above may well have a high information content, even though we con-
sider them meaningless.

Let (S, B(S), P)be a probability space. In this chapter we will take
# (S)=n and B(5)=P(S). We would like to be able to measure the informa-
tion content I(E)of an event E€ B(S). From the above discussion, it seems
clear that I should be a decreasing function of P(E), the probability of E; that
is, if E,F€ B(S)with P(E)<CP(F), then I(E)Z=I(F). To gain further in-
sight into the form of I, suppose that we draw a card at random from a pack of
52 and consider the following events:

(i) The card is a heart (E;),

(ii) The card is a seven (E,),

(iii) The card is the seven of hearts (E, NE,).

We have by the principle of symmetry,

- y=1 =1
PAB =y PO =302 BB T By =

Note that E, and E, are independent events. From our above discussion, we
have:

(a) KE,NEDZIE) = I(E).

Our intuition tells that the amount of information I(E, ) E;)that we get
from learning (iii)is the sum of the information content of E; and E,; that is,
if E, and E, are independent, we have:

(b) ICE,NE,)=I(E\)+I(E,).

Together with (a)and (b)we will impose the commonsense condition that
there is no such thing as negative information, that is;

(c) ICE)Z=0 for all E€ B(S).

We now look for a candidate for a function which satisfies (a), (b)and

(c¢). In fact, it can be shown that the only possibilities are of the form
I(EY=—K log,(P(E)), (6.1

where a and K are positive constants. You should check using the laws of log-
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arithms that (a), (b)and (c¢)above are all satisfied by (6. 1), with the sole ex-
ception of events E for which P(E) =0, in which case I(E) =oco. Although
(e)is violated in this case, we regard this as desirable — it indicates the non-
feasibility of ever obtaining information about an impossible event. Equation
(6. 1)also has the desirable property that if the event E is certain, it contains
no information as log, (1)=0.

log, (y)

» the choice of a is effectively a choice of
log;,(a)

Note that since log,(y) =

the constant K and hence will only alter the units which I(E)is measured in.
Throughout this book we will make the standard choice K =1 and a = 2.

Hence, we define the information content of the event E by
I(E)=—log, (P(E)), (6.2)

K =1 is chosen for convenience. The choice of a=2 is motivated by the follow-
ing simple situation. Suppose that we have a symmetric Bernoulli random vari-

able X taking values 0 and 1; then with the above convention we have

I(X=0)=I(X=1)=—log, (%)21.

The units of information content are bits, So we gain one bit of information
when we choose between two equally likely alternatives,

As we will be using logarithms to base 2 extensively from now on, we will
just write log; (x) =log(x). When directly calculating information content you
should use the change of basis formula quoted above in the form log, (z) =

In(x)
In(2)"

Example 6.1 A card is drawn at random from a pack of 52. What is the

information content of the following events:
(i) The card is a heart,
(ii) The card is a seven,
(iit) The card is the seven of hearts.

Selution Using the probabilities calculated above, we have

(i) I(E.)=—log(%):2. 00 bits, as 4=22,
(i) 1(Ey) =~ log( 11—3)=11’;1‘(123)) =3, %0 bits ((io three significant figures).
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(ii1) Since E, and E, are independent, we have
ICE, NE»)=I(E)+I(E,)=2+3.70= 5. 70(bits).

We observe that the information content of an event depends only upon its
probability. In the following, we will often be concerned with the events (X=
) (X=1x,), ++,(X=zx,)arising from a discrete random variable X with

range {x,s x5 ***»x,) and law {p,, P2, p.}. In this case we will write

Ipp=IX=z) 1 <;<n).

§6.1.6 Mathematical Model**-

A mathematical model is a description of a system using mathematical con-
cepts and language. The process of developing a mathematical model is termed
mathematical modelling, Mathematical models are used not only in the natural
sciences (such as physics, biology, earth science, meteorology)and engineer-
ing disciplines (e. g. computer science, artificial intelligence), but also in the
social sciences (such as economics, psychology, sociology and political sci-
ence) ; physicists, engineers, statisticians, operations research analysts and e-
conomists use mathematical models most extensively.

Mathematical models can take many forms, including but not limited to
dynamical systems, statistical models, differential equations, or game theoret-
ic models. These and other types of models can overlap, with a given model in-
volving a variety of abstract structures. In general, mathematical models may
include logical models, as far as logic is taken as a part of mathematics. In
many cases, the quality of a scientific field depends on how well the mathemat-
ical models developed on the theoretical side agree with results of repeatable
experiments, Lack of agreement between theoretical mathematical models and
experimental measurements often leads to important advances as better theo-
ries are developed.

Examples of mathematical models

= Population Growth, A simple (though approximate)model of population
growth is the Malthusian growth model. A slightly more realistic and largely
used population growth model is the logistic function, and its extensions.

* Model of a particle in a potential-field. In this model we consider a parti-

cle as being a point of mass which describes a trajectory in space which is mod-
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eled by a function giving its coordinates in space as a function of time. The po-
tential field is given by a function V: R*—>R and the trajectory is a solution of

the differential equation
dz
m EI(E) =—VVz().

Note this model assumes the particle is a point mass, which is certainly
known to be false in many cases in which we use this model; for example, as a
model of planetary motion. '

Modelling requires selecting and identifying relevant aspects of a situation
in the real world.

Classifying mathematical models

Many mathematical models can be classified in some of the following
ways;

1. Linear vs. nonlinear; Mathematical models are usually composed by
variables, which are abstractions of quantities of interest in the described sys-
tems, and operators that act on these variables, which can be algebraic opera-
tors, functions, differential operators, etc. If all the operators in a mathemati-
cal model exhibit linearity, the resulting mathematical model is defined as line-
ar. A model is considered to be nonlinear otherwise.

The question of linearity and nonlinearity is dependent on context, and
linear models may have nonlinear expressions in them. For example, in a sta-
tistical linear model, it is assumed that a relationship is linear in the parame-
ters, but it may be nonlinear in the predictor variables., Similarly, a differential
equation is said to be linear if it can be written with linear differential opera-
tors, but it can still have nonlinear expressions in it. In a mathematical pro-
gramming model, if the objective functions and constraints are represented en-
tirely by linear equations, then the model is regarded as a linear model. If one
or more of the objective functions or constraints are represented with a nonlin-
ear equation, then the model is known as a nonlinear model.

Nonlinearity, even in fairly simple systems, is often associated with phe-
nomena such as chaos and irreversibility, Although there are exceptions, non-
linear systems and models tend to be more difficult to study than linear ones.

A common approach to nonlinear problems is linearization, but this can be



444 ENE §RARSSERAN

problematic if one is trying to study aspects such as irreversibility, which are
strongly tied to nonlinearity.

2. Deterministic vs. probabilistic (stochastic): A deterministic model is
one in which every set of variable states is uniquely determined by parameters
in the model and by sets of previous states of these variables., Therefore, de-
terministic models perform the same way for a given set of initial conditions,
Conversely, in a stochastic model, randomness is present, and variable states
are not described by unique values, but rather by probability distributions.

3. Static vs, dynamic: A static model does not account for the element of
time, while a dynamic model does., Dynamic models typically are represented
with difference equations or differential equations.

4. Discrete vs. Continuous: A discrete model does not take into account
the function of time and usually uses time-advance methods, while a continu-
ous model does. Continuous models typically are represented with f(¢)and the

changes are reflected over continuous time intervals.

$6.2 AMZEWERSHARENZERSERH

§6.2.1 EANEMEEURFEZENLE

ZRENARBELWRBE ¥ RBROBERN 5L LML X BR
HAHBRAE R (E) WS, Ulte%,

— B EURIE R 1

REVFN XOABEATUBET VR BENRBENHENETEHERE
IR 4 , BOEF IR 60~70 URET, 2K Mt E] Sk 120 434,
(—) BTIAMFZ AR ETHIFANE(SME 15,34 119)

1. higher algebra; 2. division with remainder;
3. cylindrical equation; 4, probability event;

5. equilateral triangle; 6. coordinate transformation;
7. function of several variables; 8. propositional calculus;

9. expansion into power-series; 10. convergence in measure;
11. isosceles triangle,



¥6.2 ARNZHBHUSHAREAZERSERN 445

(=) BTIEABERRIE(G/NE3 &F,3# 24 5)

1. The ratio of one quantity to another like quantity is the quotient of the
first divided by the second.

2. A differential Equation is an equation that involves one or more deriva-
tives of an unknown function,

3. The underlying set S may vary from one application to another; it will
be referred to as the universal set of each particular discourse.

4, Vectors X, X;» ***, X, are said to be linearly dependent if there exist a
set of scalars a;, azs***ya, which are not all zero such that ¢y %, ta;x; + -+
a,x,= 0.

5. A sequence {a,} is called a Cauchy sequence if and only if for each e>0
there exists n' € N such that |a, —a, | <le for all m and n==n".

6. A complex function f on a measurable space X whose range consists of
only finitely many points will be called a simple function.

7. We plot the domain X on the r-axis, and above each point x in X we
plot the point (x, y), where y= f{z).

8. With existential quantification, we form a proposition that is true if and
only if P(x)is true for at least one value of x in the universe of discourse.
(Z) BT KQBFENE(FIES 2,#25 %)

1. Frequently we describe a subset of S by means of a prepositional func-
tion, thus {x€ S| P(x)} denotes the subset of S consisting of those (and only
those)elements x for which P(x)holds. e. g. , if the set of all natural numbers
is denoted by N, then the subset of odd numbers may be denoted by {zEN|x
is odd}.

2. Descartes, the inventor of analytic geometry and one of the founders of
modern algebraic notation, believed that all problems could ultimately be re-
duced to the solution of a set of simultaneous linear equations.

3. This problem is a special case of the more general problem of counting
the number of distinct subsets of £ elements that may be formed from a set of n
elements (when we say that a set has n elements, we mean that it has » dis-
tinct elements. Such a set is sometimes called an n-element set), where n>>k,

4. However, in order to gain a better understanding of probability, we
need to consider three terms which are in everyday use, but which have special

meanings when we discuss probability, namely trial, experiment and event.
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5. Note that since the range of an exponential function{with positive base)
is the set of positive reals and the domain is the set of all reals, the domain of
the corresponding logarithm function is the set of positive reals and the range is
the set of all reals.

(@) |THEXHBFRINE(FNE 10 4,3 40 43)

1. It is important for the student to understand that a ratio is a quotient of
like quantities, The ratio of a line segment to an angle has no meaning; they
are not quantities of the same kinds. We find the ratio of one line segment to a
second line segment or the ratio of one angle to a second angle. This we do by
measuring them and then finding the quotient of their measurements. The
measurements must be expressed in the same units,

2. In most cases, the sets under consideration in any given case will all be
subsets of some given set U, the “universe of discourse”. Thus U might be the
set of natural numbers, or of triangles in the plane etc. In this situation we
can, for any set S, form its complement, i.e. , the set of all members of U that
are not in S; it is denoted by S’. Thus, if S is the set of all odd numbers, then
its complement (in the set of all natural numbers)is the set of all even num-
bers. This example makes it clear why the complement, to be useful, has to be
taken within a given set as universe.

3. Suppose now that f has a derivative at x, This means that the differ-
ence quotient approaches a certain limit f'(x)as h approaches 0. When this is
interpreted geometrically it tells us that, as k gets nearer to 0, the point P re-
mains fixed, Q moves along the curve toward P, and the line through PQ
changes its direction in such a way that its slope approaches the number f'(x)
as a limit. For this reason it seems natural to define the slope of the curve at P
to be the number f'(x). The line through P having this slope is called the tan-
gent line at P, )

4, In elementary geometry you studied the concept of congruence as it per-
tains to geometric figures. You also discovered that there are certain conditions
that determine the congruence of triangles. For example, the SAS condition
states that if two sides and the included angle of a triangle are equal in meas-
ure, respectively, to two sides and the included angle of another triangle, the
triangles are congruent. In other words, knowing the lengths of two sides and

the measure of the angle included by those two sides determines the shape and
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size of the triangle.

—\ “MEELRBETERIMRE 2

HBEREN X B RABEHTEFRNN 70 R LEZAM AR 24 BEEERX
FNEAGES  WEEDRRM ARG S, FiANES 120 560,
(—) BTFIBFZAMRFBREHLE(BNE 15,3 105)

1. equilateral triangle; 2. tangent line;

3. independent variable; 4, monotonic sequence;

5. continuous function; 6. square matrix;

7. system of equations; 8. indefinite integral;

9. linear combination; 10, the sum of the two vectors,

(Z) BFIMFEAREBRERZE(HNE LS5 5,315 53)

L e B 2. HMREXIE

3. XF x EZMA; 4. =ZFrfrsk;

5. PREHRE X 6. —’1‘1(?39‘]#&;
7. 0L LB 8. Bl ME.L;

9. WHT A WEF; 10. FEFVFE P WEL.

=] ﬂ’FfﬂﬁﬁIﬂ&ﬁﬁﬂ%(ﬁd\E 54y,420 4)

. To solve an equation means to find the value of the unknown term. To
do this, we must, of course, change the terms about until the unknown term
stands alone on one side of the equation, thus making it equal to something on
the other side.

2. Let S be an independent set consisting of £ elements in a linear space V
and let L({S)be the subspace spanned by S. Then every set of £+1 elements in
L(S)is dependent.

3. Differential equations are classified under two main headings; ordinary
and partial, depending on whether the unknown is a function of just one varia-
ble or of two or more variables.

4. A sequence { f(n)} is called bounded if there exists a positive number
M such that | f(n)| <<M for all n. A sequence that is not bounded is called un-
bounded.

(W) BTFIEAHENXET(EE7 2,428 %)

1. TEHZIE TS, 5 B — Y 5 800 hn s
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2. A Re/NF 100 BREH 3 BERA IE B AMME.

3. MERMWAFNXTF ¢ Bar, RIVKBBFEDMFTH K.

4. AXER_HERIHE AR - BORGTIER THFEME—EER.
(R) BTFAEXBEFRNE(E L/IE 125,82/ 8 15 4,327 4)

1. If a relation is reflexive, symmetric, and transitive, we call it an equiv-
alence relation. Frequently, the symbol = is used for an equivalence relation
because an equivalence relation acts much like equality. (By the way, the rela-
tion “equal” is an equivalence relation on the real numbers. )

Another example of an equivalence relation on the integers is a=,b if a—¥b
is even. Note that =, partitions the integers into two disjoint sets (called
equivalence class), the even integers and the odd integers.

To describe it another way, the two classes are those integers that are
equivalent to 0 and those that are equivalent to 1.

2. Theorem 1. LetV be a finite-dimensional linear space with dim V=n,
Then we have the following.

(a) Any set of independent elements in V is a subset of some basis for V.

(b) Any set of n independent elements is a basis for V.

Proof. The proof of (a)is identical to that of part (b)of Theorem 8. 10.
The proof of (b)is identical to that of part (c¢)of Theorem 8. 10.

Let V be a linear space of dimension n and consider a basis whose elements
e , **,e, are taken in a given order. We denote such an ordered basis as an n-
tuple (e, ,***,e,). If x€V, we can express x as a linear combination of these

basis elements:

X = Ec,-e,-. (10. 4)
i=1

The coefficients in this equation determine an n-tuple of numbers (¢, ***,¢,)
that is uniquely determined by x. In fact, if we have another representation of

"
x as a linear combination of ¢,,+*,e,, say x = Zd,—e,- » then by subtraction

i=]

from (10.4), we find that Z (¢c; —d,;)e; = 0. But since the basis elements are
i=]
independent, this implies ¢, =d; for each i, so we have (¢, ,*y¢,) =(d;, ",

d,).

The components of the ordered n-tuple (¢, ,+*+,c,)determined by equation
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(10. 4)are called the components of x relative to the ordered basis (e; ,+*+,e,).

§6.2.2 MIRENFERYNFLT VR ENETSHEMRIER
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Please translate the following paragrah.

Applied mathematics is a branch of mathematics that concerns itself with
mathematical methods that are typically used in science, engineering, busi-

r

ness, and industry, Thus, “applied mathematics” is a mathematical science
with specialized knowledge. The term “applied mathematics” also describes the
professional specialty in which mathematicians work on practical problems; as
a profession focused on practical problems, applied mathematics focuses on the
formulation and study of mathematical models. In the past, practical applica-

tions have motivated the development of mathematical theories, which then be-
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camc the subject of study in pure mathematics, where mathematics is devel-
oped primarily for its own sake. Thus, the activity of applied mathematics is
vitally connected with research in pure mathematics.

Historically, applied mathematics consisted principally of applied analy-
sis, most notably differential equations; approximation theory (broadly con-
strued, to include representations, asymptotic methods, variational methods,
and numerical analysis); and applied probability. These areas of mathematics
were intimately tied to the development of Newtonian physics, and in fact the
distinction between mathematicians and physicists was not sharply drawn be-
fore the mid-19th century. This history left a legacy as well: until the early
20th century subjects such as classical mechanics were often taught in applied
mathematics departments at American universities rather than in physics de-
partments, and fluid mechanics may still be taught in applied mathematics de-
partments. As well as physics, engineering and computer science have tradi-
tionally made use of applied mathematics.

Fluid mechanics is often considered a branch of applied mathematics. To-
day, the term applied mathematics is used in a broader sense. It includes the
classical areas above, as well as other areas that have become increasingly im-
portant in applications. Even fields such as number theory that are part of pure
mathematics are now important in applications (such as cryptography), though
they are not generally considered to be part of the field of applied mathematics
per se. Sometimes the term applicable mathematics is used to distinguish be-
tween the traditional applied mathematics that developed alongside physics and
the many areas of mathematics that are applicable to real-world problems to-
day.

The success of modern numerical mathematical methods and software has
led to the emergence of computational mathematics, computational science,
and computational engineering, which use high performance computing for the
simulation of phenomena and the solution of problems in the sciences and engi-
neering. These are often considered interdisciplinary disciplines.

Historically, mathematics was most important in the natural sciences and
engineering. However, since World War 11, fields outside of the physical sci-
ences have spawned the creation of new areas of mathematics, such as game

theory and social choice theory, which grew out of economic considerations, or
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neural networks, which arose out of the study of the brain in neuroscience.

The advent of the computer has created new applications: studying and
using the new computer technology itself (computer science), using computers
to study problems arising in other areas of science (computational science),
and studying the mathematics of computation (for example, theoretical com-
puter science, computer algebra, numerical analysis)., Statistics is probably
the most widespread mathematical science used in the social sciences, but other
areas of mathematics are proving increasingly useful in these disciplines, most
notably in economics.

Many mathematicians distinguish between applied mathematics, which is
concerned with mathematical methods, and the applications of mathematics
within science and engineering. A biologist using a population model and ap-
plying known mathematics would not be doing applied mathematics, but rather
using it; however mathematical biologists have posed problems that have stim-
ulated the growth of pure mathematics. However, mathematicians like
Poincaré and Arnold deny the existence of “applied mathematics” and claim
that there are only “applications of mathematics”; similarly, nonmathemati-
cians blend applied mathematics and applications of mathematics. The use and
development of mathematics to solve industrial problems is also called industri-

al mathematics,

VTR RENFERENRE
F K F 080 548 %4 :100 4

(—) Translate the following mathematical terminologies into Chinese (10 4)
1. linear independence; 2., mathematical model;
3. parameter equation; 4. delinite integral;

5. differential equation of second order.

(Z) BTAFAREFRIEL0 4

1. HA=fAk; 2. FEGAE, 3. BFIAgE;
4. —BUEZEH; 5. XAEMERE 1T

(=) BTEIEXCHEFHEIL 4
AXH A P EEREL T -4 AEX, REHERRE - EHK
FEX ] E Ry B R AR /ME . AT RET T B MR,
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(P9) Translate the following paragraph into Chinese (60 43)

1. (12 4})Linear equations and linear inequalities play an important role in
many fields of study. It is often possible to express a variety of relationships by
writing one or more equations or inequalities.

2. (14 4)THEOREM 10.6. Let V be a finite-dimensional linear space,
Then every finite basis for V has the same number of elements.

Proof. Let S and T be two finite bases for V. Suppose S consists of £
elements and T consists of m elements. Since S is independent and spans V,
Theorem 10. 5 tells us that every set of £+ 1 elements in V is dependent.
Therefore, every set of more than k£ elements in V is dependent. Since T is an
independent set, we must have m<Ck. Similarly, we have 2#<Cm. It follows that
k=m and the proof is complete.

3. (16 43)The Rule of Sum; If the first task can be performed in m ways
and the second task can be performed in n ways, and the two tasks cannot be
performed simultaneously, then performing either task can be done in m+n
ways. For example, suppose there are 5 red books and 6 blue books. Suppose
the first task is to pick one red book, which can be done in 5 ways. Suppose
the second task is to pick one blue book, which can be done in 6 ways, There-
fore, there are 5+6=11 ways of picking a red or blue book.

4, (18 4¥)Let S and T be sets; any subset of SX T is called a correspon-
dence from S to T. E. g., let S be the set of all points in the plane and T the
set of lines; the relation of incidence(the point P is incident with the line { if P
lies on /) defines a correspondence from points to lines. To each point P corre-
spond all the lines through P and to each line { correspond all the points on /.
This is an example of a “many-many correspondence”, where to each element
of S correspond many elements of T and vice versa. In general, to each ele-
ment of S there may correspond many, one or no elements of T,

An important special case of a correspondence is that of a bijective or one-

one correspondence, also called a bijection. Here there corresponds to each
5€S just one tE€ T and to each t € T just one s€ S. (75 :incidence BB &
“REK”.)
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§1.1

2. (1) 3xr—4y+5z #4E three times x minus four times y plus five times z; (2a++ 34)
(4c— 3d)iE4E two times a plus three times & into four titmes ¢ minus three times d.

(2) (x+ )= 2*+ 2xy + ' iE4E the square of the sum of x and y equals x squared
plus 2 times r times y plus y squared;2a==3b+¢ I£4E two times a is greater than or equal to
three times b plus c; 4x << 2 {#4E four times 1 is less than two;3x PE{E three times r,

(3) 2 HE4E x to the fifth power: 22" y* i#4E two times x to the third power times y to the
second power;/5 HE{E the square root of five; /327 & {E the square root of three times x

squared,

4) % iEE one half:%ﬁﬂi three fourths;%ﬁﬂi thirty four over one hundred and

2a+3b,

Bb"Scliﬂi two times a plus three times b over three times # minus five times ¢,

(5) 0. 234 i#4F point two three four; 0. 000 2 {#4E point-three 0’ s-two;12, 34 & 4{E

twenty-three;

twelve-point-three-four; 103. 01 £4E one hundred and three-point-zero-one,

3. (1) A right-angled triangle has one right angle and two acute angles.

(2) The volume of a frustum of cone is equal to the difference between that of the two
circular cones.

(3) Straight lines sometimes can be treated as special curves,

(4) Parallelograms and circles are important plane figures,

4. (1) fnik Rk s R REAMEREN.

(2) R FBRMHEA R T 3,0EH =1,

) AERX =2y Efk s KFHEFy.

(4) FE BB A AT A JE T IE B BAF BRI K T .

ELATYHRW. EMRPhAHREE . RESREAEE . HEHFHL.
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§1.2

2. (1) Integers include pos-irive integcrs, negative integers and zero. A natural number is
a positive integer which doesn’t include zero.

(2) A number is rational if and only if it can be expressed as a quotient of two integers
(where the divisor is not zero). -

(3) When an irrational number is expressed as a decimal, it is neither a finite decimal
number nor an infinite recurring decimal,

(4) All of the students in primary school are required to grasp the least common multiple
and highest common factor of two positive integers.

(5) For an expression with many layers of brackets (parentheses, square brackets and
braces) , we should handle the operations within the most inner brackets first.

(6) We often face the problem on dezaling with percentage in our daily life. Also we com-
pute the discount with the percentages when the selling price of the goods is lower than
marked price.

3. (1) ki o6 f42 BAAHEHBMBPAFH RELANERNRRI I a Mo, HE
fEab 556 M42MWBMZEHFHALER?

(2) BB AS M5 AHMEHERTF BIB 675 HERAHEERE 15X 15 BEMNHN
SHEFRET M KA,

() WEEMBENEZEE BIECRRENYER OREBENREAHEZRB .46
AT RCHE.

@) MAHBRENA. 2 R ANEAERCEESERN . REAEEO. E-TARK
R LR — R

§1.3

2. (1) Point out the coefficient and degree of the monomial —213x%4*.

(2) A sum of one or more monomials is called a polynomial, and a monomial is regarded
as a special polynomial,

(3) When finding the sum or difference of two polynomials, we combine the like terms.

(4) Solving a first-degree equation in an unknown is to find the root of the equation, that
is, the value of the unknown making the equation true.

(5) The methods of elimination and substitution are usually used to solve the systems of
first-degree equations with two unknowns, By using matrixes, we can solve the systems of the
linear equations in several unknowns,

(6) The methods for solving a first-degree inequality with an unknown are similar to that
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for solving a first-degree equation with an unknown, But it is noticeable that the inequality
sign must be reserved if we divide or multiple both sides of the inequality by a negative
number.

(7) In the coordinate plane, the point of intersection of two straight lines is the solution
of the corresponding system of a first-degree equation in two unknowns,

(8) Whether a quadratic equation in one unknown has real roots or not is determined by
the sign of the discriminant.

(D) HAFHE MESEIXMAGHTE, BRELAARPELSAHEER. §F
B i 18 2 2% TR A A — £ BUE AR AR

@) = EXENAH PN FHEHRLER L AENEFHIREANFHOET
HAHKWEBR M ER—N&GER. B, AEY z=4 5,32 5=7 AWM z=
6, y=28,22—y =10 B, EHI « My WIFE MR .

Q) BuTBRERAMIME. FHTREXME, YARMNLAEHTHT, HBKH
REgAMBEAESXN . FEETHRA - AMWEERT. TR RIIMREROBHMHE,
B ] Y 2 K

D BERUEASFKERIEMNIT U EHRUEAENEL B "RE R BERE—E.,
MENRA A" XA DA EAN, DR HERNBEREXAIAEXHN « E. BaE
YRR REXEAEES I AEXN c WEAUBECHRBREZH. B—F
B SRATEH R RO AR S AHRE PN AERNEBEENBEZ S,

§1.4

2. (1) A set A is said to be a subset of B, and denoted by ACB, if and only if every ele-
ment of A is an element of B.

(2) The open interval {a, b)is a proper subset of the closed interval [a, 4], since the in-
terval endpoints a and & belong to [a, &] but not to (a, &).

(3) A function may be regarded as a mapping; the inverse function is the inverse map-
ping. The monotonic function defined on the interval has its inverse function,

(4) Linear functions, quadratic functions, exponent functions, logarithm functions and
trigonometric functions are all the elementary functions.

(5) The domain of both sin x and cos x is R, the range of them is [—1, 1]. They are
periodic functions, and have period 2x.

(6) The graph of a linear function in the coordinate plane is a straight line, and that of a
quadratic function is a parabola.

(7) In history, function is a correspondence between two variables y and x. The relation-
ships can be expressed with a formula,

(8) In fact, the function tan x is the gquotient of sin x divided by cos x. Therefore its do-
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main must exclude the points which make cos x=0.

3. (1) “set”#i“collection” X P 1~ i) B [d] SC1d , “set”fE H B2 A 85 , Wi “ collection” M 4
HH& R,

(D EMEM f (D =azx+b MR P o« b6 BEBOHR MR ERE. EMATETE W
flx)=ax’+ bxr + c EABBRE(H P a, b, c BEELHE. Ha#0 A KEH.

) MBHFE—DTELE p. 88 f c+p = f (O EE fWEXHAWTE « R
S WIRRERE £ RAMRE X F p(p=>0) By B/MEFR A R BRI .

) BY f (D =sin(z+oOMEEREEXRBMERLEBS « PRMEEY. —K
Mo, B () =sin(z—a) RHEARMEZXRBMBELLHE | o |TRAIEBE MR >0, 0 H
LB MR <0 MmERE. XB| o [FRAHEEBHHEMLE.

G) MARMNEUFIR x=0¢ MWALAKE s FERNXTF—TIEREE L B a ZMH
MEAXREANERT. AMEFSTEEXKER logsr=a, EELL 6 HIKH = B3 HE
Ta.

(6) BAVTLA—AEEMNBHERXRERA: — P EREONE.RA -1 HKA
TR B T % T 2 A0 898 - BT 0 F MR .

§1.5

2. (1) Two rays starting at a point (J on the plane form an angle. The starting point O is
called the vertex of the angle and the two rays are called the sides.

(2) 1f two parallel lines intersect the third line, then the alternate angles formed are equal
and the corresponding angles formed are also equal. .

(3) A triangle with two equal sides is called isosceles; a triangle with three equal sides is
said to be an equilateral triangle.

(4) If two pairs of corresponding sides and one pair of included angles of two triangles are
equal, then the triangles are congruent.

(5) If two pairs of corresponding sides are proportional and one pair of included angles of
two triangles are equal, then the triangles are similar.

(6) An isosceles triangle is a figure with reflection symmetry and the attitude standing on
the base is also the axis of symmetry.

(7) All interior angles of an equilateral triangle are 60°, the incenter and circumcenter are
overlap; each angle bisector is also the median of the corresponding side, ‘

(8) The line segment joining the mid-points of two sides of a triangle is parallel to the
third side and equals half the length of the third side.

3. () 2FERAMFMERMAN, i1 T T 256 EEERRE%.

(2) H=HTHERE - RBERFTBABENS BAXETTERB L BRLFTRAE
A%,
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(3 MEHRAS=AEHL W

(2) XA =AEAETHE X AHHE,

(b) X FA =B 8 BT XF B & L

(4) BT HEM B KDARE IR ARMNT LB RS /NELEREENK
/MR

G) BH—I=AEN=THRAMNST 180, FURMNEBHE —TSHE, B—14
ZARE - HARSEFEXMMARHESKBE N RANA,

(6) H—AHEL XYEWEKXAB MICD M3 M XYHRFIAB 5CD HBLE. W& H
SE5ERATERR 2 I ZEARSMA TUEXEAS I A . FAUuM. AEAURRF
M.

§1.6

2. (1) Triangles, quadrilaterals, pentagons, hexagons and octagons are all special poly-
gons.

(2) Regular n-sides polygon has n— 2 diagonals, which divide the regular »-sides polygon
into n—2 triangles whose interiors do not intersect,

(3) A quadrilateral having one pair of parallel opposite sides and the other pair of not par-
allel sides is called a trapezium. Hence a parallelogram is not a trapezium.

(4) A parallelogram is a rectangle if it has a right angle. A parallelogram is a rhombus if
it has 2 equal adjacent sides.

(5) A circle is determined by its center and radius. It has infinitely many diameters and
each one of them is a symmetric axis of the circle.

(6) If an angle at the center O and an angle of circumference both correspond to the same
arc, then the size of former is double to the latter.

(7) The area of a sector is determined by its angle at the center and the bigger the angle,
the greater the former.

(8) Each triangle has its circumscribed circle, but only the quadrilateral satisfying certain
conditions has its circumscribed circle.

L MAABHMENEZAERARELZAE? DER. FHFiEH MEFE, #2EH
EHl.

(2) MR- WA HRREHEFRERAN A BEE B WLER—4
FAT AT .

(3) MR BAE RIS BAXFHNEAAES.

W =HFEARYBEEERET, EMREESHH 2 cm,.3 cm, 4 eom, X=ZH LT
MUEGERE - AHOGET. URFNLETHEXG - HEETHEE - . REFSE
Wk,
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G) BA—1THMELR O, ¥ B8R 2cem, A PERAZSERE . E2HE EXR
EERASETERRCHER. HEbFMRL POHZE.

(6) BRJLEBTEMA 13 BEFEULMEAIF XM ILAET HERAOHE. B BT
—HBENNRELHLAE, XBPLRASHAMNEZWERESA. LK, @I T —
HERFMEAEHEE  XERRHEIENL., AABHE L&, o LU 2 0K %
g, AR NCHANEERSIUESHNEE. B HEYT-ERSFREKER,

§1.7

2. (1) If we establish a coordinate system such as rectangular coordinate system or a po-
lar coordinate system on a plane, then we call this plane the coordinate plane.

(2} A rectangular coordinate system usually consists of a horizontal axis (named as r-ax-
is)and a vertical axis (named as y-axis).

(3) In a rectangular coordinate plane, a straight line can be expressed by the linear equa-
tion in two unknowns Ar+By+C = 0, where A, B and C are constants with A*+ B*% 0,

(4) A straight line on the plane which is not vertical has a slope (or gradient). We can
write the equation of a straight line if its slope and one point on it are given.

(5) Conic sections concludes ellipses, parabolas and hyperbolas and a circle is a special el-
lipse. These curves can be expressed by quadratic equations.

(6) If a general equation of a circle is given, we can find the coordinate of the center and
radius. Conversely, if the coordinate of the center and radius are given, we can find the equa-
tion of the circle. -

(7) Two distinct straight lines on a plane may intersect or not, which corresponds to that
the system of their equations has a unique solution or has no solution,

(8) The polar coordinate system is especially useful in aviation and sailing. It makes the
point P on the plane correspond to its polar coordinate, i.e. an ordered pair (r.#), where r is
the distance of P from the pole O, and # is the angle measured from the pole axis to the ray
OP in an anti-clockwise direction.

3. (D Baztbyta=0faztbyta=04HRELL ML, MHFRB.FBA(r,y
BLALHARALYEN Y (o, EAFRITTBRARN T BANE,

(2) ZEFR—F@E LM —KEEK ! IRPRUTTEXTHAXT-ARFRELTLE. B
EfA5E y = mx + kM2’ +Dr+Ey+F=0, Xbf, @ MBS FRBENTURSY D
2R BB G RS AR,

() BERWE-ERGNABAFERAYEL. HEALASREELT LHE PA
5 PB2ZHMEFHBMSA P WL, PAMPBAHREP AR EAAFBMIER.

(O EFHERLTERFTAERT R A, y)H Blxes 32) BB HD # 220 10 F 32
W CHIMER A (21, y2) .35 AB,AC f1 BC 18—~ PA AB I8AME M =M ABC,
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(5) HOTMERBELIEN y= ax’ + bxr + cH R HBRIEE . XBa. b fc AL
BHa#0, H—-BUNFEREIBAER y=ar’+ br + cMBRERX y= alz—h) +
k., BAMSRESFBETIAHELMGER.

(6) RiTWHE, YA, BMCHEMSHEFTHRAA=B fFMEW Az’ +By' =C
MAFBNEER-TURANTLAON. EX A, BMCHRHEICE, - BREIBTE
Ar*+ By =CRATLL AR R EE. A, YA, BMCRSAHA#B, R A®+
By =CHBEERE—MHHE.

§1.8

2. (1) A polyhedron T at least has 4 faces; each face is on a plane. If for each face F of
its T is located only on one side of the plane containing F, then T is convex, otherwise T is
concave.

(2) The relationship among the number F of faces, the number E of edges and the num-
ber V of vertexes of a simple polyhedron can be described by Euler theorem,

(3) A right pyramid and a regular pyramid are two different conceptions. The former is a
special case of the later since the base of the former is a regular polygon.

(4) A regular hexahedron is also called a cube. It has 6 faces which are all squares with
the same size.

(5) The volume of a cylinder and a prism are equal to the product of the area of the base
and the height, where the base and each cross-section are equal and the height is perpendicular
to both two bases. |

(6) The volume of a frustum of cone is equal to the difference of a bigger circular cone
and a smaller one, they are similar and the base of bigger one is identical with the lower base
of the frustum and the base of the smaller one is the same as the upper base of the frustum,

(7) In the space we can set up the rectangular coordinate system by using three mutually
perpendicular number axes intersecting at the same point, which is called the origin,

(8) Analytic geometry and linear algebra are closely related; vectors, matrixes and deter-
minants are their important tools. The algebraic methods show a lot of advantages in the in-
vestigation of quadratic surfaces.

3.(1) ZEEHUARFE . MEEEMNMETE. TR KFEROEEEME L
#lF.

(2) X TR G EBETARENXTEESEEEMR. M. MR -1HE FEMARE
M E#EB |E—/DEHEAMERY  BLAHE FHEAR=F&BHEH-AE AR
R,

(3) fF£M L8 10, BAHAERNERLNERDP XN FHRNBTEARELELH R
20 cm# 7.5 cm. KFEMHER 18 cm, REAEFHEKNEHNETHENRLEHEBERS
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£9 m BL

DO ELSIAHT-ERESHANREE. ERAIREIREREL-BEAGHGR
H. BETRANALENNIEBHMR 1.5 cm M 1.8 em, REFHATRAMEH,

G)E@ L2, P ELCHNERGEREEHRAAREARENZSONEER., £
KEHEXTBAEARAKEHNRGER 6 cm, (DA BRBAXKEREMNEEG &R, (b
SR HL 3 B 48 S5 A K T RS BE

(6) ZES M, RMNTUBT EASRER. Wik =R, B E b m, o L
AUTEXAFTRERR:

Axr*+ By*+ Cz'+ 2Dxy + 2Eyz + 2Fxz +

2Gx + 2Hy + 21z + J = 0,
H¥ A, B,C,D,E,F, G, H, | #1J] B¥¥. .M A+ B+ C+#0, =, yH z RER.

§1.9

2. (1) By comparing the differences between any two consecutive terms we can determine
whether the series is arithmetic sequence.

(2) For a given sequence, if the ratio of each term compared to its successive term is a
constant, then the sequence is a geometric sequence, the reciprocal of the constant is called the
common ratio.

(3) As long as the first term and the common difference of an arithmetic sequence are
known, it is easy to find its general term and the sum of the first n terms.

(4) If the first term and the common ratio of a geometric sequence are known, we can
find its general term and the sum of the first n terms. Moreover, we can also find the sum of
all the terms when the absolute value of the common ratio is less than 1,

(5) The concept of the series is different from the sequence. A series is usually referred
to an infinite series, which is formally the sum of infinitely many numbers.

(6) The concept of the sum S, of first n terms of a series is very important. We can
translate the problem of finding the sum of a series into that of the limit of the sequence {5, }
to deal with,

(7) Mathematical inductive is useful in proving the correctness of the propositions about
natural numbers. However it cannot be used to prove the mathematical propositions about
general real numbers,

(8) When we prove a proposition T(n)to be true for all positive integers greater than or
equal to n, by mathematical induction, we must first prove that T(#n, )is true and then suppose
that T(k)is true for ¥ == n, and prove T(%+1)holds.

. (D) M F—IBENFMa,, azy assy an e TUHWEH - TFEH a +a.+
apte ta, s B—FEEMFE n 8BS S(n)= a, ta;ta;+-- +a,, WTHH—+
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HFHER S(1), 5(2), S(3),+, S(a),*,

@) B a, by c BE—AHLEBFINER=AEEZT.WFEBE O FTa Mc HERF

8,06 =93, Bz, mBa, by RERES =5 T4 a, by  HR—FEHI,

G)MBx, y, 2 B— T FHBAMEE=EZW, Wb EHNy FT r #z JLAF
#,80 y=VzzRy=— 7z, BRZ . MB z, 3, z BEYE y= VxzH y=— Vzz. B4 =z,
vy z R —TFHB,

(4) (a) RIL—PHES AR 27, B8WMAE 729 W HBFIME—MAL K. (b) WK
M A E BT 9 T,

(5) HTEF/I 0. 18 FRM—IHEFAMNSHEREE T H0.18. () BHXA

GBAYRT 3 90 G R XA RBMA K GiD) 0. 18 FRAAM.

(6) ERXEERT, 2 n=4k 6F A8 P (n) BRI A BB B LLIEWT P(n) Yn=k+1 B AL
S, HMKSBEEEBBREANT & A S EGIER, B A1, k—2 % X FTER
RHECERYEE R,

§1.10

2. (1) Except the certain event and the impossible event, the probability of any other
event always lies between 0 and 1.

(2) The collection of all possible outcomes is called the sample space at an experiment and
any event is a subset of the space.

(3) We also consider the experimental probability in our practical applications, because
the problems in theoretical probability are studied in some ideal situations, however, the prob-
lems in real world are more complex than that in theory.

(4) The mathematic statistics, which is based on the theory of probability, will be ap-
plied to more and more economic areas.

(5) It is essential for middle school students to understand the basic acknowledge of sta-
tistics. They should learn to deal with the discrete data first.

(6) The most primary job to learn the central tendency of a set of data is to find the
mean, median and mode of these data, which play an important role in the data analysis,

(7) In order to know the properties and characteristics of the data, it is not enough to
know only the mean of a set of data, since the range of the data can be very large.

(8) Frequency distribution histograms, frequency polygons and curves, cumulative fre-
quency polygons and curves are some common graphs in statistics.

(9) Any measurement may produce error; we need to know what are the absolute error,
the relative error and the percentage error.

(10) When handling the approximation operations, we are often required to round off the
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data according to the degree of accuracy, such as the number of significant digits.

. ARMNMVABEFER RIMESERAXEOBH . - BHEREM, B —1
FHEAEE. MBS BERES.

(2) MRBEAFHEMF REFM S EXFHF RENBMEEFMNE REMK
EEHM4F RAEMMEZM, B P(ER F)=PE)+P(F).

(3) M—Bl 52 3k i Fb 32 R rh A Y Bl B A5h DU T 5 R O3 — W R U R IED) 4 SR A
THAEMEE. (a) FKMEFREBEAN; (D) HKEHE K () —%2 K. 5—%KE£ Q.

(4) WS AL BEE L0 E AL 3O T A L B 2 BT R BE=Q — Q,  —
b1, PO 4367 %50 1] B 4 K e B 22 K, T I 4 (o S (e) BE R /N R R g 28/

(5) % 4.061 3 HFTMEEAFEGRID 3 MLABETF: 3 4.0613 #TWERAMES
Riwa® 3 fr/h¥. XA 3456+6785+1243 PRYENBONE T A HMHE B 8L FR
HZ A — AT U A

- E
§2.1

3. (1) —RLRBEHRAM—TABK/PHLREAFELH XREAENARFER.
(2) AR, - ROFEHENS - RORUEELE.
(3) i i — R 5 Sh— A 0 LA R L, X P fiE 0 A A R B

(4) 7 B o i ot 30 A A9 B 9 P A BURAR B 0 B2 - =B, A ad = be,

G) BERTERLFBE, HAXRNMAMEAESANS —h FHEMmS -
A FHE.

(6) ®RiNBme) — B EFERFA{ATF 1,2,3,4,5,6,7,8,9, 0 U ERMES“+", M5
C=TRECXTREBYTMESY = 7,

4. (1) Measuring the length of a table is, in fact, comparing the length of a table to that
of the length of a ruler.

(2) Compared to the large building, our classroom is not too high.

(3) Ratio is different from the measurement, it has no units. The ratio of the length and
the width of the same book doesn’t vary when the measurement unit changes.

(4) A ratio is a fraction and it is a quotient of two like quantities in the same units.

(5) 60 percent of students in a school are girls, which means that 60 students out of

every 100 students are girls.
§2.2

3. (1) Trigonometric function of the acute angle shows the mutually dependent relations
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between each side and acute angle of the right triangle,

(2) I two sides of a right triangle are given, the triangle can be solved.

(3) If two sides and the included angle of an oblique triangle are given, the cosines theo-
rem can be used to find the unknown sides and angles,

(4) The cosine can also be used to find the measure of the angles of a triangle when the
lenghts of the sides are given.

(5) Knowing the measure of two angles and the lenght of any side of a triangle can deter-
mine the shape and size of the triangle. In other words, the two triangles made by these datas
are congruent.

(6) The general direction for solving a right-angled triangle can follow three steps. First,
draw a {igure and show out the known part and the unknown part, then find each unknown
quantity by appropriate trigonometric formulas respectively, at last, check the values found.

4D MRE-DMANTIEES FILLHERO RSO ESBRE « BI6EH R L, WERx A
A FIRERE .

2) —feih IR FHREMENR M AMKLES WHRXFE MHERAMNA. B
ML AN A R HE 360°H —MER. MH. ERAKANI RN =R RBEMEN.

Q) MARKEAMNRLUKLENSENE. MR MU ERREWMERRN L7, 8B
LK FRAMALFBA AR DA, MR- YRREVNERRY T H . BAmKE
28 F0 P 2K BT 1 ety A ok o] R A

(O EFE-—THRICERNE, YT RAMHHEE SASGAMAN) I SSSGL A 34) ¥ Fat,
Wi AT F P A SR e Bl R = TR L SR T AR PR E FBOF RGE A F ASA(AI A B AASU A
R, TRRMNFEA—HBEIEXERMNETERARZ.

) MREAM=AERMFANKEME D AR AMAE B2 0TRXA =Mk
By XA MEE SRR, XRERANTANECATRBEERIN=AE . -1 =AK,
BREEBEEM=MHTE.

(6) SRBMEIEW 2sin =1 W=MHBIEHEREER WEMNTE . SHENEEH K
FEREA—-TEGHNEANBEIET., XMEATUHTESRARR,

§2.3

3. (1) We need to study by which integers an integer is divisible, that is, which are the
factors of an integer. Specially, an integer is sometimes required to expressed as the produce
of its prime factors.

(2) If an integer a can be divisible by another integer b, then there is an integer ¢ such
that «= bc, that is, @ is a multiple of 5.

(3) The number one is neither prime nor composite. A composite number can be divisible

not only by one and itself but also by certain prime number.
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(4) Let m be a composite number. Find a positive prime divisor n of m such that its
square is less than or equal to m.

(5) We can use the sieve of Eratosthenes to find the number of the primes bounded by
any given finite integer N.

(6) By division algorithm (also called Euclidean algorithm)-, for two integers a and & with
a>> b >0, the highest common factor of ¢ and & is equal to the highest common factor of & and
ry where r=>0 is the remainder of a divided by &.

4L (D BRFHN—NEERFEEHEOHKE . EREXTHEEBRRZEAFH N SREZA
B 5] &

DO BEEBRXFIMNEH. M B2XTFZHEHIEHR -1 ES8 . MHEH B,
m'—1 RE¥.

(3) —AMBim 22 —1 ERBBBABHRER R 5 M XA

4) RTIEFAEH 24, BRA - TBRKOEH. LN P, BL¥ N=P!1+1 —FH—1
REFCEHE2-2). BREMPTHET PHEMAEERP! +1 = N, B NF -1
AFPHERET ATIAFERAHRE WEZRRAMMRETTHEEEY,

G) MFELGHER m MAB p, pWAM ERNATE p A1 LA WA p 1A
AR pMm B ERMART. BFELEBITAHESL . OR p BEE. W » ZEEEHEER. N
PELBER . EA(p, m)=1,

§2.4

3. (1) Set theory has become a common basic theory and one of important tools in many
branches of mathematics,

(2) What we will discuss is not the important significance of new theory, but the applica-
tion of the theory in natural science.

(3) Set S itself is the improper subset of S; if a set T is a subset of S but not S, then T
is called a proper subset of S,

(4) A set consists of some things, in which nothing special is assumed about the nature
of the individual objects in the collection.

(5) The subset T of set S can often be denoted by {x€ S | P(x)}, that is, T consists of
those elements x for which P(x)holds,

(6) Since a collection may be a subset of many different sets, we need assign a set as the
universe of discourse in order to determine the complement of corresponding.

(7) This example makes the following question become clear, that is, why may two
straight lines in the space neither intersect nor parallel.

4. (DENEFHFRRBENMES MRSEFERBNES RAECENKIERTFR
G .
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(2) IS VF S B2 4 3 B B8 . B I AR A JLAT AR, BB B4y 7 R A B e B L0 B A
o EERFRHN.

G) N ESESSHI AR MBEHFLE - THANTERMOE . HBEPHE 2«
WHx <c. XENB - HBHRESHER.

) ZHEEABAGR Y MENERNESHEEES S ESHLEAEATH T8
N ER .

G) EFEBFEAMNR Ry ATUERFER (2, ») . K2 HEFN . BEr = v, TUEHR
FAF(y, ). MESMT REEMNFEIES H SXTERRRAAFM (z, y) Hip z€
S,yE YHEBMEE. ESXTHISHTHHEFILE . XBH R HEILGE, B4
MABRMBART 483 FARCH A 8- LBORM R F i LA A

§2.5

3. (1) In the rectangular coordinate system on the plane, one can set up the one-one cor-
respondence between points and ordered pairs of real numbers and also the one-one correspon-
dence between conic curves and quadratic equations.

(2) Though any arbitrarily drawn curve determines a set of points, it may not be de-
scribed succinctly by a simple equation.

(3) The symbol can be used to denote the set of ordered pairs (x , y) satisfying that the
ordinate is equal to the cube of the abscissa,

(4) Whenever a set of real coefficients are given for which the guadratic equation has a
nonvacuous graph, the graph may be obtained as the intersection of a plane and a right circular
cone,

(5) According to the values of the discriminant, we can determine that the nondegenate
graph of the equation (iii)is a parabola, a hyperbola or an ellipse.

(6) A quadratic equation is degenerate if and only if the determinant A of its coefficients
equals 0.

4 (D 7R LENBMATREEMRBHRAERR I TEBAR P - PIMFREC
WH AN REEN, FRAMERBRETXTRAGE MARRRETXRTEENG
8. FEAMREAERET Lz 8 HE/EARS AEHXREAEA.

@) BTUEXAHBFEE—NER QMEMHESFN ZYE LSRR, YETFH
EH—TRER (x, H—TERXRN, BREZIAK (2—h"+ (y—k)"— 7 HEE,X
B B0 AR BR R Ry B)LTITRERRR r = 0, 8 » = 0 MEIFRYME, BEAZENEKNRL
.

(3 ZFE—THEEAR .U QAELHER B PAQRLEE Q BRH FHEATANTE
MEEREW—TER. AEEPHME LN ABANFAEEMR 18, 28 LA AT
HE#R 2 IE [ 4 .
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(4) B BEEARK EMILM ERR 2K . AILAERARER DL T LB A
FEAMEHHR WYL BLRAAESNERANFFIHEXR (- THRAER
&), i 486 BB Tl AR — 53

§2.6

3. (1) In space any two parallel vectors are collinear; two vectors can determine a plane
if and only if they are nonparallel,

(2) Let A and B be nonzero vectors. The sum A+ B lies along the diagonal of a parallelo-
gram with sides formed by placing A and B with a common base point,

(3) The product ¢A of a number a and a vector A is still a vector which has length [a|-
|A| and the same direction as A if a is positive and the opposite direction if ¢ is negative,

(4) A point Q(x, y, z) is on the plane if and only if the displacement vector PQis per-
pendicular to the normal vector n, ie, . the dot product of the two vectors is zero.

(5) By giving a point on a line and a nonzero vector parallel to it, we can obtain a para-
metric equation of the line, A line can also be expressed as a system of two plane equations.

(6) The displacement vector PQ from the point P=(z;, y;, z )to the point Q= (z;,
Y2+%2)can be computed from the coordinates of the points by the following formula.

4. (D HMFE.HFILABRBEF I LAOL, HEH = cHAXRRAZZRHR. 4
EABEEETALEN nTh(a, ar vy @) HAPBE 2L, XN n TEB A S Hdn
HmBia azvs o, PHRE—PERALIEREA RSB, BR 0 SCATFEM n-tuple,

(2) Bt x4 x5 oy e, BREE. B4, LUINTIE A &R 6 0 B

axtaxtortax, (P a, a0 e BEER)
AR LLRREO X, X0 0x, BI—PREAG, T n=1 HEARKE. ROIKZH
x MEHHEE, ERRERTS n H—NMEFHO

3) Xy X R FABRERRN MRFEAZNTHEE o 2y va, B
ant antortax,=0 FWEx, x5, L KAREXIXN.OR 0. 6, -, x, RE
KUHEHN. .

Hnz2 0 @B X, x, s L, BREHXOYANLEHPHE I RITUERREAE
MRS .

(4) BERE x, xp0 0 L, RHEXX, WERFR a1y a2y v WE a1ty + a2xy +o+
a,X,= 0,1 a1y @o o, BBHFTE.

X REAREHEMAXARELRNE XN EERRELR, L L ORIIFERED,
WH axtax++ax,= 0 Ha,a e 2T, TREE LM 50 320 0 1,
REWHHEN, X5 x, x, -, x, AR T XHBRFIE.
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§2.7

3. (1) Linear combination, linear dependence and linear independence are all important
concepts on linear space.

(2) A matrix is composed with numbers displayed in the rectangular array. If the number
of the rows of a matrix is equal to that of its columns, then it is called a square matrix, Each
square matrix corresponds to a determinant,

(3) Matrix can be used not only to solve the simultaneous linear equations, but also to
determine whether or not the eguations have solution and the solution is unique,

(4) The advent of the computer makes matrix methods be effectively used in the solution
of systems of hundreds linear equations.

(5) The conclusion is contradictory to the assumptions of this problem, hence the proven
proposition holds.,

(6) The example makes the following question clear, i.e. why two straight lines in space
could neither intersect nor be parallel,

(7) Let V be an n-dimensional vector space over the field F and let W be an m-dimension-
al vector space over F. Let @ and B’ be the ordered basses for V and W respectively, Then
any linear transformation T from V into W is determined by the matrix of T relative 1o &
and ',

(8) Tt is possible to establish a one-one correspondence between the set of all linear trans-
formations from V into W and the set of all m X n matrices over the field F.

L (D EVHWREF EAEEZE ANV E W EMNEMR EM——KHEER
BARVEWLEHEHR., DRFE-AVEW LAFRG.NEVERBTW.

2) EEARTR—MHBHNNELFNGXBHEHORTE) . RiTBh pf7q AW
VMBI TR p X q W (K p 17 ¢ FIERE) , Wi E B B BRR W IERE T, o ES i 47
S FIRBE NG, NIt ARATHRERHME, TR, TUAH a; b, KRR G, I,

Q) =1 pXgHBY p=1MAF—T.HEFZ—-NMTRAE. MY ¢=10 . XTEHER
H—.HKEI -1, p Mo BRI X—-HERFTABE . A£XBRIIATiE.
—AH pATHIFIERLRE p B BA—4 pHBER—1 p X1 ERE.

D) THAMPIBMEHEERIFE, — D n MTBEGEE A B o T/ 0 T8 327
AR, X TFEENHEBOTHBNER A FER—BRITHIANBGEN| A DS
ZRIRE. | A BEER 2 TR,

B) =M mXnEERAm ATEEMr AFERE. AR ML BHTMEHKL2AHN
n MTEREEERSHMNLTHRX |A| 20, MAAM MTEBERMEXKLEINYA
M) n A5 BRMEEX.

6) — T2 OHBNTERITER., X~ FHERFNELFALET A
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LOXAFARRKRYEXNALOMITRR 1, MHABTTER 0, MBRZ N AAERE,CE 1. BAE
HEAHR . ZAR-I51 T FIEMHARG TR, W AI=IA=A,

§2.8

3. (1) In the seventeenth century, the function relation was regarded as nothing but a
formula since the concept of function originated in physics.

(2) The relation between temperature and time is a function, but it can only be denoted
by tabulation or figure.

(3) If a variable y depends on another variable x in such a way that to each value of r
corresponds a definite value of y, then y is a function of z.

(4) The modern mathematical view that a function is simply a mapping from a space to
another space, which is worthy to extend the concept of function.

(5) If f is a mapping from a space X to another space Y, g is a mapping from the space

Y to a space Z, then we define a composite function A= go f, which is a mapping from X

ta Z.

4 (1) RPRETHAMHMRTEANBYTHE GERE, - BNTEMASIET S
— BN,

Q) BEMHREIAY . HEXDOE5FRAMHMMNEARBRA—ITXENAH AR TR,
Hp—#REHFR.A—MENBTR. AR CENBEEMNT LR, RN,

(3) MBS : D=R, BFIEXL F(D)={yER | y = f (), xED}LHHK (DR f
R, BE f(DVE—-ITRKXE.NDPFE—ITR . HBf (< (), WH f: D—R
g -

(4) ZBEY f: D-RMg : U-R.HF f (D)BFEUF,BERY f: D-RED
PR, B%H g U-RER f () ERE MESGRK gof: D-REL x EL.

5) BEH—PFHER y= (), - RIAABRENRBGEE, ROTLURAT
1§ 908:0F 2 B

(a) B X1 oA S0 A9 SE S8 .

(b) MEXNTTRIAAAONEE, MR f (—o) =7 (), WRBERET y W3 FR.
MR f()=—f (—2), MR P ER LT R,

(o) BEHE f (OMERE y REGEDRE £ (=00 z HRH « WE,

(d) BY—MHREFTE y= ()X HRE.

(&) HHXEFFMAMUNR A—RERNHEELX LG RE EREN, TR
EERAARANOMHFE MR SO EE SRS HROIERS AR,

§2.9
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(2) A sequence { f(n)} is called bounded if there exists a positive number M such that
| f(n)| <M for all n.

(3) If a sequence {a,} converges, then for any positive number ¢, there exists a positive
integer N such that | a,| << eforallm = N,

(4) The function f(x)has the limit A at a point ¢ if and only if f (x)has both the left
limit and right limit at the point and each of them equals A.

(5) Suppose the function f(x)is defined on the interval (a,+o0). If for any e>0, there
exists a positive integer K such that | f (#)—A| < e for all r == K, where A is a constant,
then we say f(x)converges to A as x—+oo, If g (x)= — f(x)converges to A as x—+co,
then we say f(r)converges to A as r— —co, If f(x)converges to A both as x— oo and as
x——o0, then we say f(x)converges to A as r—co,

4. (D) HEI o) AEBRR L RN ERER - BHFEES - TEBNNBS A
XMER| ao— L| < e MFHn = NHSL. ~TEIIREYBRKERH XK.

2) =M EHEFN u,=a,+ b WAFL=a+ b FHNYHXHa, MBEL, 5351
B8 a,—~ a B b,— b, WK RATH B }irgu»=alimwa.,+i lim, .

G) RiB“WAFF"HEATRAARBEROFY . RA R ERYFIIH0RET
Fl., ¥R, WA —HEXBEFIFARELRHBER ATHEARXNEXNFIREXMA T .

Li —in = — £l 1 - i
for= 1", fm=sinZE, f= (=D (1+-), f=F.

(4) R¥ [ : D-RHNE D PR zo EE, R D FREMFES (2. ) AT =0 F
FFI flx)) T (). BB f: DRIFEIEERB MREEDANE K #
4,

(5) 5|8 &FId,  WEF—1 ¥ d HLZ0XMETHRYE » 8. Md = 0,

E—5IBHT EARAFIIOBERORERK. AR ERFIFRAAMBERIFES

REM. B, | | R—BAT 0 WEKAES.

§2.10

3. (1) The study of the tangent line to a curve and the instantaneous velocity of moving
body leads to the establishment of the concept of derivative.

(2) L. Newton and G. W. Leibniz set up independently the differential and integral theo-
retical basis upon which others could work.

(3) The tangent problem provides a visual interpretation of the derivative and it leads
people to define the derivative as the limit of a difference quotient.

(4) 1f the function f has a derivative at each point of a subdomain of the domain of f,

then f is said to be differentiable on the subdomain.
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(5) 1f f(x) has derivatives f (x) of the first order in an interval, then we use the deriva-
tives to define the differential of f(1) in the interval.

(6) The process to find the primitive function is the reverse process of finding derivative,
applying the basic integral formulas, integration by substitution and integration by parts etc.
are all important methods to find indefinite integrals.

4. () FHHHTF

B (REEMHSH) B BR-IHEKE AW (D)= c XHFA - RiL. EXN
EEE

flx+h)— f(:):gzo
h h :
B EBMAAE 20 R O FUKER f(DOWE -1 xr h#BR 0. REZ . HERBNS
Wk ab R 0.
B2 (REEBMHSE) B/ R TLERBHAD (0= mx + bXEH = BL.
R hsE0, M
flxt+h)—f(z) _m(xt+h)+b—(mz+b) _mh__
SR h =% —m
RA%h BF 0B . EHRFAE, FLUGH
f(x)=m
MHEAS B, TR AERABNIFBLE-—THERE.

(2) MFEAEL0 Fi(a), FOR FL@QFKRE AOE r=a WESKR . SEAL

. HWE f(O=Ixl, M AOFRFEEBRSLO=—18 fi 0= 1.

) FASH ROIKEAGRSHO—>anfr. #2122 me gm. 2w
AFEET [ ERA ot Ay M (xosy ) B{H. % Ax BF OB, AT E M A2
% y=y BETREM A, 7 LT

L MR Crosyo + A W B EB 1= 20 BIEF

(xoeve).

(D) AEBRA UK IR BRI TE. HRRED -1 RE W ERIHBES
AXF=fMRHF, RERFBPEMBSPH—IRELR. RFBEEAXRBABRN
RN E RS EHEFN TRMSEHAESHYEFBAR F B NE.

) RE—ITHRBHESN NRFEESAR M NESE.HA FHEARSERT
LRRERNTER:.G()= F(o)+ C. IREHE—IMREHFIRSBIHZ—-IHEL
HBE XN BAERT LR 0,

6) WEHAXHWE, — B XM ERUSTTFREMARBA -1 ENRTH, kRE
ARG —FTERTEREREL. XH. A FOTRAE B RN 8B4, B R\ X
FHMERATR> RAEHEENTERAA. IRASNEMMHEIREX.
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§2.11

3. (1) The deflinitc integral satisfies the linearity with respect to the integrand, the addit-
ivity with respect to the ipterval of integration and invariance under translation,

(2) The definite integral of the nonnegative function is nonnegative, Also we can prove
that if strict inequality g(x) >0 holds for every x € [a,b], then the integral of g{x)on [a, &]
is also greater than 0.

(3) We can use step functions or simple functions to approximate the integrand above and
below to find the approximate value of the integral of the function discussed.

(4) If two measurable solids have the same cross-sectional area at each point on L-axis,
then their volumes are equal.

(5) Let y= f(x)is nonnegative on the interval [a, #]. When the ordinate set of the func-
tion is revolved about the x-axis, it sweeps out a solid of revolution, whose volume can be
computed by the integral of the function =[ f(x)]?.

(6) Suppose s=s({.r)is a step function on the interval [a, &]. Then there exists a =a,<

a; <<a;<<-*<<a,=b such that s can be represented by the linear combination of characteristic

functions xa, on the subintervals A; =[ai-1» a; ]y i=1,2,,n, ie. s(x)= Z cXailx)s
=1

’ =
therefore the imegra]j s(uw)du = Z cila;, —ai,).
a i=1

4 (D) BRSBRAEEERT MR ENARBELEE — OISR PZHEMXER.

EHHE B ANOERIRBRSE - EA B8 KL ERSRASTHVEH.
F-MOoMBREE . XRENERIET ELERUN R FBOFEL.

By AR BERIMBRIE _EFEZE, EAFANTUEH-1REN LT £
PTRFEPHREM—PRITBEREMERS. SBHOX-HIBEERTGRGTBNE,
EAHEHBEATHEHIOTE.

) EHR(MRGFE—BEER) & M HENEAXE (o, 6] EHEEELRE, X F

AW e, b1PM 2,4 F(o) = Ef(t)dr-ﬂlﬂ FthiRe XEARKAq, 6] ERILHEE LB,

E#E(a. B LA AR (e, HEFEMH 2 BEF (0= fl2),

BEXEE.Y RSN S MESREEFEN.

) B EATHAKEZATHAESH RS (4HFERE F yEa) . ¥
M, o SR [a, 6] EMECHERES. A F R f %E[a, 6] EATREEN .

b
Jf(:)dr = F(b) — F(a) .

AR EERBEE XA g, XAGRE T @A E = P FmE .
) ZER(RRSE-EREXERRSFR-RHREEN)
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B REEXEAXE a,b] FRTERBH.BE -T2 X E . LHFERH F. B4, S
MFEFHBE . F ()= f(3[e,b] LBIFRE x B, f % a,b] LT,

(]
Jf(r)dt = F(b) — F(a).

TR RERBE fRELEN, TS A EHER LERRE,

§2.12

3. (1) The sequence of functions which converges uniformly on an open interval (a, &)
must converge at every point in the interval, but the sequence of functions which converges
pointwise on an interval (a, #)may not converge uniformly on the interval.

(2) If the sequence of functions which does converge uniformly on a domain D, then
there exists a number g, >0 such that for any natural number N there exists a€ D and some
n=N satisfying | f,(a)— f (a)|> .

(3) A power series 2 a,z" converges at least at the point z=0; if it converges on the en-
tire complex plane, then its radius of convergence is +oo,

(4) The familiar manipulations with finite sums do not always carry over to infinite se-
ries, but the power series can be manipulated in many respects as though they were finite
sums,

(5) The general term must approach zero, which gives a necessary condition for conver-
gence of the series. But it is not a sufficient condition because the series with its general term
approaching zero may not converge,

(6) A set of real numbers with an upper bound has the least upper bound; on the other
hand, a set of real numbers with a lower bound has the greatest lower bound. Hence, a
bounded set of real numbers has both supremum and infimum.

4. (D) ENMFHENFREERANH SO RBEE, B RWER| z | =r, 0585 6% 5t
55 n.

(2) REBENREHUAEREARR AN ER L EXINEE AT, RNEEH
BRI B RN E T

3) —MEBM e, BAEHRAENRE |a. | WA, MB Do, WM |a, | B8
H2a, RN,

) RAF P LML EA A ELRR LR LM A LA REE. FL LY n—scold

#FHar=R<1 ﬁ%—d. < 1,0 BT % A BB B — 8 Y AL R S Fris s,

I T HE A .
G BERMNEEEMAALFAMNENSE S(EXHE L RETFH N EHENEME
REEIFII fo). BSE fL &S E—BBRTF—-1TRB f. DR L ESHPHREI AP &
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S, iR PR M f LT P Sk,

6) BE—NEK S TUE-AFREEG@—r, at DBFRREREKS (D= D a.(x—

m=()

@) U f () FE K B Lk, i H £ 74T 467 B F Xl 0 8 40 AT LA SE ot %% 8 3B B A K
HE.

§2.13

3. (1) The order of a differential equation is defined as the order of the highest derivative
that appears in the equation,

(2) The solutions of the differential equations need not be unique. However, if some ad-
ditional conditions such as the initial conditions are imposed, then the uniqueness may be
valid,

(3) The study of existence and uniqueness of solutions of the differential equations is very
important, because the practical problems require us to answer under what conditions the dif-
ferential equation in question has solutions and only has a unique solution,

(4) To find the general solutions of homogeneous equation of second order, we must find
its two solutions which are linearly independent at first, then the linear combinations of them
are the desired general solutions.

(5) The general solution of a nonhomogeneous equation is of the form y= y. (x)+
¥,{x), where y (x}is the general solution of the corresponding homogenecus equation, and
¥, (x)is a particular solution of the nonhomogeneous equation,

(6) When a positive integer adds another positive integer, their sum is also a positive in-
teger; but when a positive integer is subtracted from another positive integer, the difference
may not be a positive integer. 3

4. (1) —BE_BESTRAEEER F(z, y. ¥y, Y)=0. BEXHFTEHERHEY
B, B, RMNALACHEEARPERLETUR yBEO TR, OTUEREN =
flxy v, }")ﬂ{]ﬁﬁa

@) MH—HUBFHR Y= f(z, » RONEA. FELE - MERFHOR. B _H
WO RAYT M. AR KK ERE, ERNENSETERSI TR TUARF 2R
RHZTBROLIWMEEFBNR.

(3) WREH p M g EFFXE] o< r<< b L HELE IBAMAFRE y'+p(2)y' +g(x)y = 0
XA o< < b LA T HBMRH. £y, . KIEZFTBEH - ZRMBA MR 5 f
e BEZTEROBHZTBRNE-TRBAIURRE v 5 5. HEHEAS.

(O FATERB f S HBERA < 2< b LRUEMEL MEFERL N TR o 70
B (D)t gD =0 KM a< < bPWE—4r BRL. BREFEIEB f 5 g
EXE a< c< b AREHEMEMN KRR EMNEET R, XM ELEAFEMEE, FiLIF
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WA RITHY .

(5) BEYEBNTFHAKMS FBRORBH&E. YHTREXKENFE, EW l@d2
BAERMA R, RENR, KBBAHBELHMS T REERIEN SR T 2 HUS BN
RS AR, L AU LUBE X R LB E RS .

§2.14

3. () MRAFRPWYELR —MFHAIREAENEE HEATHHMHESHA
AR B B LR R

(2) HRERPES BEREE LERENTHESHRMFFEHARABE B LK
MR, Ab 2 P

B) ATH" I ERESEREATEMN - TIENBER X R I ERE—E
WEROMEFRMOERMEAR, FTANEIHESEAIREFHY.

(1) EEFSA R, QEMB A FTERGFHMNMEZE, W ESH R FHE
REHGOWEEM 4 AR 0.

(5) B RMFEZMAT . S ABNBHMILEREM - LENLERM M. B,
—RERBENEMNLERER P B —RHERZA.

6) M EREEREXE-TELHMBERE. RiFREIN"RREARBERN, B
EEMER-PREEER, AT LRE KB, RO TRE— T RERLBXEEN
REVLAE & .

4. (1) The mathematical expectation E(X) and variation Var(X) both are theoretically
computed values associated with the random variable X.

(2) The true significance of mathematical expectation in probability theory is in connec-
tion with the laws of large numbers,

(3) For any random variable we can define a standardized random variable which has ex-
pectation 0 and variance 1.

(4) The random variables in question satisfy the central limit property if the distribution
of the standardized variable T, approaches a standard normal distribution as n—oo,

(5) Laplace was the first mathematician to realize that many sequences of random varia-
bles satisfy the central limit theorem, although a few other mathematicians had known earlier
that some special sequences of radom variables had the property.

(6) In probability theory, “second moment” or “moment of inertia” is the variance. It

measures the tendency of a distribution to spread out from its expected value.

§2.15

3. (1) By means of quantifiers and logical connectives, we can use logical expressions to
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express more types of English sentences.

(2) The application of logical expressions can eliminate the ambiguity of statements and
makes it possible to infer with these sentences.

(3) Use quantifiers to express the statements“every point of set A is in curve C but not in
the figure D".

(4) Proposition is referred to a statement which has specified meaning and either true or
false, but not both.

(5) Two compound propositions P(x, y)and Q(x, y)are called logically equivalent, if
they have the same truth values for any logical values of variable x and y.

(6) The process of inferring the conclusion by one or a group of assumptions is the proof,
and the direct proof is one of the most natural proofs. We can use the indirect proof to replace
the direct proof when necessary.

o (D) BEERWHREFRSEIORE - SHENNEMTZERA BT SR EE
AXEH. ENRABERAZHMNNTIERZRER BB EARMNA.

(D “sHIR"BNMENLERRS, B—NINTER. EXMEOMEE. E28S
EWEE 3 K" A RBAH EEITRRANEER. RIMNATUA P(ORFR 2 K3 K"X
AEELHHP PRARL IR"XANRE. M« 2R, F8 P(OBRTUEREGHEH P
Ex E. ¥Rz —ZRE, B P@ORTRTHEHAETHEBE.

(3 # Qlxy YERABEM “2=y+3", MAMEQ(1,2) M QEB.OMABERMA?

¥ OONTRSE QU2 EER Qa. )P =111 y=2, Bt QU.2)RRIET“1=
2+3", ERBN. N QG, OREHE 3 = 0+3", ERAM.

(4) BRMFEN.“H x>0, War.=x+1", MEBFEAETXMED, WYBRFEHT
B aet. R 2 HA PO E“2>0"), R PO« WA EREN REER 1. =
1 RIBAT R « HEREM 1 R PO x 83X ME R B K, XA BEE AR’
1. 45R - ERSWE.

G) FBHEEOAH T R IMERNF I ERE-THEXROTETNESEAMN,
XM EXBHREAIEHR. I TEITHEKBELERR. AERBNLSKRITLE
EAEMME. T EREPHFENE P(OBREEAN,

6) FEHFEANE FERAX -HAMNITE., IRENTUAHFERFLESR
A BB THRERARMWEIH - THE. EEANYARNYP(OEL - ERHPH
—~MERR.

§2.16

3. (1) The adopted way of describing a set often made it impossible to enumerate all the
elements of this set.

(2) The number of distinct subsets of 7 elements that may be formed from a set of 10 ele-
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ments is C,.

(3) A direct enumeration of all the elements of a set is obviously not the best way to at-
tack this problem; however, it can be easily solved by combinatorial analysis,

(4) This problem is a special case of the more general problems: how to find the sum of
first # terms of an arithmetic sequence,

(5) Numerical analysis is the study of algorithms that use the numerical approximation to
the problems of continuous mathematics.

(6) Although the Gauss elimination method can be used to find the solution of some
problems within a finite number of steps, people can only adapt infinite precision arithmetic
and their results are only the approximation of the exact solutions.

4. () AE%¥RAB¥EH—THABHEN RO, ESHFNOFE O, b
¥R GEFERAILMEBARR ANG S AR NG T YEEMNR AL X
KB,

() HEY¥REZEHLAERLEN XERRABRMEARNE REEE 2GS RTE 20
AR ERTERRKHERFTE, A4%TRAR . BESZANTHHSRARE, EMEER
HIFZHRBEBE.

(3) THARHAG¥WN W LMENFF.—BIHFMRh 52 RARMMER, BTN
HEIRREEZD? XMERR52) (52K, KAH%TF8.0658X107,

EHAENBED SN HA SRR ERE G TR RIENM T

(O BEFHRBEN T AL ERATREBAEMANRRFLLEGEY REHRE)
MARA LRI NEE. E—FXENRNELT - T HEAZTHESNTHNER
Sk XHEHRTALEEN. BB T LR A48 UAAGH AR ES.

(5) WEMWESE THFOTAHEX —MAELSE, REBEANE R ARZIEM
H—# IRBEIMALZIRERNER XRAAERNEREEFRBRERAERRT
BEREM, K2 . BROHBUESHT R RAERFRE 40 R 2R &M TR HIECE.

6) EFAHBEHHBZ 00, MEF L H KB TETOMRKRE LEFHEE. A
M 20 S B AR Z MR ENMATMRENITE. REN . SEERARY
MfER &R T BRR40 8.

§3.1

L (1) FERES MBI =M b, B AT18E 7T LA B ok JF B B R = i B9 SE
dRBEMOHAM=/MEL., GHAEERRTR.)

(2) MMREHMAE-BAEHMABMERRSKIEAX M R ENEAEE, (HAE
B2 EPRIE )

B 52 M, Hrrtoolt Bl e RERMWENFKE . Kb n BEERAEWER.
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Corin) i Y o RIE D

) RN R4 4:;; :' HEF LM R b A EOE. GHREERRAN

(5) X A~485 5 (0 (8 FR o 0 6 4L o T 48 S X F 4 8 %) o) EEEBR A (8L () B, (AR A TR X
SEH )

(6) AMBIATHAEBEMF T ARRUEXFRTENR. (PEEEHARS, Y
Eif.)

2. (1) Dividing both sides by the coefficient of the unknown, we obtain the solution of the
equation,

(2) Using mathematical induction, we can prove many theorems related to natural num-
bers.

(3) The integrand being always negative on the integration interval, the integral value is

negative,

(4) Based on the study on the roots of algebraic equations, a new theory group the-

ory was established in 19th century.

§3.2

L (D mE=AENHAKERENNEA . RAETXN=AEHEBRIKD. (3
B, Y EiE.)

(2) XFFBERE@ETME—-AKEE x> mEAN. GAEEE, YNERED

G FME-LAA SN LIEAEHEREAEAMNBETH. (BHLHEAEE, 444
i)

) BEANMERMAT (o, B THEMESL, (EEE. S RiED

5) WARXANERT f(o), RS THENESER, (SGLEAEE, SEiFE)

(6) F eyt Hor s g UG X ERMBRHETER. (SIAFEKIE, 4KIF.)

2. (1) It requires using electronic computers to solve the systems of equations of this
kind.

(2) The principle of mathematical modeling seems very simple, but the practical model-
ing procedure is very complex.

(3) The difficulties to evaluate these integrals is not only dealing with large amounts of
calculation.

(4) Solving an important and difficult mathematical problem is not only depending on the

development of computation techniques, but also requiring the establishment of new theory.

$3.3

L) RN T REEREARERN. (RERXMEELY EBEIRED



478 MR WOGISEER

() BEAEREREZ=AFBKRNGEL. E-IFERXYEEB_AFELY
Rik.)

(3) AXH M RIEPERENEFRRIF RN - RRWGEEBRABU. GFAA
FERHIE to investigates-+ Fl (10} give++ 24 88 41] i) F2 i& , to improver+ 25 — P AR E & 4 1% (10)
gives-- ) F R 3E D

() BPEIRENREEBALBETHRIARRSRERNA. AEXEEYEE.)

(5) BATA M A E WA T A REWERTEN . W x—y=x+(—y). CREAKE
EYEENDROEIEER.)

(6) AMNBFRBEAR o+t 5 PEIERENFSZIHEDNT HEM q,,3F
OB ER AT MEERERERIA MR (RS LT B MR, A A7
)., (RERKIE to show= 2 HAIIRIE, to be taken fl to be summed F Y FiF.).

2. (1) You can attempt to prove the proposition that the sum of any three consecutive
even numbers can not be 56,

(2) This is easily seen to be an equivalence relation.

(3) It is clearly of interest to replace the bounded interval [0,1] by the unbounded inter-
val (—oo,+oa),

(4) To prove the existence of the decomposition we have to introduce a new concept at

first.

§3.4

L (D) FR.BINFEHT-AEBENAR E=V+F, BRI ARX., OBARE.LE.4
WEIEEEE.)

€ ﬁiﬂ?ﬁf(x)=§§_’i’1ﬁﬁﬁf(x)9é?‘x MPRMFERLE. (NHRAGEEEE.)

3) ITERERRN EFG—BHL 32 m/s WERLEMD . (NHAEIE.JEERAE
SEE.)

W EXRBEHUABRAIARBEUARN TIAFHBRNTKNBR. (FHEAEE.E
BN M EEE EEFRAFEEE. FEORAEE BE -8R B A ER
¥iED

(5) ZHWASHKE fEEEK 8lz+hr WEMA LAEHELR, (FiE.4EEE.E
MIBHEEE)

(6) BATAILIRE -T2 WM ASAMEERMEERTBEEOME. (MHEAEE.
wME . ERAEEEED

2. (1) Every continuous function attains its least upper bound, i.e. the supi‘emum on the
closed interval where it is defined.

(2) The normal line of the curve at point P is perpendicular to the tangent at the point.
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(3) For any ¢2>0, find the smallest positive integer N satisfying | a, —A|<e for all n>>N.
(4) The range of the function is a set composed of the rational numbers which is greater

than 2 and smaller than 5.

§3.5

L () A, TREHE - AEX PSSR WEGRBAAM,

(2) A WPERESE FE GEAE ad] A) RXBER TBE, EMTRRAIG R A Rt u KRR TR,

(3) RITNHR PAAOAHEZRRPHEMF A HBEHHEE,

(O EMBEEFHT 17 HE, BB EBRXNABREERRE T 2K A T
IR EME AR TR

(5) Kb — s RN SRR M P = L M PTIHR R

(6) AFEIMFEIHMNTUR ' MEBRR y'=f(x, PR—B ARG HPHL
HFREL f(x, DEAERERAER.

2. (1) This is the reason why we are required to check the roots when we solve a frac-
tional equation,

(2) For a long time, people study arithmetic in elementary schools in which only four op-

erations addition, subtraction, multiplications and division are considered.

(3) Now the proposition that the two triangles are similar is verified, from which follows
the conclusion AB is two third of CD.

(4) In the preceding paragraph, we cited several practical examples where collection and

arrangement of data is essential for establishing mathematical models.

§3.6

L) ¥AREFHLEBN RBHEKB ABSH R R LB ABPREHRN K
AB”,

Q) REEANG-ITHRELBTEB. MK ARB WFE,.HicHEACSE,

) MEER yFENMTHAKBTER =, X c WEME.yPE- I BRENESZY
RSy B x BBRS.

4) BTMRINBERNSER FE— I EXAEAFBHRELHRYE rEAMTES
n=1,2,3, v, f(DREFHNHE T,

G) REHMBMEERRBEEFEENABNMK  ZE . UERAHKREERBHLET
BE.

(6) REXEREHRAET REMAT AR — 2B B RETIIHEERIH TER
FEXE AN ENMI TR UM ENNHRNARLEEENTREE L.

2. (1) The equality in the inequality can not hold unless x=y.
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(2) Determine the constant C in the linear equation y=2x-+C such that the straight line
passes through the point (1, 2),

(3) Since the quadratic equation f(x) =0 has no real root, the graph of the function y =
f{x)does not intersect x-axis.

(4) No matter how large is the positive number A, there exists an integer number N such
that| a,| =A for each n>N.

§3.7

LD BN EVTERBEMITENTURA 4 BERERRNEIRM L7 8IFH
J7 o B B R AN L A BB ] B O B 5B S BT .

(2) HAEMEA Y UBE—F(x, 3 ERI—AFFN; T HBRIE 2=y, FUE
BRAREF(y, o).

) BEWMBITHENTHFLEBEET HMBEESHARAE , AEER 2 XML
IR B BAE A

) RIVE—HEED], WRIERHBEEN, ODXREER(fQr =g(fz). LK
TN HFEXENRFRR BRI ERARECNINARTRGEL.

G) BA—FE. RER— AR R Lk B 2 B X MR A8 X it IR (AR
BEFEAAKEDE S ABRGRERBBOREEZAWB N, REXARLH X LHHH
E#LHIERBR N —T0.

(6) Jof — -~ B o) o fE 4B %9 5 5% T B 45 70 34 % 7 B8 R 75 ] A SRt — 1~ by 4 4EE 1) B 4
B,

2. (1) It follows from the distributive law that x+0=0 for all =z,

(2) Tt is this occurrence of infinite sets in mathematics that requires a finer analysis.

(3) It is important to distinguish between the set {r} and the object x (which may itself
be a set).

(4) It shows that A AB is true when A is true and B is true, and false in all other cases.

§3.8

L (D) #in, mE FRE— 1SRRI ()= mr + b, ZR (8. OMMEE m, FFIU
mEREEHRAE R,

(2) HiInFE%X 81 = 3* 1, { AR 81, R IE 3, T MR 4. Bk R log, 81= 4,

(3) XNBRF AL HAREBRR L0 —8 %48 2 09 1 76 ) 2 2R 48 54 W0 5 0 1]
.

) BRAEAERA, U, AT FER BRI ENEA LTHTAREHT.

G) RIVAF AR AT REBAS, MR THE XM YW EH.
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6) Fm, WM LUANBA“MNBRER—FZAN.RESEER'BEARAL WAERE,
EREAS=AE, FREMNE, RE N LA SIEE /27,

2. (1) There are, of course, divergent sequences that do not have infinite limits.

(2) In fact, if the conclusion were untrue, then it follows that n is odd, which contra-
dicts the hypotheses,

(3) The condition that the function f(x)is continuous is only sufficient but not necessary
for the theorem to be valid.

(4) Fractal geometry, a new mathematical branch is widely applied in many fields of sci-

ence and technique.

§3.9

L (1) HREBFETLAX xy FREES.

(2) AAMBERKRREDSIAEH—1+1 43 kFm.

) BHEARMERTBE r=ateb—a) G H  HP : RITREH.

(4) REFEALLANEE - HANRARRE . FRESSHSEMEREHHA
EEMALERIES,

G) RMNELFATHIXARMTHTFRAR T E R ERHA.

6) H— T RBETHRN, F_KRMBNERAZE - KNEEROEM.

2. (1) The volume is measured in cubed meter, but not in meter, neither in square
meter,

(2) The algebraic methods have been applied widely to all branches of pure mathematics
and applied mathematics. ) -

(3) Since the mathematical model has been set up, it remains to verify its effects.

(4) Considering the prompt development of information and wide applications of electron-
ic computers, it is required for all college students to study the higher mathematics and the

knowledge of computers.

§3.10

LoD EEMN 200 PR E « FAS, RIGIEXAEHM 20%. MREX | H MBI %
FH o WA 400 /5HE K x.

() —XEMT 10%MFMZIFLL $5.4 . MPBHMEH 20 %, k@0,

() HERXFHNMERR 132, MEFRAFINERRL T 10%.BaFHHATFH
KERRZD?

4) —AIEELL $330 £ —4iHHA B, RENFREE 1045, MBREFHERB =/
BANE R AHERMXNE L7
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(5) HIBEAB y ==, Stk RER R 500 35,00 y WP T =92

(6) SERXTHHRATFBULLFET FUL,

2. (1) The speed of a train is as high as 120km per hour, it is faster than that of a bus by
40km per hour.

(2) The marked price of this kind of mobile telephones is half as high again as the cost. If
the selling price is 70 % of the marked price, find the profit percentage, i.e. , by what percent-
age is the selling price higher than the cost?

(3) If the amount N of the bacteria in a laboratory increases by 20% each 8 minutes,
then it will increases by more than half the amount in 20 minutes, and will be doubled in 30
minutes,

(4) There are four numbers A, B, C and D ,among which A is double B, C is three
fourth of B and D is two third of the sum of B and C. Find the continued ratio of A, B, C
and D,

§3.11

L (D 2ESTURARERRMMATREIMERARMNE, EME E—BiTiE
BRFOHTHREE—&.

(2) IR P(AY> P(B), B & 5 A e B A E XM a] g ¥, i 4 P(A)=P(B)
B RIFRSE 4 A BB B HA R T RERE.

) MBS, 282 Mg A8, X L. ZRIRFEMER. MSIEH
— &K BT, -

(4) T B, I 0 2 ] (9 855 S BAREUE R 0 — (K — B8, X R HE T R o BOM8E A 18 — Pk fE
HHAR A1 TR

) AMIFAERXEHYERRERFEN MEF RN R,

(6) H4k ABMIBIF KT HEHZ CD WALE,

(7) BEHREE AR H R RN T RIFRERE.

(8) fii 2 [B A 1 1A 65 [ A2 AN 78 U E IR B S R 22 199 F 7 AR IE B

2. (1) 1f the sequence {a,} tends to +co as n—+oo, then a, will greater than the positive
number A, no matter how large, whenever n is large enough.

(2) This equation can be solved by factorization method, as was done in Example 2
above,

(3) Random variables take values not so regularly as the ordinary variables.

(4) It is known to us that the attitude of the base of an isosceles triangle is also the bisec-
tor of its vertical angle,

(5) The conditions assumed must be sufficient that the differential equation has a unigue
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solution,
(6) The speed of the steam boat is 20 km/h as downstream and is only two third of it as

upstream.

§3.12

L (D) ER A SERLAFTHEHADARATEFM.

) AFEFAETEMTROE . XFHEFHZR IFALSTRER.

(B RHAE—ETHRBEE AR EINAE —LHERETTRRAANERERE.

(4) BLHA18 B 78 2 T B 45 B o7 R I 36 S M R 4 R

(5) XA SO3F A X B Ar X R i O RAEAE T L SE .

6) HEAFHEL, - T HRHTENLBBEERE. AALHFBTENRFRAR LR
HItIE .

() i ,N EM“c Ry FABRU222ERAHRAABE XM XREHFAOMBLN
— % . MAAMARRNS 2,

(8) MEEHKFEMRE, MRRNAR.

2. (1) A positive number, however small, is always greater than any negative number.

(2) Each term a, of a sequence has a successor a,+; and hence there is no “last” term.

(3) If one of the sets A and B contains an element not in the other, we say the sets are
unequal and we write A # B.

(4) Only after the rise of modern analysis in the early 19th century could the concept of
function be extended,

{5) Not every matrix has an inverse.

(6) It is customary to consider y-components which are directed upward as positive and

those downward as negative.

s g B

§4.1.1

(D FERDE ) XUEEHRNREEFNR. BRFFEFEEERRABNONAEN
DEEG EEAREREFER. (i) LU ARE real and complex analysis [ % 5 5 4
RS GiD) BB 5 BRI T A FSRERNE.

@ (¥ I X BHEEATRATHRMESH T @A LER, I T HRZ RS —
EALRRET .1

(2) HFHEBE develop EXBMBERRAR“RR”. ML “FE": GiF L RER"
H)& ARS8 H manipulate X E BB R BER B HFE - FHANUERZ,

@ [EXXABM AT A EFF R T —4 0T 846987 06 B b 9 iF 20 R 8R4
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.1
§4.1.2

(1) F# a8 proper #1FH ;construct an example of a space I ¥ AL “HI & — 25 (A 4E
HBFT AR ES B E— .

@ LCATHE—EHIPREZE C 25 —LHfbmBsHE C MEH , LW E—1
BT C BMERRETC fibEgz mIENGT, XENFFHRDRH.]

()FZEEME XH introduction B4 17, MERE“SIF"RS|F". FEMNEREEET
& introduction FM E W “FIA”, SR LEEAF; L. G RABAEHERE.

@ (LEBEHH-MSIF "L EXPFARB THXE LA EENGEN KR, B
38 5wl LA 4R BB ] i UF B A SOk . D

§4.1.3

(1) HFERE XM EEREERLARIF specific and general solution BE“FB 5
.

@UXR-TRRBEBRBRUSFTRNELEF A BBERESEROE S HARR RS
MEREKEEEY.]

(2) FERME EIXAFKK, AR HE saw-tooth, and the like ﬁﬁﬁﬂ

@ [FEHTRERFESI AT TR, AEA HETRESBEEH D RE
BN R R BIA ) ER A ]

§4.2.1

) FEEDE FERANBEEIBHE.

@i S, TREEENE BINEXLT €S yETRHRERFEM (x, MR EIDHE
SXT.)

(2) FERAE FXOPREFRAME, P REFER"RLNEBRREER, T H B may be
B,

@ [XARFRBERAFAGERT RER. - METBEECESMN - T, .4
EEMEEIAARE TR RE - MEEMEXYHE.]

(3) FEEE 1) Most A B EIEE i ,in most cases ERB“EEZEHEHL T . XARF
the most if F /R A9 more BB E K :2) T X B PLE - ﬁmdﬁ‘”a{]ﬁﬁgﬁﬁ&fﬁﬁ. A
WM E SR AR R A E 8.

@ [ELHHERT, Kr&&ﬁéﬁﬂrﬂﬂwﬁﬁﬁm FEEARBEE MBI EE Y
RUMTFH.]

§4.2.2

D [aHK] Fam= Al EfFHATSRIF. E-A20TH LR — &K
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{44 A %] ,as in that case J& as we are in that case FIE B, B Z4 that 3| S HEEMN 7]
“as our knowledge widens we recognize more landmarks” X & — 4 ENE G4, HP as 5|
— &% 4] our knowledge widens, F 4] & we recognize more landmarks,

EEEE D FEECEE-AMNEE =AM 0B R LA mRERG, BN
ZEBE 2SR 2) A as HiFELHFR”.

@ (I XEHENBSHFREI-THOES . EXHWE TR LR JRE—
BT R LR EZMIRSRIE MNNTERRINMEITEELET ]

(2) FEEE  be able BiFH, FBOFXAHY.

@ [E R A H AR AT AR A AR R 3 X e 458 . ]

§4.2.3

) FEQE F-AZLETNHEIRXHNEER-SHAERARFI,.KPENF
Bl 0 1 M. T block f£X BB IFHE R FE (" FHR”,

@UESHITAMOAM I MENARFINAENE. EX SBEARGHEL f . &
a=amaa,(a;= 0 D, af = a'1a'ya',, Hth0o'=01,1'= 10. i af R EEE
000 #1 111,1f o /* PHEMRERL T S MFHFERMEH 00 5 11.]

(2) FEEE EA RS mAke Eh I IRERESHEI L. BF.E"R
R RAPG, TRFEEGEOR -

@IE-ITRESWEET - MESHE P CERRRACHEFRY Is:2 > 2. ]

§4.2.4

(1) FAERBE DBRME LTI then F i 2) X MR R BFNE.

@[ TR RAIOBEXL—TBEA: S — S/~ , X8 W4 €S EHIUEF LR S, .2
FRAMS 8 S/~ HRES.]

(2) FERE XAEGAPLER, WIHEE.

@ [EUH KR My HHIRU 2 ZRHRB—H"EN LRFTABRBA K,
FAHRBEAS—%.1

§4.2.5

() FERAE B _ARED again; FEMKFH start, FREFEBA . A4 lose
sightof it EXHEMEERBEANE", AR TIEE".

@ CARG R BT 267 AT M RBREIH IR, T HRAEXFEIL T H #6854 4R
HMEANRBBHE HAELCTETHRAMGNR, UETFTHRUFEEMEANAZRIBTRAH
LEiEEaiak.)

(2) FEBM if-- at all EENBEAR”.“ RE”,if you have any idea at all R &%
“IMERA TEM LA, Distinctly BB E“HM” . “HHi” MAE“FRM”. [
B R BB R E VAT A 0 R, W RB S Y idea MR —RAG BB ERZH.
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@[T EBEHARER M7 XFEEFFRR THRREBKENIEITEE
B4 2R 0 O M 1) PR R U AN A R R BT RN BB REBR L RTRN. ARERTES
R B BRI EE T L]

§4.3.1

(1) #FFEGE 418 whenever m€Sforall m<< n BiBHF . ZHEXERHHE.

@LESERENNTHEMEEL € S,TMARE meSHEFH m< n 3 fn € S; B4
S =N,] )

(2) FEEE DEARE for 51 589 K HE M 4D FR A 82 B #1E S . 1 otherwise(“&F
W7 SRR A7, 2)850 S’ =N Ml SHFIER LRSS EE HE, ‘S =N"H“S
UHRSHANEFANTSL. MAMETXEEFA ARG, XBEERBS =N, REHEH
THEHYS LM RTH. :

@A WA S|ERNTE, FLL1¢S, BES';s MBm € S’ MFH m<n BT,
W nE SEMEEME . RAT S HBNLR. TRE DS =N, A S LHRLS
1.1

§4.3.2

M HFEOE FUERIPREIBAGMEY T, HRE either - ore B o
ARSI - 71115798

@ [ p REBTm RESEH NEZ p BB EAa(p.m)=1.]

(2) FFEFME FHE A in general BB FEF X (n 2 3 WH)) FXFRAWE.

@GEHA I~ 1 URE—BHAH»— | BESFH . XEn EXTIHEBH .M mEXT
2HIEYH.]

§4.3.3

(D) FHEAE HAFSKEEREM, ERREFHEE.
@ (£ 102" ATUEM— T RN 0. XTER « 8 6 KEAKX, H—TREH

%Bﬂ KT 200 9 2 REMK . R—PFRBEHN 10 45 L TFAERVZH 12 REMK, HAH

X TR EZIR .

(2) FFeciol M J5SO0A) # 4 B 9 7 8 AT A ) 2% £ KA 33 SO AR R RO TR O B L 45
B 8 ) B9 T SRR L RSO B . X8 RR R, 0 T S 41 B
A,

@ (BEHF fa, NE—PRXTER yWZHX RRBEMAL c AXBWEREL
WK MALHRNT B f(2, =0 EXT—MRUEAHH y (R 3. 169, EMRFLER—%
RBOF Al 2.1
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§4.3.4

(1) FFZEEE by sth. it follows that (W) BEE L K AR REER, RFEMH -
¥ (558 7 s division 9 — & R “BRIE”, X B AR 4R B0 49 B A& MR MM B4 cancellation
(HTE). BXREHBM TR LE"BRARKE BETHY.

@ [MBEXAXFE M =1/ K 1. RGBT FR . BWHTEHES,
lof HLfE H 8 {T.]

) F&ERE FXPHEYERZN. THREARZFEXP . MBEREABTHNTE,
AEEABEH TS5 AR —HNFRFSR. HERH.FSYRGRBERSFA
(for alD”al“XHER I (for every)” . L BIEE AP RAZBFERREANFER T . E VA
[ho 0 oo e 2 B Y vy o R g

@ [XH, N EEIEShr=18AF—1TH L SHEETHE 1 FHEMHF@ M SE—
8]

§4.3.5

(1) FZE @M 58 be conditioned to sth. M E B E“IMM T i F CEEHRIFL ;in terms
HEBRE“EREL". ME“HAKRIE";may BiFh.

@ (R FEERXPF RBA.HAKRRAERIRTRHRKILEBAEEES.]

2) FEDMEA WMAF twmsoutobe E—MHFR FHEB RS RIEBE”, X B
EETFIORR B ROHEIEHER", BT X — AR H ;15 the section LB HEH IR .

@ (XN FATHMNENREET - ERROHEIEHEZE LSRR TAHARNRILES
FRAARBEE _H R ToENSMER—).]

§4.3.6

(O HFEBDE HiBintermsof sth HEB R HEMHBFESHRIEFT R ", RO RE
“UREE™ NS G K0 &0 T % T R R (IR S T BURE R A AT R e
RO . sk, BB this" B BRIL . R E IR E . translate A AR . X EER“ER"
BREAAE, BERNFR KT "HY.

@\ LHRATH « My ke Rmiznh, HEF 6. 1.])

MEFER.

@, [FH - My kMBZX . MEH 6. 1D.]

Q) FEOE FXMEFEMERE S or BEEEBEAMNS., WiXxAmE, K ER
BeEmPkAM. AETXHAD . XEHKREENENBNKE AREHROBEBELH
MSE_HF—B0.

@IFE-HEEASA BN KE(ERIEEONSEE Y AAREENRE. X4
HERMNBETEITE.]
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§4.3.7

() FEEE BFXREEEHZHNEZRLR.CAEBESAENERERRREE
%, NER XEF-TRARRIBEEMNESFE " NI, FREED LAH—-TH. B
LL, A NE3E a givens++ as above A" LR EM” M RI4E LT ORI ERFRE . — A E
#7, Bl #E LART B In ek E P B HUE — 1B

MFEXNTEELMEMBEERE MR TR RA S BFRN, i n 7 7= 4 2R
AL AT AE .

@LEDREEAEFE. FEANTERAMESNERE . XEFLALBEL PH
i ERFUA, — AR EM L Q AELO A IEIRLE .

(2) FEOE HEBERFEAR XHE  ERAMAREXRAE; B# . constant 7
XERERHA, constant angle FRR“ZH"(REMA). AHBFR“RANITH"ER
2.

® OB PQZEMNRANESR a.]

§4.3.8

() FEEE XAMEARRK FEEEENIREAGF AR AREEINRGE
] B ol 1 B SO A ) 5 AT R IR A R BRI R, ST X e R B — N B
RSO E RAENT  IER G XA RE  EE L2 RR.

@[, —FoaMHEMEFLTEHESE WEESFREAPAHL XYL . §—FET
M PHEKSEMAESRP AXNBERES N AFE—RERSHMRAES P HEZHE
itk )

(2) FFZ B 42 has a node at the origin HiE R ‘A —EERSA L AHFADIEH/S
BE -1 EFER RARH RILNE 22+ =3azy(BF 4. 3.3 — 1 & 87 Hft 4
mMAER. WA FRXPERIILHEEHNEMHES REERN, W EH.

@IERAESFRILHE 2 +y =3axy (B 4.3 DH—-PES MER 2+ y+a=0 B E
B — KWL AR SR ' =2 (A3 OB —PMREGERLEBE ' =
=1 (A 4. 3. ) — AL &K.])

§4.3.9

(1) FHEEE FX1IMELIBEREIAENER BAROFE. B2 REEHE
R EAGRE. BB no REFLOX XN FRESEEA, EXERRREELE".

@IEHMANS —MERE - AFEEFAROESHHLTR.])

(2) FERE REBFAFRare dl EXEHNBERE“RFFAN", MAE“BWREL;
no zeros A F R IFEF (non-zero) , MER“WHEME L. WH “n =FWR p()MH”
B RETAAMME MR IR p(OMH R "R p(DR—P nrETHR".

@ MMEETRX pMH A n Hayy e Bp(MFEHNARNRE N p(2)=
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(z—a; )™ v (z—a ) s(2)  HP s( ) B—1TBAEFANETK.]
§4.4.1

(1) FFE@E FCABT EREE for(E X)), B T only approximate, £5 5 ¥ 30 /)
BEARRE . FEANEBHZEHMXRRZEENE.

@ [RAGRAGELXAE . XREN. BRBEE R Y B THRANR 2 B REE
HURE B AR (L OUE L T B sE i B R )

(2) FEEE EiF generalize tor f R E D veeee HET™ Ferrrer TOIRCBEN .

@ UB%ET 1. MERBT E—TH NIMRAERMEESELE.]

§4.4.2

(1) FZEBME in the last section I EBAR“BRE B WER“E L7, it
think BE R AR " SF T 48007 — Brb™ B8 o 3™ i 3 1K A 3 T

@ [7e b, BA1H B K EAZ R B‘}&ﬁ:&'ﬁ%%=we R B A B Ay

AP XBRETUEEEERLMAE NS 2 RG]

) FHEAE BEMATHERSHINAR FEXHEERHE. How does one ac-
count for the fact ) BR“ AfTiI{THRERX | FHEL", .

@B FFEXEEREEE, S >dMEM—Mu NS REBRERNZHRMA. I
2 BEINPAREARRRN— M REFNOSIEEFE, SR — 5 R, SRR
HH R LR ] '

@ [HE A XEHREMEE Y b>d I EM MM KESRAZEHN. &
L EMATRBRXRMNE MARTR — A RREFLANAEERE SR — A H
R EKFEZ2ERMET)

(3) FEFEME M following WIFH“HIE"; BRI carrying F B Al IF R BEAL”, HEH
“HEAE AR X — AR i, B LL carrying capacity HE B R “MAIR”., % — %) il we were past
half-way A we AV E“A 07, REHEFR“EA”. % =4 the flaw in this reasoning 7% i,
“RBHEHE" R, B A in this reasoning EER“ERX M ERLE S L, EREFHIH
B and 7 3t — B HE T A0 BB, N IR IB A

® [anRER B A D EABEERNHME BABMADRREBIRMERN—%,
XEENZESHEKBOAAESD., BMADBIEMEN —  HRKERSTR. 4R,
33 A4 B 72 A TR AR T BB R A 0 75 4 3 R 07 1 B S0 o il 2% I A TR ATT T BB B A (O R B 4
HERSHFABARMNEE.]

§4.4.3

(1) FERE FRERHE N BCTEREARUNBEABIE"AER—4EIE.
H.4h 4R the study of discrete structures X 2% 4% 7] 1k & #y 20 52 i 0] 3% 5L sh B &5 ¥ Y 46 5 .
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@IEEHYE — FAEBSHWGENRARP) RHMEENFH — SFEHE¥CE
FEMURMAES SHRATR XTHRENHAEROFE R BIECRTEMHMREH
XAHHF) .1

Q) FERAE «sEXBAETFREENGKEEZR. MRS S GIEG) ZENDH
R A, o] P XA,

@IETX—FEFUTHEXLEHNE - ARRAANBRTA.]

it — & B

@METR-HEREVEAFE AREEFHERTA.]

§4.4.4

() FEEE i represent BF AW I L BA-BRREMTE(HEPIARB &
HB TR MASHBELERRNE(ERER). A H represent B & LR “F A"
“ﬁ%”u .

@[t E BN FTeL. FRAFAEP . MR EAERHLTRA BN EARTHF#E, B
EHENE—TSRPETETE -1 EATTR.]

(2) F#& B WM the constant constraint bounds B ERE“HENEHARA". XHiE
§T.

@IBENFENE RITBREENE S REdRL -1, BEAENERRORE £
B, ZRAFEL2, ELEBMEE HREUDPHE P EEEHTRT o —<1.]

§4.4.5

(1) &A@ dependent variables #f ) R“W A R" ., FE“HXTR”,

@ [EMIRKHETFRBEEALASLNERENTR . NERTHRAS4 .1

Q) FEOE SFHNEERIAETHIE. REAEHA.

@ [EBS MR BRE. EETRMREIMBEEHNEATERSEN, BHEXK
BEZAHRAEHEA.]

(3) FHEBAME FRAXAEHFHE. 318 demonstrate AF“IEH"WER . BEZEWNER
EBmR”.

@ [ERBITAEELRBRRTZXFEHOWERIERN - EHE -  BIAE R d K
ERMXTHEBEMSRIERRENLAE ) ZA%EE.]

§4.5.1

(1) FZEEE ¥4 be concerned with i BB &7, X B/ H¥R, B DAl #i% ,
“BRFERI R,

@ [BEAXTERRAROREHREREMBEZIRAREEROTENES S
5Em.]

(2) GEERM A B IF ¥ #851%F correct to some specified tolerance,
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@ [7E 6.8 W, AR 7R — 07 IX (] 8% 40 4k S A TH R RS 0 7 i E BB R B 46
MEFIRE.]

(3) HEEE FXHEFRK, REFGHN,

@ OH4E B R IREE , B 1] 2 48 31 #2350 6 I ik i Bl o 68 00 - JE B4 IX T 1 40 LR 2 F
X [8] » R f5 7 7 DX (6] 4 Y o2 A R 7 ALY . D

§4.5.2

(1) FZ& BB A the linearized method W B R “KH L F B, MARLHF L.
301 conduct AF“BAE"HER EXRERRHRIFLII”.

@ [T 7 0 iR — o 0] B 18 F T X 2o R 48 o o] B A9 284 O S B U 30 36 17 2 5% FH i B
SRR B L k51 5 .

(2) FERE B-ANNESRAETHA, T X2 done 5| FWEEEEER N
work, Effui%jj&{]%—-’njxﬁﬁiiﬂﬁﬁﬁ, 4% — 4] % iE W] which is not especially useful to
us & B Xt % B solution, i A~ & the problem, LSS — M4, B UME=MRAT
B, R since 5| R R E WA SHEH ARG .

@ [EHE N S ME, ATAT U EEEEESMT AR THE. XM REEEESRIIFAR
AR, LEERARREOEN T B [ 85 88 5, B0 B 467 T
B AL A AR BT iEE.]

§4.5.3

(1) FEEB ¥ XX among the consequences & L HBBEEFH, F— P auhee”
FHRARH.

@IX—-BAREMRRFEN— T ERRLETHENELEANEENRR. FH
BRI AMBLGE N i)

(2) FERE B—AEATER.L_ARAGFEER, W computability f complexi-
ty [ 3 ¥ A theories HEMH. FEMHER s EFXEMNRERAN R . BN LT XHH
BRESASHAENA SO HMERSTBEELHTE". LI RIE, formal defini-
tions B iF AT R E L,

@ e REIHREHBNBREFRES, THENHERAE AN EL R ESHE
LT —THRBENX. A ERESASHTRELM 2O LMEmRIEHBAE L&, 2T
HERTAEMNERZX.]

§4.5.4

() FEDE “-TNPHELHELTFE"WREA R, BH IAMEF find H A
AT GEF NS TA FRIBRLGEH, KRB X find HHAX L ERIBB BT,

@A R NP o i) 4 7 (] B 75 2E i) o (] 4 i ik 2 290 X of f6) , S0 45 4] NP 5 4 el B 2 22
M. Bk, IR EIES NP ETPHRAREATHEN NP LM ERIZHARE L, 8
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aLGEBEA.])

(2) FEEE MATPHY necessary 24 F i, the necessary mathematics BB BR“LHFH
WETH. R BLEABFEAR"RER so 5| BHAARERHE.

@IRETEHELARELTNEF TAREN NP AFELAXMNEARATRY,HE
BAMDRAE PARETF NP, HM EHAT —4FEE NP E28, AR THREMNIEELM
AHEEME HIEE.]

Q) FEOE AEEAMEERBREIFF. b, assignment BER L, XA 3HEE
EX . BERAREIHE. NER ABXHAETEHENHEE, RBEEE.

@I T HFRA2RABRNETHEN NRFEETHOA 1 AZTMTRBENE S B
BHAARMER 1, M. RNARFEI= G AV (x A2, BEEETHREN.H
KIS 2=0,y=1,z=00[E S WEN 1. RINIR R EESLHE ¢, JHEHRETHTR
EFRARRETHTHEN.]

§4.5.5

(L FEEOE FXHNELEFLEHRBRABIEER.

@IYR XN EXHELENRE BANEARSEIHENRENRERELHMN., T
HEXBOFFLAGRAMBEL WSS, IR AR Elarteh AR
A4 ) . 1

(2) FEBM  3h1A share EX B AR HEH T8, BIFFR“BE".

@I RHEENTEAEARAAIMERE DETHXEIMARAIRERRE
Al

O FERE XE again NIFER“FEIREH": EXK TR EE.

@ (R, TR TR AW R 455k 0 B U ) K R AR EF ]

§4.6.1

(1) FFEPE  while 5| SARE M4 BB BR - {B R+ -++" s localized B iF 5“5 3
{EBY™ s 4 1 4 38 for which WEB R“H ",

@ (BRI FEEEEBR S EGRELARFEM T OEREENES . BELMES
AL AAELZRBASE, Bt E X EAAKEAERIFHELE.)

(2) GERE BATEFTEDHIA declare T FR“BF . HEZEMNERRE“S"R
“¥”. Bk RIAH “by declaring---" 24 truncating, S8 I BT — - EX R KB, B
HIE P by 5| R EEARIFTIN.

® [XRRER T ARMAEM A B BT — A EAXBERRZE WL EE—IHED
Rz SO M /N ]

§4.6.2

(1) FE B the bibliography ZX BHMAEHRM S H XM, ARBEH B LT H“E
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FHRE”. F-4 which 5| FHMTRIERMEN S END. BRAERRK AIUEEFRER
hEEE.

@IYR.EXPMFTEEFFEHEHTH KRS O I EES L UM E N F
ER—HTRBELXBETRREFIFTNTIE.]

) FEBE FERXHER.

@ IRIMNECEXBHR LN FWE, T ARBEN ]

(3) FFEMBE exercise TEX P R IFM“E 30" oo 7EX BAREPER 7, W ML PR A
“Rr AW

@ IEE.EEHRED XFE G T UERENTFE EEE, 8 BT A iy 55
EEMAERE — IRTEBMBRESTE SEICH—HKRE.]

(4) FHEOE FERED initial value IR HEHE)E inidally WEBR“EEW”
HYHK". BRRFRAEREGHRE HAEKE A EM. BN £EAIE.

@ (R ZMEA IOYSH IHBITECBEEEE X AL ELE.]

§4.6.3

(1) &G whenever R T when, W iFH“HE",

@ XX HEAEME A, AERIRABFHARBRTRNARNSRAE.
BOME Ao A BOM BRI T . ]

) FEAE RERainBH¥KRa EBuRTF B) AR, FE4H1H a fuzzy set Ain X
HEHACXHWER.BAAFREXHER XN REFELX ERNBEME A, 54 the
grade of membershipof rin A BHEFER“r WA OREE"(H“xBFA HRERE".,.AF
Bz fEA PHRBE".

@IRA.X LHEHEAR-THAFMA = {1, xal)}, rEX HARARE, K
Xa(DFA XA WRBE.]

(3) F&EGIM mathematical formulation BB A B“BEAKX",

@IEE. AFEZHELT OERNERGEN BN ERE RN Y., FRE
EEPHERMRERL BB, WS 100 B AU 5 0 TR B #8007 i A B R
BN RRER.])

G FEOE FXRAER REERRIBFEN. EENEXP. EEFTEHE
BEMRBITEIE,

@ENERCELHERLE XMW TRAN BAARERBETABLRHKE T A ZRK
HUABEREHHTMARREN.)

§4.7.1

(D FHEEE HERIEWERY, WE L. the angle of elevation of P from A Fe 5 M
ATREPBHNMA. WANHHEEED.
@IFPEEITEAYMNTE. A B EELEH—T A, A AMBE P MR
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31°% 3K PRIBIA A #fif.]

(2) FEEE B—ARMEWARERE, LI L, a half-life of 20 years i) & B R Z K
B R L TR 20 4E”; to the nearest milligram BRI BN MNEENEHEERH
TR ZER,

@ Rt FEAE TN 2047, MR EYHEIAAESR 2500 Z75,40 EGHH
TZ£ALOFEBZET)? 50 FFR?]

§4.7.2

(D) FERE F& b T RER B BHE, SO0 AN, RERHE.

@ (=1 HEfE20. F—IEE=AHWALE _ITEOFHMFL 2. B=1BHEE
B—IBZEHETHE BN =1.]

(2) FEEE That 5| F BN NAE don’t forget £ 5 iH , UL B 10 T 48 30 5 T S oK /9
BXFEAE MFEERQRGH 7 BEMER".

@ (RT3 RE. AESCHR. QRGO 7 8RB w2 75050 W 76 0 4R B R
TERERK.]

g/ L E
§5.1

1. Differential equation , linear combination, characteristic root, substitution method,
hyperboloid, elliptic type, mathematical level, training,

2. (1) Zhang lidao, Linear algebra, Science press, 1990,

(2) Li dashi, Wang yuan, On the solution of some indeterminate equation of higher or-
der, Applied Mathematics,2(2007),25-30.

§5.2

1. (1) Exploration of the mathematics teaching methods to improve the quality of mathe-
matics teaching

(2) On some applications of the mean value theorem of integrals

(3) Solutions to a class of second-order ordinary differential equations by the method of
undetermined coefficients

2. (1) On Riesz Mean Inequalities for Subelliptic Laplacian

(2) Analysis of the Soliton Resonances of the Nonisospectral Modified Kadomtsev-Petvi-
ashvili Equations

(3) Existence of solutions for some kind of integral equations
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§5.3

1. (1) Positive solutions to the elliptic equations involving critical and subcritical terms

Abstract A kind of elliptic equations involving critical and subcritical terms is studied.
Under certain local {( PS), conditions, the existence of positive solutions to the equations is
proved by using variation method and analytic techniques.

Keywords positive solutions; critical terms; (PS), conditions

(2) Some reform measures on the teaching method of mathematical analysis and their
practical effects

Abstract Based on a serious analysis on the main problems in the teaching method of the
course “Mathematical Analysis”, we propose some reform measures which have been proved
in our practice to be helpful to improve the teaching effects.

Key words mathematical analysis; teaching method; teaching reform; teaching effects

2. (1) FEEE THEPRAWMES. AT

Abstract In this paper, we apply Lagrange mean value theorem to solve a kind of ine-
qualities and generalize some well-known results,

2) FEOE miRMmRERAHDE. T8k

Abstract This paper mainly focuses on the Riesz means of eigenvalues of the subelliptic
Laplacian on the Heisenberg group H". The authors establish a trace formula of associated ei-
genvalues, then prove differential inequalities, difference inequalities and monotonicity formu-

las for the Riesz means of eigenvalues of the subelliptic L.aplacian,

§5.4

1. 8% A BB Kl A Walrasian 145 B0 8 77 16 # 7 LM Brouwer R
A EERES. EBAFIE T ZAA S Brouwer REIEEEA R —4 0] &k Jr i
MEHE,

Frif#8 Uzawa M @M (3DIEB T Walrasian B # B 1 N FEEZF M T Brouwer R3j
FEE. BN BRI TASHEERBFERTA.

RMENEEBENTFEERRTTHER, £[4]P Velupillai @ T Uzawa %4 &£ 5
AXERNE LB HEE.

EEXPRMNEFHERT Uzawa 50 E B 30 B 5E [, R A, & Walrasian 3 1§
A8 1) 5t B FF 7 4 B9 7T 4 5 (B B, T 3% 1] B AE Uzawa SMEHEPHBREYRFEEN. R
IR AH— B LY Cantor M AGIEFERER THHNM EEARMTFEERRTHEN EF
R M Yanofsky [5] 7E Lawvere [2] T{ER2RE FR M.

M 3C[5],Cantor EHM—FpH HEATUMANT .Y B— 4. Y=Y E—4
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BERDEHEB IR yEY e (WF ) . THASHMEHEEG L : T =S EHHMFE
HEE ' S—T) ., MAMFAMER f: TX S—= Y ETHBRNTEARENER:
T—YXEH F &R Kb Id RRE T ERESH .

% % #Y Cantor SEFRAS A0 HE) 1, ER B N MR PN EBKF N RER, R
AES L REE N - PINAIWE . ERIMOETEL RNES B, BIHE R FIEH
Cantor SEH M i .

TEARCHE A RAA M T Walrasian 58386 W7 2E 2 E B A Uzawa 4 5 H#.
EFEZMARIAE T Cantor EEKM— S MEMIER IEW T 7€ Uzawa B @ H S
PR E M m BROFEERATHEN.

2. () WOB3IMAERES O S AR A, om0 0T T &9 2 28T 75 69 S0k

(2) [AMERM R EIE,

(3) [5]4Ek Yanofsky By [EIfL 8 . W& BB Y iR =ik,

§5.5

1. (1) Let N >>1 be an integer. N is called a prime number if it is not divided by any in-
teger greater than 1 except N itself. If N is not a prime number, then it is said to be a com-
posite number,

(2) Let AB and CD be two parallel lines, if AB and CD are cut by a line EF at E and F
respectively, then the corresponding angles formed by them are equal.

(3) If a function f(x)is continuous on the interval [a, ] with a<{f (x)<(b, then there
exists a point ¢€ (a, h)such that f(c)= c.

(4) Suppose f is a mapping from topological space X to topologic space Y and « € X, bE
Y such that f(a)= &. If for any neighborhood U of 4, there exists a neighborhood V of a sat-
isfying f(V)C U, then we say the mapping f is continuous at a.

2. (1) If a triangle has two equal sides, we say it is an isosceles triangle.

(2) We define a triangle with two equal sides as an isosceles triangle.

(3) We refer to a triangle with two equal sides as an isosceles triangle.

3. (1) Theorem Suppose a function f(x)is continuous on [a, #] and differentiable in
(as b). I f(a)= f(b), then there is a point C in (a, b)such that f'(C)= 0.

(2) Theorem Let ABCD be a quadrilateral. If it has two sides which are parallel then it
is a trapezium and it is a parallelogram if the sides are also equal,

(3) Definition If there exists a constant M such that f (x)>=M for all x in [a, &], then
M is called a lower bound of f (x)on [a, b].

(4) Definition A triangle is said to be a regular triangle if its three sides are equal.
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§5.6

1. (1) From the inequality A, we conclude that: m and n are coprime. This contradicts
to the assumption.

(2) Without loss of generality, we assume & to be nonnegative integer, since the proof of
the other cases is similar.

(3) We assert that this variable has no limit. In fact, it is easy to prove that the variable
is unbounded by the following steps.

(4) Then, to obtain the conclusion, it is sufficient to verify that the polynomial has only
one zero, '

(5) The desired conclusion is followed by integrating both sides of the above inequality
with respect to the variable ¢ in [a, &].

(6) By the equation (4)and the formula of Zensen, it follows that the propositions A and
B are equivalent.

2. (1) Let ¢ be the time of the car to catch the bus.

(2) Since x >a, y >0, we have xy >>ay, which implies the conclusion is valid.

(3) The house has a height of 25 meters,

(4) There exists a unique matrix B such that AB=BA=1 if and only if A is a nonsingular
square matrix.

{5) To prove the conclusion, it remains to verify the necessary condition.

(6) It is sufficient to consider the case a > 0.

BN E

§6.2.1

—. #ilid#E 1

(=) 1. BEREG? HRKE3. EEFE 4. BBREML;S. SH=FAK.6 LEE
;7. ZoURE8. MEWAS. RFEBRIT;10. KMERN;11. SE=fK.

(D)L —TREF-1TRBEHHEAE-TREUE -/ RFEBHTH.

2. MAHTBENRATRARUN T HEITHM TR,

3. REBATREBNHAMNARTSE. EHRES-— M EERBNLR,

4. AR x . x, 0x, BREHXHN MRFEXEFEH a0 020 va, i axy +
a;x;+-"+ Ay = 0.

5. B¥l{a.} RAFMBFH HHMN Y EN e >0 WHEE n" ENMB| an— a. ] <eXFFF
AH mMin = n" FRAL.

6. Al E X FHRM f SEHERINBARECSAR WK IHREN.
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7. RAE M EEHEXE X, BHE X ME a6 EFmE Gz, . X8 y=f(2).

8. AdfFEREL BITTHANGERAMNYBENYERRPELFLE « —H
#HH P RE.

(Z) 1. RNSHEHEB THERYEHE SHTR, TR (€SP} ERBACEER
AR P(ORZMIBE TR tHEMSHTFE., v, mRAE B RABEAmLHECIEN,
W BT A A WO R TR ATIC/E (€N | z REFH.

2. i RILEASHILME ZAE, B ERAREAF SO FZ — . it 8 M5 A A&
KEBREMT AL A oR K L AR T B

3. XA R T E AR BRI AR a AT ENER R E
LEMAFEFRONTEHE 0 > RCERINNE—DBRA n MITENEHREHR » MARM
TLE. IEMERNBHKN TR .

4, HEATHGMUTHRER FEZE=AARE PRR ERAMESF, EIE04ARH
AP ERE BN BTN E L.

5. (A EEME. A TIHERB(LAEBONIR) ME LR S BE &, i i 184 IE 52
oo 86 H R A X B PR B A S U R ESC R & MHB R 2R LM ES,

() L XAkl REMEEMEB LARNIRILRMOE". —HFLEBHKS -4
AMRDHERERAELN, XREREMNARRER. RIOTLURH—-FLBESS &4
BRKEME . SF—~TAS5H—1TAKRDEE. BHTREBEMNH LA RMNIES EMH#T
B 3SR B AT A R A R T LA T T X e i R (020 FE A D ARG B E R

2. EEZBWMOET . EEM—FAENHFETHHFENETSREN A ERNRKR Y247
WRUB TR, IR RLUTURAARBENRTFE ARG =ABARMEE, EiXF
BIET . RAVTUSEME SHRENHEE) B USBTRRTS WA TEABRMNE. D
S, TR.&ESEFAHEARMGE, WEEFRA A RBARMGE D) WK EFTHEK
HEME., XMHFHESMTHFCEREERE W ARAHAOMELTE—IHEH
fERN 2 ML bR,

. BAER fE- WG, XEREL L BTEH, ZHATEMRR (). HILAEL
M A BT O, 8 PRFEAS, A Q&L P MY, 23 PQMELZ XN X
MAEFE,DHARETH (), HUERER., I BAAMIBHRES POAEE L
HE S (). BIEAR P HBEN f(OMERKIMRES P HIK,

4. EWMHFILMBEINFLTILMEELSOBRE. ANTOEETHET=ARLSH
. WMUABRNRGH MR- =ZAROFAMENZANEAS S P =MEHOMY
MEMZEHRAMERDNHENIRI=MELE. RFZ, AE=ZALHHHE K
ERMEMNOXRAHKIRITREXNS =ZAEHERS KD,

. it 2

(=) 1. Fh=fM;2. Y&;3. AR 4. BEFH ;5. EERE:6. HE7. R
#H;8. REBG;9. LREHE 10 HAMBRRM,

(=) 1. nonnegative integer; 2. finite interval; 3. polynomial in x; 4. determinant with
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order 3; 5. the domain of the function; 6. a constant greater than zero; 7. addition, subtrac-
tion, multiplication, division; 8. the radius and center of a circle; 9. a sequence converging to
Aj; 10, a straight line perpendicular to the plane P.

(Z) 1. BHEREERKRMTAMNME. ik, YREIESWMTEEL, HB K DT M
MAEHT BN —A I HEEETH UM —HERAE,

2, BE S RMmARtESEEV hi e DATTRHERM —DTRE, L LSHE S KR T2
., B2 BAE LSFE L+ A TERARAMEBRATLEN., '

3. MAFTEREBERMRESTRAPRETRAB I RFHE. HHMI FBEARHS
T,

4 =AM IAERE MRFEERMMER| [ 0 |<MXMFH » WL, —F
FIEREE RO, WA ERN.,

(P9) 1. On the rectilinear motion, the first-order derivative of velocity is called the accel-
eration.

2. A is the set consisting of the positive integers less than 100 which are divisible by 3.

3. Integrating both sides of the equality with respect to ¢, we obtain all solutions of E-
quation (1), ’

4, This paper considers differential equations of second-order and proves the existence
and uniqueness theorem under more general conditions.

() 1. MR- XRERBRM R EFRE, MBI XEZASFHXE. BA
FMXANEASHFERTEC FUKAFS ="RREMAXROAER T “HE"XER
EXBERAREM) .

BHEMLEZNE—TH TR =0, KRR a0 EER. HETENRXE=, BEH
EAUA I ARHEZHESFHFIEME) BEESMTFHRES.

B TEG X PR HRS 0 SMAREM 1 SMHBH.

2. BE1 RV EAMRLERESE BERE, WE M TGRS .

(a) Z5[E V P EM (— 4D LM XXM TR MR ES RV HENEHTA,

() FE AN EXNTEHNBRAEEGREEV -1,

iERR  (a) B4 UEHA FOSE B 8. 10 A9 (b) FB 4 AYHERA — ¥, (b) #B 4> AYIE B A2 7 8. 10
# Ce) BB 4 B9 UE B —HE .

BV R Gtz 6, R EV T2 BECHTEBERFHI N ey e, B
RN EFREERE— n (e ,vhe). WP x € V, A x FRMIBRTEDN

RIME x = e, . FRPOREBET A 1 THB (s~ ) B E—HE.
WE L R x R ey e BB AREAA, LM x = Dde, LM

(10, 4) K wi & =L, ol 4% Z(c;'—d;)ei =0, Rii. M TFETRBRELXH, XRESHEXN
3:&4\ !!ﬂ;ﬁ‘ &= d,‘|9f|vu(f19 Ty f.)= (d1r e !d")u
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HEX(LODFATH n-TTHHA (s, »H IR RBRBEI x XTFHFE ey ~re.) B
ﬁie

§6.2.2

— BEHMREAFERALE (RE)

(EX)NABERB¥N T EXEWRTHAHTRE TR A F M T %590
R BCE . B TR AR TS E W ARS S0 B ERE.
R XA AR BEHR T REERR LB LR, E0 KRR N §F 5
MR Ll AR ER I THERAUN AN CRBNR. EHL L. HFHERFN
A#METHFEEMER MEXEREEL LR TARZHOHREN R MAKFHERE
BEHNTE¥ASHTE. UL EAREN T ESERFRNTAREERE LHKE.

b HBCEER BT (RSB GEEER(KE LR, AFERRRE.
WL R EABAEM VO MM AR CHE. RERFARSFEPEEARENRER,
MAEEL L E I HEPHZHBRFEVHEERAZTEX AR, IEFHEAKUEAT
T B 20 HER R ERNFBERERFRTNARYERHE, K%
WMEENMEFRNFE. BUTHHE, TRATANB FESGE L —EERNARE.

Witk S B BRI RN AN — 3. SR, HARE" XIARERE EOE
X, EAAAULNSRGE . MEAE T A SENAPESEERRENSE. B
FERBREBGEXE— T U FTEN S AEENHIS(INEFRE OEARER, AT
WA 5 W I AT N B B — WAy AR, T Y B0 X AN AR B R X 43 AR
I 40y 8 5 R T OFE S e 6 7 0 B 0 VF 5 AT SRR DR 24 4 BLSC HE SR o A il ) 32 O

MAMEBEFEMKGRNRDFETIHERE HARZ AR TENHR. 2188
MR TFRKOEHAMES TRTORABMAMRE., X8 EHBIAIREERN.

HELE . BERARBFATRTPHEREREREEN. HEANE KR KELU
K PEBFLSMYGIERE T RN &, KA SFFHHR P~ ENEFE
HegBEg, £ KR#ESRENHRPTETHEMSE.

HENAUBRASETHONATR - HENZIFHENERE S CGIENBE) A
THEHLET 5 AR 2 U B R GH B ), F R T R B2 (et B i LB 2 T L
REGCBES D) . B FUREEHSHETEARN ENRER¥ ARFRHA S
EU LR IR ELSFEP  EERBERBEREENEA.

WHEHERBRATREF UM AN ABEARZS TEIHREN AKX 2 XK,
— A4 2 AR A OV BERY A R 2 A B RS R R 7 A R R A B O T R A R
FAERFERFEVERCERY TRMABFRBABCFERE. SR, 4R B hn 3 0BT 3%
R BRI BF R IR RN ABF "I BB R AT WE R Uy, —
BOFFRW T HABERBENONAHGRR. ATHRRTUEEHBENARR R &Y
Tl B
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T HAREANFERENLE

(=) 1. SR¥EXX; 2. BFHER,; 3. BRHFA4. ERD: 5. B TE.

(Z) 1. right-angled triangle(&%, right triangle); 2. the associative law of multiplication;
3. mathematical induction; 4. uniformly continuous; 5. the second row of the matrix,

(=) This paper establishes, at first, an inequality by the differential mean theorem, then
uses the inequality to find the maximum and minimum values of some kind of functions on in-
tervals. Qur results generalize some known relative conclusions.

(M) 1. KHEFBMEHEARELXEFETWRAEREEHENERN. SHEENXE
ZHATURAR—TREITHTBARER,

2. E#10.6 BE VR TAREMKEZH,. WV HEIrEHIEFHNTETE
HE.

Il RSHTRVHENMERE. BESHAANZEM THAm MxEER. BT
SREXMHAKE TRV, AEHE10.58,VHEMe+H1 T REARGBBREHLEY., B
. VHEH - ERAETEAIARMEBREAXN. BATRXXWN . FULE m < &k,
AT BB m<k, TR m=kEHTEE.

3. mkEE - MRAREE - MEFA M IR . RERBA _ANMMEFE AR TXEA
EFAERANHET BARRERITEFHTHE—TRAT m o FFE. AN BEHF 5 £
LBEMeAER, BEE-TEFRER—FOB.XFSHIE. BRE-MMEEEAR
—AER.XH oL, BitA S+6=11 kR —EaBRES.

4, BSHTEE. MAS X THEMTERAIZAS BIT H—4 340, B, B2 S
RYE LA SHENE. T TREXFE LA AERAROE, XEXRWMBELP
NTHERLRHR P EIXBEXTARBELRN MM, MFE—-K P2 PRFFE
HEABG2ZMM;FMN.ME—-FEL L FRFAEARSEXNE. XR—F“EX 20t
R” KT ShMBI TR . TPHEEFEINLESZMMN R2E—#. £—BW¥ET.
HFSHEITR.THAEEES . I REEFXRSZXN.

Xt 7 B — b B B2 A A5 B B B — X — RO e B Bk — — 3 R, AR 9 LS. XA, X TF A
SESRIFA—T e T SEXMM. AN TH € THRIFHE -1 s€S SEMR.
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